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INTRODUZIONE 


Parole inaugurali 
DI 
G. POLVANI 


Presidente della Societa Italiana di Fisica 


E questa la quarta volta che nella sessione estiva 1958 della Scuola Inter- 
nazionale di Fisica della nostra Societa, io salgo a questo banco per ripetere 
un discorso che, pi 0 meno, é sempre il medesimo, almeno nelle sue linee 
generali. 

Ma questo che adesso inizio contiene un elemento nuovo, del quale vera- 
mente parlerd pil avanti, esaurita la parte tradizionale propria di questi miei 
interventi inaugurativi, ma al quale ho voluto gi&é accennare fin dall’inizio, 
per rinfrancar me stesso della quadruplice fatica e suscitare in quelli che mi 
ascoltano e gia mi hanno sentito parlare le altre tre volte una qualche nuova 
attesa e un qualche maggiore interesse. 


Esauriamo dunque dapprima la parte tradizionale. Questa si compie por- 
gendo anzitutto il saluto della Societa Italiana di Fisica a tutti i convenuti, 
e specie a coloro che in un modo o in un altro parteciperanno attivamente al 
Corso. Ben cinquantun allievo, di contro ai quaranta annunciati nel bando — 
al solito le domande sono state assai numerose e come sempre il giuoco del 
chiedere e del concedere si é chiuso, per la Direzione della Scuola, con la in- 
soddisfazione di non poter far di pit —; sei docenti, cui si aggiungeranno- 
altri fisici incaricati di trattare in seminari e discussioni punti particolari 
degli argomenti che fanno Voggetto del Corso; infine una decina di uditori 
interessati a frequentare il Corso per alcune particolari questioni: in totale 
dunque una settantina di persone. La «forza» — per adoperare un termine 
militare — di questo ITV Corso della sessione estiva 1958 non é dunque davvero 
minore di quelli dei corsi che Phanno preceduto. 

Come sempre presenterd reciprocamente insegnanti, allievi e uditori. 


Insegnanti: JULIUS ASHKIN di Pittsburg, GILBERTO BERNARDINI di Genéve, 
JAMES MACDONALD CASSELS di Liverpool, MARCELLO Crnt di Roma, ERNESTO 
- CORINALDESI di Keele, BERNARD PETERS di Kopenhagen, WALTER THIRRING 

di Bern, Bruno TouscHEeK di Roma. 
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Allievi: W. ALLES di Bologna, A. AstBURY di Liverpool, A. BARBARO di 
Roma, B. BARSELLA di Pisa, G. BELLETTINI di Roma, L. BERTANZA di Pisa, 
M. Buocu di Paris, V. Bore it di Bologna, B. Brisson FoucHs& di Paris, 
A. BYFIELD di New York City, N. BURGOYNE di Kopenhagen, N. CABIBBO 
di Roma, A. Crrron di Genéve, G. CULLIGAN di Liverpool, B. DE ToLuts di 
Roma E. EBERLE di Catania, G. EDER di Wien, E. FERRARI di Roma, H. FILt- 
HUTH di Genéve, G. FINOCCHIARO di Roma, E. Fiorini di Milano, P. FRANZINI 
di Pisa, B. FriskEN di Birmingham, R. GEssaRoxr di Bologna, M. GRILLI di 
Padova, L. HALPERN di Wien, R. HANNA di Genéve, P. HILLMAN di Genéve, 
W. Hoae di Glasow, D. HotrHuizeN di Amsterdam, M. HvuyBREcHT di 
Bruxelles, B. JONGJEANS di Amsterdam, M. Kemp di Liverpool, D. KLErrMAN 
di Kopenhagen, J. KniGut di Maryland, W. Kocu di Bern, G. LEoTTA di 
Bologna, L. Lovircn di Cambridge, J. Mason di Durham, I. MANNELLI di 
Pisa, T. Massam di Liverpool, W. MENHARDT di Géttingen, W. MmDpELKOoP 
di Geneve, G. MonetTrt di Roma, H. Pau di Genéve, E. PEREZ FERREIRA di 
Durham, J. Reuss di Leiden, R. SANTANGELO di Padova, V. SILVESTRINI di 
Pisa, R. Stora di Saclay, B. UGDAONKAR di Bombay, S. VITALE di Genova, 
P. WALOSCHEK di Bologna, A. ZicHicHr di Genéve. 


Uditori: G. BARoNI di Roma, M. BENEVENTANO di Roma, P. FALK-VAIRANT 
di Saclay, J. GAILLARD di Saclay, F. Korten di Istanbul, A. LEvEQuE di 
di Saclay, L. Mmzzertr di Roma, R. SHerrR di Princeton, L. VAN Rossum 
di Saclay. 


Dopo i saluti e le presentazioni, i ringraziamenti: anzitutto ai professori 
per la loro collaborazione a questa Scuola nel comunicare agli altri il loro pre- 
zioso Sapere perche fruttifichi e giovi all’ampliamento della nostra Scienza. 

Un ringraziamento particolare poi al prof. TousScHECK per la sua opera di — 
organizzatore del Corso e di Direttore, quest’ultima carica da oggi particolar- 
mente gravosa e difficile. 

Un rinnovato ringraziamento infine a tutti coloro — enti locali, provin- 
ciali, nazionali, societa e fondazioni italiane ed estere, e privati — che in un 
modo o in un altro hanno dato il loro aiuto materiale e morale per il funziona- 
mento di questa Scuola per l’anno in corso 1958. Gia li ho nominati all’inau- 
gurazione del primo Corso: Vomissione ora dei loro nomi — gspero concessa 
per amore di brevita — non significa affatto che essi ci siano oggi meno pre- 
senti alla mente e al cuore: tutt’altro. Il loro aiuto 6 anzi giorno per giorno 
sempre pitt apprezzato e la riconoscenza aumentata. 

Delle questioni che il Corso trattera, del tono che il Corso stesso avra, della — 
sua impostazione..., vi parlera con la sua competenza specifica il prof. TOUSCHEK. 
Qui io potrd tutt’al pia fare notare come il Corso in un qualche modo si 
riconnetta con i due primi qui svolti nel 1953 e 1954 riprendendo, sotto par-— 
ticolari aspetti e con le conoscenze acquisite in cinque anni di studi, a trat-— 
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tare di quelle particelle, i mesoni, che tanta importanza hanno nei processi 
nucleari di media-alta energia. 

Con questi brevi accenni la parte tradizionale comune del mio discorso 
potrebbe esser terminata e potrei ormai pronunciare la consueta formula 


-jinaugurale. 


Ma ho premesso che un qualche cosa di nuovo vorrei aggiungere: una breve 
considerazione relativa al consuntivo di questa sessione estiva 1958. 

La considerazione é la seguente: che quest’anno di contro ai diciannove 
giorni lavorativi dei Corsi svolti in ciascuno dei quattro anni precedenti (tra- 


lasciando quello del 1953 che fu di venticinque giorni), ilnumero totale di giorni 


lavorativi della nostra Scuola Internazionale di Fisica, é salito a tre volte 
tanto quello degli anni precedenti; cioé a sessanta giorni, divisi in quattro 
Corsi che hanno toccato argomenti profondamente diversi: la Fisica del plasma, 
la Teoria dell’informazione, i Problemi matematici della Teoria quantistica 
delle particelle e dei campi, la Fisica dei pioni. 

E quale é la ragione di questa molteplicita di argomenti e di questo aumento 
del numero dei corsi? Accresciuto interessamento alla nostra Scuola? Rapido 
ampliamento della nostra Scienza? Maggiore interessamento in Italia alle que- 
stioni di Fisica? 

Probabilmente ognuna di queste cause ha influito. Certo é che la Societa 
Italiana di Fisica ampliando cosi notevolmente la sua attivita varennina, crede 
— é sicura anzi — di aver corrisposto ad un bisogno internazionale. Ne fa fede 
il numero notevole delle domande di frequenza ai corsi. Ne fa fede il fatto 
che gia ci domandano cosa faremo l’anno prossimo 0 ci suggeriscono cosa fare. 

La realta 6 che — per esprimermi in termini matematici — la derivata 


della fortuna rispetto al tempo, di questa nostra Scuola @ decisamente posi- 


Bee am 


tiva. Sta a tutti coloro — Societa Italiana di Fisica, Enti nazionali, provin- 
ciali, locali, privati — che la fanno vivere, di aiutarla portandola verso un 
ancor maggiore sviluppo, soprattutto verso una maggiore sicurezza di vita. 
Forse il discorso se inoltrato per questa via, troppo dilagherebbe ed esor- 
biterebbe da quel ristretto accenno cui deve esser qui contenuto. Ma chi ha 
della Scuola la responsabilita — responsabilita non solo, dird, italiana, nazio- 
nale, ma anche internazionale — deve guardare assai pit al di la di quello che 
é il limite annuale, episodio annuale. Ora di questo pit lontano sguardo, 
oggi soprattutto e il momento. Il non essere consapevole o il tacerlo sarebbe 
colpevolezza. Ma basti qui l’accenno, e ritorniamo al Corso che oggi s’inizia. 


Con Vaugurio che anche ad esso arrida il felice successo che gli altri ha 
coronato, dichiaro aperto il IV Corso 1958 — IX dall’inizio della Scuola Inter- 
nazionale di Fisica della nostra Societa — dedicato alla Fisica dei pioni. 
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SUPPLEMENTO AL VOLUME XIV, SERIE X wn. 2, 1959 
DEL NUOVO CIMENTO 4° Trimestre 


La Fisica dei pioni. 
PROLUSIONE 
di 
B. TouscHEK 


Direttore del Corso 


Nello sviluppo della Fisica dei mesoni si possono distinguere tre periodi. 
Il primo si inizid quando nel 1935 il grande scienziato giapponese YUKAWA 
ebbe Videa di connettere il corto raggio d’azione delle forze nucleari con la 
massa di una ipotetica particella, il mesone. Questo primo periodo era soprat- 
tutto caratterizzato dalla falsa identificazione della particella ideata da YUKAWA 
con certe particelle osservate nella radiazione cosmica: i mesoni di Anderson. 
Tl secondo periodo nello sviluppo della Fisica dei mesoni si inizid con la scoperta 
di LATTES, OCCHIALINI e POWELL di un mesone di massa uguale a circa 
280 masse elettroniche, chiamato mesone zx (identificabile con la particella di 
Yukawa), che decadendo produceva un altro mesone identificabile con quello 
di Anderson. In questo periodo fu determinante la comparsa delle prime mac- 
chine acceleratrici capaci di produrre particelle aventi energie intorno ai 300 mi- 
lioni di elettron-volt, sufficienti per la produzione artificiale dei mesoni =, 
ovvero dei pioni. Le esperienze fatte con i mesoni prodotti artificialmente 
portarono a stabilire le conclusioni seguenti: 


1) I mesoni = sono pseudosealari (e non vettoriali). 


2) E confermata l’esistenza di tre stati di carica, positiva, negativa e 
nulla. Il mesone neutro decadein due fotoni di vita media molto breve, ed é 
responsabile in gran parte della generazione di cascate nella radiazione cosmica. 


3) Esiste un’interazione fortissima tra mesoni e nucleoni in uno stato 
(il cosiddetto P,,) di moto relativo fra nucleone e mesone, che conduce a una 
risonanza nella diffusione dei mesoni a un’energia di circa 200 milioni di 
elettron-volt. Lo stato di questo ramo della Fisica fu chiaramente discusso 
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nel Corso di Varenna del 1954, nel quale FERMI riportd i risultati delle sue 
esperienze sulla diffusione dei mesoni. 

La teoria nel frattempo si era anch’essa sviluppata. Dato che si conosce- 
vano tutte le proprieta di simmetria dell’interazione fra mesoni e nucleoni, 
ci si attendeva che un’unica equazione di campo fornisse la spiegazione di 
tutti i fatti sperimentali. Non si sapeva se tale equazione ammettesse soluzioni, 
né si Sapeva quanto buone potessero essere le varie approssimazioni fatte assu- 
mendo l’esistenza di soluzioni. Dopo un breve periodo di ottimismo causato 
dall’accordo raggiunto nella spiegazione mesonica delle forze nucleari, e dopo 
la dimostrazione data da KLEIN che questo accordo era pit che altro fortuito, 
si ricadde, riguardo al sistema delle equazioni mesoniche, in una specie di 
agnosticismo che per alcuni dura tuttora. 

. Il terzo periodo dello sviluppo della Fisica dei mesoni inizid con i lavori di 
CHEW sulla cosiddetta teoria di sorgente fissa, nella quale si tratta linterazione 
mesone-nucleone trascurando i gradi di liberta cinematici dei nucleoni. Questa 
teoria dava un ottimo accordo semiquantitativo (con deviazioni dell’ordine 

del 15%) di tutta una classe di fenomeni mesonici: la presenza della risonanza, 
e alcuni aspetti della fotoproduzione. Si poteva dire in questo periodo (siamo 
ormai nel 1955) che, data la radicale schematizzazione del modello, l’accordo 
era troppo buono per non essere dovuto a cause pil generali. 

Esse non tardarono a manifestarsi. Gia nel 1954 GOLDBERGER e THIRRING 
avevano cercato di applicare le classiche regole di dispersione di Kramers (che 
furono in parte responsabili della rivoluzione della teoria quantistica nel lon- 
tano 1925) fra Valtro al problema della fotoproduzione dei mesoni. Dal quasi 
ovvio postulato che un segnale non pud mai arrivare prima di essere partito 
(postulato della causalita) essi derivarono una relazione che permetteva di 
collegare la dipendenza dall’energia della sezione d’urto della diffusione di 
fotoni da parte di nucleoni con la sezione d’urto della fotoproduzione. Una 
previsione ricavabile da cid (in seguito brillantemente verificata da BERNAR- 
DINI) fu che la sezione d’urto fotone-nucleone dovrebbe « preannunciare » l’esi- 
stenza dei mesoni gia ad energie di per sé non sufficienti alleffettiva produ- 
zione di queste particelle. Le regole di dispersione furono poi generalizzate 
anche per il problema dell’urto fra due particelle dotate entrambe di massa. 
L’applicazione di queste idee al modello di Chew verificava quasi completa- 
mente i risultati ottenuti da CHEw. Uno degli scopi principali di questo nostro 
Corso @ appunto di studiare le proprieta generali che sono conseguenza del- 
Vapplicazione del principio di causalitaé alla Fisica dei mesoni x. 

Dallo studio delle regole di dispersione fu rilevato un altro aspetto impor- 
tante di quest’ultimo periodo: i vari campi della Fisica non sono separabili. 
Mentre la filosofia suggerita dalla matrice S di Heisenberg suddivide la natura 

in compartimenti stagni, ognuno caratterizzato da un insieme di costanti di 
moto, la teoria che nasce dal principio di causalita fissa tra questi un forte 
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legame. Come abbiamo gia accennato, la Fisica dei pioni si preannuncia nella 
diffusione tra fotoni e nucleoni, in modo tale da far pensare che la Fisica delle 
particelle strane dovrebbe anch’essa « preannunciarsi » studiando 1 pioni. 

In questo Corso vogliamo dunque anche vedere qual’é la parte che il pione 
svolge nel quadro di tutte le particelle «strane» che oggi possono prodursi 
copiosamente con le grandi macchine acceleratrici. Questo tentativo di inte- 
erazione ci condurra anche a studiare non soltanto le cosiddette interazioni 
forti (come quella tra pioni e nucleoni), ma anche le cosiddette interazioni 
deboli, responsabili del decadimento delle particelle. 

Con questo processo di realizzazione graduale di un quadro sempre piu 
complesso delle proprieta dei mesoni 7 in seno alla famiglia di tutte le parti- 
celle conosciute, possiamo ritenere di essere ormai alla soglia di un quarto 
periodo dello sviluppo della Fisica dei pioni, nel quale questa espressione per- 
derebbe praticamente il significato autonomo che ha tuttora e rappresente- 
rebbe invece un aspetto particolare di una descrizione pit generale della natura; 
in modo che il prossimo convegno su questo argomento possa essere chiamato 
ancora (come nel *54), e a ragione, «Convegno sulle particelle elementari ». 


IT want to state quite briefly what I think is the scope of the Course on 
pion physics and what we are trying to achieve. 

It appears to me that we have arrived at a junction where-it is no longer 
possible to regard pion phenomena as an isolated branch of Physics. On the 
other hand one can state looking backwards that that was essentially the work- 
ing hypothesis to which we owe most of the progress in this field. 

We propose to see more clearly in this course, where the pions stands in 
the general framework of elementary particles. To this end we want to give 
a clear picture, of what has been achieved by isolating pion-nucleon pheno- 
mena from the rest of Physics and we hope to complete this in the first week 
of the course. 

We shall try to dedicate all the second week to the borderline (or rather — 
the broad border strip) between Pion physics and the Physics of strange 
particles. 

It is clear that in the brief interval we have at our disposition (about ten 
working days) it will not be possible to explore the whole field with lexico- 
graphic care. We rather want to pick out some of what appears to us the — 
most important aspects of this branch of Physics and treat them as comple- 
tely as possible. 
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9° CORSO ESTIVO - VARENNA SUL LAGO DI COMO - VILLA MONASTERO - 18-30 Agosto 1958 


BEZEONIG Hh SEMIN ART 


Pion-Nucleon Scattering. 


J. ASHKIN 


Carnegie Institute of Technology - Pittsburgh, Penna. 


1. — Introduction. 


The interaction of pions with nucleons forms only a certain part of the complex 
structure of strong interactions. Thus together with scattering processes 


iia ed Sie 2 ia i 
we also give, at sufficiently high energy 
mp — Ke , 
>Kt+2, 


and other processes with appreciable cross section. It may very well turn 
out that a complete understanding of even the restricted phenomena involved 
in the scattering requires an appreciation of the entire family of strongly 
interacting particles. Nevertheless from an experimental point of view there 
is a clear separation between the low energy phenomena like pion scattering, 
photoproduction, production in nucleon-nucleon collisions, which we call now 
classical pion physics, and the high energy phenomena involving the strange 
particles. Also theoretically considerable progress has been made by adhering 
to such a separation so that there is some hope that we can at least partially 
digest our limited experimental knowledge at the low energy, before being 
forced to swallow the much larger and richer class of phenomena now being 
explored with the very high energy accelerators. 

In the first week of the course we are therefore going to review classical 
pion physics. Our part will be to discuss the scattering of pions by nucleons, 
mainly from an experimental point of view. ; 

Already in the presentation of the facts it will be useful to recognize the 

great simplification arising from the assumption of charge independence. We 
Shall examine later the supporting evidence. 
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For the present purpose let us recall that according to this hypothesis 
neutron and proton are regarded as different manifestations (with respect 
to charge) of a single generic particle — the nucleon, while the particles xt, 
™ and 7° form the three charge states available to the pion. From this point 
of view we may introduce a two component wave function for the nucleon 
with components referring to the neutron and proton states together with a 
three component wave function for the pion. The charge independence assump- 
tion requires that under a general unitary transformation among the different 
charge components of the total wave function for a system of nucleons and 
pions, the physical properties of the system shall remain unchanged. It is 
well known [1] that this invariance principle leads to a conservation law for 
the generators of the unitary transformations: the three components of a 
vector operator I in an abstract «charge space». The total operator I is the 
sum of an operator t for the nucleons and an operator T for the pions, each 
of ‘which has the mathematical, properties associated with an ordinary angular 
momentum. . 

We therefore call 


I=t-+T, 
the total isotopic spin operator for the system. 


The isotopic spin assignment for the pion and nucleon separately are 
in Table I. 


TABLE I. 
| P21 fer 
ig : 
Te ae 1) | , 
| T= Oo mary ies 7 P 
T, = — 1 fies Ty eae Al 
| 2 


For the system: nucleon+pion the total isotopic spin I evidently has the 
two possible values J = 3 and I=}. In Table II we list for reference the 
isotopic spin wave function for the two cases as one obtains them from the 
addition rules of angular momenta [2]. 


TaBLeE II. 
Iz= +3 |*p> 
L=+3 /¥|7 p> — /4|n*n> V/¥|m° p> + Zl 
I=—} Viele p> + V¥lm? ny VE Dea ee 
I;= —3 | 7» 
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2. — Consequences of the charge independence assumption for z-p scattering. 


21. Total cross section. — According to the hypothesis of charge inde- 
pendence, there should be some relation between the total cross section for 
the collision processes 


tr +p and Tm +p. 
The resolution into eigenstates of 7, I, follows: 


[z+--p» ae ey 3» ; 


[7-4 p> =ve Z, b> +V72(4, -$ ; 


jz*p> is thus a pure I = 3 state. We may therefore write 


Oo(7 +P) = Or0v2) = Fa) 9 


|z-p> is a mixture of J = 3 and IJ = 3 with weights shown. The final state, 
after interaction, will likewise be a mixture of J = 3 and J = 3. In measuring 


a total cross section we sum over the different charge possibilities in the final 
state: for example 


m™+p>n+P, 
>7°+n, 


aS ae aD 


>rtn®tn ete... 


Since the J= 3 and I=} states are orthogonal, there will be no net inter- 
ference after the squares of the different reaction amplitudes are all added 
together. Furthermore, by hypothesis, the amplitudes cannot depend upon J;, 
but only upon J, with the J = 3 amplitude appearing with the factor 1/3 
and the [=4 with the factor V2; It follows that 


= eat 2 
O(7™ +P) =3 Og + 3%): 


The x~ total cross section should therefore exhibit the features of the x* total 
cross section, scaled down by a factor of three, and in addition should contain 
the features of the J = } cross section. The measured total cross sections are 
Shown in Fig. 1 [3]. 

It is very striking that the strong peak in the total x* cross section, max- 
imum at approximately 180 MeV pion kinetic energy in the laboratory system, 
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is in fact reproduced in the x~ cross section, reduced by a factor 3, within 
the accuracy. Assuming the charge independence analysis to be valid, we 
may conclude that in the energy region 


200 from 0 to 300 MeV the og, is quite small 
os compared to o,). en 2. 

Most of our detailed quantitative infor- 

100 mation comes from this energy range. Like- 

50 wise our theoretical understanding is to a 
large extent limited also to this region. 

300 500 1100 K.E(MeV) At still higher energies we see evidence of 

Fig. 1. a broad maximum in the I= } cross section 


at ~ 900 MeV, and another maximum in the 
I= 3 cross section at ~1400 MeV. What these signify is entirely unclear. 
There is in addition some evidence for a strong or resonant interaction in. 
the J= 4 state at an energy somewhat lower than 900 MeV. This comes from 
recent measurements at Cornell and Cal Tech on photo-meson production 
with photons in the region (500—1000) MeV. 


2°2. Differential cross sections. — Let us confine our attention to elastic 
processes in which there are only one pion and the nucleon in the final state. 
Production of an additional pion is possible for incident pion energy above 
170 MeV but remains small below 250 MeV. Experimental investigation of 
these «inelastic » processes might prove to be of considerable interest. 

The possible elastic processes are: 


wp Ep 5 
i oP => Feo Dig 
sees [al - 


anys 


Neglecting the mass differences between neutron and proton, and between 
charged and neutral pions, the amplitudes for these reactions are related by 
charge independence. 

Since the proton has a spin, it is convenient to represent the scattering 
amplitude in terms of a matrix 977 which operates on the spinor for the incident 
wave to produce the spinor for the wave scattered in any particular direction. 
In the following discussion we shall treat the nucleon in a non-relativistic 
approximation. Only a slight modification will be necessary to extend the 
argument to the relativistic case. 


Consider the positive pion seattering which has available only a single 
i 


co : 
wD ‘ 
s 
Lies | 
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final charge state. In the center of mass system, let a proton in the 
spin state y and momentum k& (computed from the relativistic formulas 
in transforming from laboratory to center of mass system) be approaching 
a pion moving in the opposite direction. Choosing the z-axis as the direction 
of the incident proton, we may represent the incident wave function for the 
relative motion by 


Wine = Exp [tke] y|xtp> . 


Since the scattered wave in some direction 6, y~ must depend linearly on y, 
we may define a «scattering » matrix 977(6,~) by the equation 


1 : 
Wecatt —> = exp [ikr] 97 (6, 7) 18 | 7+ Ley 


where 97 here is a 22 matrix operating on two component spinors y. It is 
the eventual aim of the theory to predict the exact behaviour of the matrix 977. 
General invariance arguments suffice, however, to restrict the form of 7. 
Thus 9 must be some function of the incident proton momentum Px, final 
proton momentum p,, and the Pauli spin operator o which is invariant under 
Spatial rotations and reflections. It must therefore be possible to write WZ as 


TT (8, ») = f(8) + ig(9)o-n , 


where @ is the angle between p,; and p, and n is some axial vector required 
to make o-n invariant under reflections. The only axial vector which can 
be constructed from p, and p, is proportional to their cross product. We may 
therefore take 


n= (p, x P1)/| Ps x P1|- 


Notice that nm is a unit vector perpendicular to the plane of the scattering. 
Tf the direction of incident momentum is chosen as the axis of quantization 
for the proton spin (z-axis) we see that o-n involves only o, and o, and there- 
fore produces a flipping of the spin. For this reason we shall speak of 


g(9) as the spin-flip amplitude , 
and, 
: {(9) as the no spin-flip amplitude . 
In x++p scattering we therefore have two characteristic amplitudes which 
we shall denote by 
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where the subscript 3 reminds us that the scattering is associated with a 
unique state of isotopic spin 3. . 

In the case of negative pion scattering two charge channels are available 
in the final state. These may be expressed in terms of eigenstates of J and I; by 


|x p> = 1/318; —) +V2/3/4, te 
[n°n> = 72/3/38, —}> —1/V3|4, —}. 


Writing 977,, and 97¢,, for the scattering matrices in the respective isotopic 
spin states, the relation between incident and scattered waves becomes 


exp [ike] z|n- p> — (1/r) exp [thr] {1/V3|2, —}> My +V3|4, —DMy}z. 
Expressed in terms of the charge states |x~p> and |x°n> the scattered wave is 
(1/r)exp [thr] |n-p>{5 Wg +3, fx + /r) exp [ikr] |nn> {V2/3 (Wg,—My) $7 - 


We may conveniently summarize these results in Table III, where an obvious 
change of notation has been made. 


TABLE III. — Scattering amplitudes for pion-proton scattering. 
Process Amplitude 
me a0 == ip T= NM, | 
nt+p >nt+p WM. = $M; + 3M, | 

mt Ep => spn WM, = 2/3 (WG — 970) 


Each matrix 977 is expressible in terms of associated amplitudes f(0) and g(@). 
To obtain the differential cross section we must find the norm of the secat- 
tered spinor W7ly: 


MM AMy = 7+ (f*(0) — ig*(Bo-n) (f(0) + ig(0)o-n) x = 

= |7(6) |? + |g(6) |? +4(F(0)g(8) — f(0)9*(8)) xto-ny , 
where we have used the fact that o-n is an Hermitian operator whose square 
is unity. In all experiments performed up to now the hydrogen target is 


unpolarized. In this case the expectation value of the proton spin, appearing 
in the last term, may be set equal to zero, giving for the differential cross section 


- —|f(0) |? +|9(6)|2. (abbreviated as |977|*). 
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Experimental measurements of the differential cross sections, in many 
cases of all three reactions, exist in the energy range from 25 MeV to 300 MeV. 
It is interesting to compare the experiments with the consequences to be 
derived from our table of scattering amplitudes. 
For example, it is evident from the table that upon adding the differential 
cross section for elastic ~~ scattering and for charge exchange scattering, the 
interference between the two isotopic spin amplitudes disappears, leaving 


do. _) Ado) reg iv 


4 ldo, , 2doq) 
Ore OO a a 


7s ¢0> 63 dow 


2 
TM, ? + =| ML, |? 


This agrees with our previous relation for the total cross sections, obtained 
by integrating over solid angle. Since the total cross section o 
should expect the sum of the x differential 
cross sections to reproduce the x+ differential 
cross section reduced by a factor three. A com- 
parison of this type is made for the measure- 
ments at 150, 170 and 220 MeV. Fig. 2 shows 
the differential cross sections at 15¢€ MeV [4]. 
The solid curves represent the cross sections 
obtained from a phase shift analysis. The dashed 
one represents three times the differential cross 
section for elastic scattering and charge exchange 
Scattering of negative pions. The result is not 
trivial since the interference of the two isotopic 
spin amplitudes is not negligible for the indi- 
_ vidual x~ cross sections. In addition the meas- 
urement of the cross section do,/dQ, giving 0 30 60 90° 120 150 180° 
the angular distribution of the x°® in charge Fig. 2. 
exchange scattering, is obtained only indirectly 
from measurements of the resulting y-rays, do,,,/d2, and involves the estimated 
efficiency for y-ray detection. 

SALZMAN [5] has recently applied another test for examining the consistency 
of the data with charge independence. From the table of reaction amplitudes 
it follows immediately that 


is small, we 


() 


Ml, = M_+V 2M . 


From the relation of 977 to the differential cross section we see that we may 
regard 97 as a vector in a space of four dimensions having the components 
Re f(9), Im f(9), Re (6), Img(9). The algebraic relation above may therefore 
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be visualized as a geometrical relation between vectors, indicated in the diagram: 


As a result the amplitudes must obey the triangle inequalities for the length 
of one side as compared with the sum of the remaining two. For example: 


|o70_| + |V 3M, | >| 770. |, 


or 


‘do. 5 do do 
35 +2 Seo Se. 


together with similar relations obtained by permuting the sides. The inequality 
written above is expected to be the most sensitive one since it becomes an 
equality in the case that the amplitude 977, vanishes exactly. Since 977, is small, 
the left hand side should be only slightly larger than the right hand side. For 
the Carnegie Tech. experiments at 150, 170 and 220 MeV there are some angles, 
especially at 170 MeV, for which the left hand side is less than the right, but 
not appreciably outside the experimental errors. However it should be realized 
that some small deviations from charge independence are to be expected in 
view of the mass difference between neutron and proton, and between neutral 
and charged pions; likewise the strength of interaction of neutral and charged 
pions with nucleons may very well be slightly different. Interesting attempts 
to discuss this problem have recently been made by GREENBERGER and So- 
RENSEN [6] within the framework of the static model of Chew and Low [11]. 

In general we may say that the bulk of the experimental evidence tends 
to favor the hypothesis of charge independence for the pion-nucleon interaction. 


: 


3. — Phase shift analysis of pion-nucleon scattering. 


As in any conventional problem of collision theory it is possible to express 
the cross sections for the elastic processes involving pions incident on nucleons 
in terms of real phase shifts characterizing partial waves, eigenstates of the 
constants of motion. Such a resolution into partial waves has a practical value 
only if the number of important partial waves remains relatively small; other-— 
wise one may just as well remember the primitive experimental information, — 
In the pion-proton scattering below 300 MeV it turns out that partial waves © 
of orbital angular momentum J] = 0 and J] =1 (s and p waves) are by far 
the most important. 
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This is in accord with the estimate we would make from the reasonable 
assumption that the range of pion-nucleon interaction is approximately the 
Compton wave length of the pion: 


h 
To =a) Tae 

pe 
If 4 is the de Broglie wave length of the pion in the center of mass system 
we may expect that orbital angular momenta / greater than 


will have only minor significance for the scattering. An elementary calculation 
for /,,,, a8 a function of the pion energy in the laboratory system shows that 
up to 300 MeV a partial wave analysis with 1 = 0 and / =1 as dominant, 
is likely to prove fruitful (assuming the order of magnitude of the range of 
interaction to be correct). 

There is also some reason to expect that the p states will be of special 
Significance. This follows from the pseudoscalar character of the pion relative 
to the nucleon (shown by the experiments on absorption of slow negative 
pions in deuterium) together with the large mass of the nucleon relative to 
the pion: 

wl M~ 7. 


To the extent that one can regard the nucleon as having an infinite mass, 
and therefore at rest with angular momentum 3, we see that it is possible 
for the nucleon to emit and absorb only p-wave pions if angular momentum 
and parity are to be conserved. In fact, as the data show, the striking peak 
in the z* total cross section near 200 MeV, and the accompanying peak in the 
_ t% cross section, are well explained by the hypothesis of a resonance in the 
p-state of total angular momentum J= 3 and isotopic spin 3. 

Let us briefly consider the derivation of the expressions for the scattering 
amplitude in terms of phase shifts; that is, we wish to find expressions for 
the functions f(9) and g(9) which are associated with the matrix 977(0,p). We 
treat the proton non-relativistically. To have a state of definite total isotopic 
Spin, it will be simpler to begin with the scattering of positive pions. More 
precisely suppose we have a proton of momentum k incident in the ¢-direction 
in the center of mass system, a pion incident in the negative 2-direction, with 
the proton spin pointing along the z-axis. The incident wave function representing 
the relative motion is then 

i! 
of 


Yine = EXP [ike] 
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Our first problem is to write this plane wave as a linear combination of free 
particle wave functions which are eigenstates of the quantities which are con- 
served in the pion-proton interaction. As constants of the motion, mutually 
commuting with one another, we take J?, J,, and the parity operation, where 
J refers to the total angular momentum. There is ample evidence for the 
conservation of parity to a very high degree in the strong interactions and 
we shall assume that reflection symmetry is obeyed exactly. For a given value 
of J (total angular momentum) we have associated two possible values of / 
(orbital angular momentum): 1 = J — 4 and 1 = J+4 with opposite parities. 
Replacing the spherical harmonics Y,,, appropriate for particles of zero spin, 
we have the simultaneous eigenstates of J*, L?, and J,, the functions F7, 
defined by 


Y;,0(9, 7) 


1 Vt+1-Y,,.(6, ¢) 
as NTE ) |’ 


V 21 + 1| Vt -Yi1(9, 9) 


4 = 
gi © 


and Piney 


for the special case J, = m=. Alternatively 


The well-known expansion of exp[ikz] in spherical harmonics and spherical 
Bessel functions j,(kr) therefore becomes transformed into: 


14 
exp ite] = Vix & V2 FAP fu (hry Vi (9, ¢) | le 
= V4 > i5 ler) {VE4 1 Fy + VI Fay 
10 


In the scattering problem we are interested in the asymptotic behaviour 
of the wave function as 7—> co. From the behaviour of the function 7,(kr)- 


: Late it 
9, (kr) er sin G = in| ‘ 
we find that the outgoing part of the incident wave has the form 


IE 


Considering now the outgoing part of the complete wave function, we must 
expect that for elastic processes the only effect of the pion-proton interaction 


out Yr ‘Dik ; 


exp ita ig eb aes > {Vbae Le 9 Dae 
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is to modify the phase of each partial wave without changing its absolute 
magnitude. The possibility of maintaining such an expansion in the function 
_F,; when the whole interaction is included follows 

simply from the assumed conservation laws. Let us Incid. p 

denote the phase factor for the partial wave J/,7 con- 
ventionally by 


Scatt. p 


exp [226,,] . 


To obtain the asymptotic form of the scattered wave 
- we need only subtract from the complete wave function 
the asymptotic form of the incident wave, giving %* 


exp [ikr] / 40 
7 Dik 


scatt 


ve +1 (exp [245),243] —1) Fhisy+ 
—- VI (exp [2707,1-4] == 1) Era 
This is to be compared with the result of operating on the incident spinor 


with the matrix 977 introduced earlier. Defining the unit normal to the plane 
of scattering as before 


= (sin gy, — cos gy, 0), 


_ we have 
ol = E _ |0 a ne i exp [— ig] 
on=|\ 9 sing ij “eg sageaine ; 
Therefore 
an |3| = fy o hapaaaiel le fey =| 
0 g exp [ig], f g(9) exp [ig] | 


f(9) + 1g(8)o-n 


From this expression it is clear why f(@) is called the no-spin-flip amplitude 
and g($) the spin-flip amplitude (but one should note that these designations 
are adapted to the case that the incident proton direction is chosen as the 
axis of quantization for the spin). Passage from F,, back to the spherical 
harmonies gives finally 


Vine 1 
0) = Se > Yop g (Ut Anise + Ana} Y0@) = 


= sb {u+y A144 + UA, 1- i} Pi( ( cos 8), 


: = - = 
0) — aE, a 


14. bee Ai,1- +} (0, y) exp [— i], 


1663 


i 


232 J. ASHKIN 


| where we have used the abbreviation 
A= exp [216] —1 = 21 exp [16] sind. 


We may observe that in the case that 4,,,,=4,,_,;, which would occur if the 
interaction in a state of given / were independent of the proton spin orien- 
tation, these expressions reduce to the usual one for f(0) and give zero for g(6), 
as should be expected. 

For later use we may note here a relation between the total cross section 
and the amplitude for scattering in the forward direction (0= 0). General 
arguments based on the conservation of probability show that the total cross 
section must be proportional to the imaginary part of the amplitude for coherent 
elastic scattering in the forward direction. (The decrease in amplitude of the 
transmitted wave in virtue of the interaction with the scattering center must 
come from an interference of the incident wave with the elastically scattered 
wave in the forward direction). In our case the coherent scattering amplitude 
is f(#), and the «optical theorem », as it is called becomes 


4 
ates = Im f(0) . 


By integration of the differential cross section and calculation of Im f(0) we 
may check the theorem directly. We find 


oat : , 
Ota = 75 > {@ +1) sin? 6,144 + U sin? 67.1.3}. 


l=0 


This expression for the total cross section in terms of the phase shifts is no 
longer valid when inelastic processes become important (complex phase shifts) 
but the optical theorem remains correct. 
For the z+ scattering we have a set of phase shifts 6,, characteristic of 
isotopic spin 3. There is a different set associated with isotopic spin 4, with 
similar expressions for the amplitude /,(@) and g,(#). In accordance with our 
table, the amplitudes for x elastic and charge exchange scattering are 


j(0) = 47,0) + 31,00) ; 
g_(9) = 39;(9) + 39,(9) , 
f(8) = V2/3 (f,(0) — f,()) 5 
9o(9) = V2/3 (9,(8) —9,(9)) - 


od 
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In the discussion so far we have omitted the complication due to the 
Coulomb interaction between charged pion and proton. In a certain approx- 
_ imation we may take into account the Coulomb force by adding the Coulomb 
scattering amplitude to the «nuclear» scattering amplitude treated above. 
Since the principal amplitude for Coulomb scattering is associated with no 
flipping of the spin, the experimental differential cross section, for + scat- 
tering aS an example, is represented by 


19.) 14,0) + fom (0) + a (0))?- 

At small angles the dominant contribution is from the pure ‘Coulomb scat- 
tering represented by the square of the Coulomb amplitude. At intermediate 
angles, up to 30° or 40° at 150 MeV, and for larger angles at lower energies, 
the interference between the Coulomb and nuclear amplitudes is important. 
An important application of the interference is the determination of the sign 
of the nuclear amplitude (or the sign of the scattering phase shifts). Thus, 
_ from the destructive character of the interference effect near 100 MeV, as 
shown for example by the work of the Bologna group we may conclude that 
the nuclear amplitude corresponds to an attraction at this energy. 

Finally we should remark on the modification of the phase shift analysis 
arising from the use of the Dirac equation for the proton instead of the non- 
relativistic Pauli equation. As it actually turns out, the expression for the 
differential cross section as a sum of squares of amplitudes f(@) and g(@) together 
with the partial wave expansion of these amplitudes requires no modification 
at all. This depends upon a simple relation between the large and small com- 
ponents of the solution of the Dirac equation for a free particle. The Dirac 
equation for the four component spinor wave function y, corresponding to 
total energy H, has the form 


(a-p+pM)y=—Hy, p=—iVv. 


We may write y explicitly as a column vector made of two 2-componet spinors 
Yq and y,, the «large» and «small» components. Combining with the usual 
representations of the Dirac matrices 


0 «Gc 


Ces ~-6) 


Crate vk 


0 —1 


where o are the 22 Pauli spin matrices and 1 is the unit 2x2 matrix, the 
Dirac equation may be written 
0 «6 1 0 Pu YP. 
o 0 0 —I1 Wo Po 


= ff : 


‘*P + M 
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Thus 
o:py, + My. = Ly, 
a pya— My, = Hy,. 
Consequently : 
a 
Po ELM GPa 


Now the scattering process is a transition from an initial state of mo- 
mentum p,, to a final state of momentum p,: 
Wa, inc Wa, scatt 
Wine = at i 
EB =e M Pic, inc 


’ Wecatt = 


EM G* P2 Wa, scart 


The cross section is obtained by comparing incident and scattered intensities. 


O° Py; 


Wa, ine 2 
+ ae sth ea pet eS 
Wine Wine =} Wa ine Wa, ine E M | 


cs f | 
O° Pi =, Wa, ine Pa, ine 1 Fis (E + M) fs) 
nim Wa, ine l ( )2J 


since (o-p,)? = pi. In the same way the scattered intensity is proportional to 
the square of the large component of the scattered wave, with the same pro- 
portionality factor (p} = p{). For calculating the cross section it is therefore 
sufficient to compare incident and scattered intensities for the large com- 
ponents alone. 

Just as for the non-relativistic case one expands the incident plane wave 
into partial waves, eigenstates of J?, J, and parity, and finds the scattered 
wave by shifting the phase of the outgoing part of each partial wave. Since 
the Dirac equation must reduce to the Pauli equation in the non-relativistic 
limit, it is not surprising that in this procedure the relation between the large 
components is exactly the same as in the non-relativistic treatment. Conse- 
quently one finds 


x | TM, ~) Hine 
Incident spinor =| g. —> Seattered spinor =| g-p, 
Bese _—P2_ GI(O,9) Yin 
= E+ M 


where the 2x2 matrix 977(6,q) has the same expression as previously. In par- 
ticular, in the forward direction (6 = 0) 
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since g(#) vanishes like sin # for 6 +0. Therefore 
forward scattered spinor = f(0)-(incident spinor) . 


Thus f(0) retains its significance as the forward scattering amplitude, and enters 
into the optical theorem in the same manner as before. 


_ 4, — Restriction to s-and p-waves. 


4 


As anticipated earlier, the scattering below 300 MeV appears to be well 
represented in terms of partial waves with J=0 and J—1. There is perhaps 
some indication of the presence of d-waves at the higher energies ~ 300 MeV. 

If d-waves are neglected we are left with three angular momentum states: 
$,;, P,, and p,. With each angular momentum state we may have isotopic 
spin 3 or 4 giving a total of six states for which the phase shifts should de- 
scribe the scattering. It is customary to write these phase shifts in the same 
notation as originally employed by Fermi in his first discussion of this problem. 
The notation is indicated in the following Table. 


Phase shift 
Angular momentum state 
[=3 f=} 
s: =O, = Oy Oy 
py: L=1, =} Og yy 
py: l=1, j= O33 X43 


Writing 
A, =exp [2ia«,] —1, 


As, = exp [2ia,,]—1, 


Ass = exp [2i53] —1, 
the amplitudes f(0) and g(6) for isotopic spin 3 become 


1 
fs(0) = TAL + (243 + Asi) COs 0}, 


1 


ik (43, — As,) sin 6. 


93(9) rae 


For isotopic spin } the expressions are the same except that A;, is replaced 
by 4u, 433 by 4:3, and A; by Ay. 
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From the form of f(#) and g(#) we see that the differential cross section 
must have the form 
do 


<a oe , 2 
40 a-+ bcos 0 +c cos?6. 


If an appreciable amount of d-wave were present we would need also terms 
in cos? 6 and cos! @. For most of the experimental data it appears that the 
representation in terms of s- and p-waves is adequate. (At the low energies 
the Coulomb interference requires a modification of the form of the cross 
section in the manner described earlier.) From the differential cross section 
for the three reactions we obtain by least squares adjustments the best value 
of the coefficients a, b, c, giving a total of nine quantities. 

If our assumptions are correct it should be possible to represent these nine. 
coefficients in terms of the six phase shifts we have introduced. In this way 
we are provided with a test of the charge independence hypothesis, which 
will become more rigorous as the experimental accuracy improves. In general 
the experimental data are well represented by six real numbers varying in 
an appropriate manner over the energy range up 
to 300 MeV. However, if one considers the experi- 
mental errors the complex mathematical problem of 
finding the best set of six phase shifts does not have 
a unique solution. Nevertheless, it now appears that 
GO" the general features of the energy variation of the 
more important phase shifts are given clearly by the 
30° experiments. 

Other phase shift solutions, such as the one whose 

0° existence was first noticed by YANG[7], have been ex- 

Fig. 3. cluded theoretically by an application of the dispersion 

relations [8] and experimentally appear unlikely on 

the basis of a measurement of the polarization of the recoil protons in the 
pion scattering [9]. 

The dominant feature of the indicated experimental phase shifts is the 
Spectacular growth of the phase shift «,; for the p, State of [= 3, which 
passes steeply through 90° at approximately 190 MeV pion laboratory energy 
(see Fig. 3). The resonance for this state is already evident from the energy 
variation of the total cross sections where the value near the peak is practically 
all accounted for by the resonant contribution. From our previous expression 
for the total cross section we see that a3 contributes 


phase shift 


SO 
033 =— won X33 4 
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to the z+ total cross section. Near the peak the experimental cross section 
is-only slightly in excess of the resonant value 87/?, indicating that the other 
phase shifts are comparatively small. Beyond the peak the drop in the cross 
section is associated with the growth of «a, above 90°. At low energies 35 
increases in proportion to the third power of the pion momentum in the 
center of mass system, as should be the case for a p-wave phase shift. This 
is shown quite convincingly by the low energy scattering experiments at Ro- 
chester and Columbia. From the data at 41.5 MeV the Rochester group [10] finds 


Ho 0/284 seb 019 5 


he 


where 7 is the pion momentum in the center of mass system in units of we. 
It is one of the most important successes of the static theory of Chew 
and Low [11] and of its extension 
using the relativistic dispersion 
relations [12] that the resonance 
‘behavior of «, was predicted. 8 
According to the theory the phase 
shift «,, Should satisfy an effective 7 
range formula (to a good approx- 
imation) 6 


Chew-Low plot 


for a, 


3 


- cot X33 = =r Tepft) ) . 5 


= (1 
Af? 
Here w* is the total energy of 4 
the (x, p) system, excluding the 
‘proton rest energy, in units of yc’, 
f? is the (renormalized) coupling 
constant for the pion-nucleon in- 
teraction, and r,, is the effective 
range. The theory asserts that 
7,3 is necessarily positive but is 1 
unable to fix its precise value. 
Positive 7;;, however, is sufficient 

to insure a resonance; for, 3 
will equal 90° for the resonance 5 
energy 


Fig. 4. 
oe a Lies . 8 


‘The Fig. 4 (taken from ref. [10]) shows that the experimental «,, does indeed 
satisfy a relation of the desired type. From the intercept at m* = 0 of the 
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straight line which gives a best fit with the data one finds a value for the 
coupling constant f?, and from the place where it crosses the m* axis we get 
the resonance energy. One finds 


f? » 0.08 and We 2.2 U0? . 


The situation with regard to the remaining phase shifts is not as satisfactory 
but has been much improved recently by the accurate low energy experiments 
at Rochester [10]. The phase shift «, varies linearly with pion momentum over 
the range of measured energies from 25 MeV to 60 MeV; the best value at 
‘present is 


os = (— 0.110 + 0.004)7. 


Such a linear behavior with momentum is to be expected for an s-wave it 
the de Broglie wave length is large compared with the range of the interaction. 
From the theory there is no indication of the significance of the sign of «, 
or its numerical magnitude although this must surely reveal an important 
feature of the pion-proton interaction. There is also an indication that the 
linear variation of «, with 7 is maintained at higher energies up to 300 MeV. 
This may indicate a range of interaction in this state considerably shorte1 
than f/uc but the conclusion is not yet certain. 

The s-wave phase shift «, is positive and also varies linearly in the low 
energy region as far as the scattering experiments can determine. An average 
of existing measurements gives [13]: 


a, = (0.173 + 0.011). 


At higher energy it appears that «a, is leveling off. 

Of the three remaining p-wave phase shifts, the best determined is a, 
From the experiments at 24.8 MeV, 31.5 MeV, and 41.5 MeV at Rochester [10] 
combined with those at 58 MeV and 65 MeV at Columbia [14], one finds 


“ —_ — 0.044 + 0.005. 

The result is not inconsistent with the approximate predictions of the static 
theory or its extension by use of the dispersion relations. These predictions 
are in form of effective range relations 


3 
Ax ~ cot 6, ¥1—w*r,, 
oO” 


= 
‘ 
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with 
A= FF, A al As = Ie = — 5", 


3 


_ 
133 = 1/a, ’ Ny SY 13 131 LY — 133 « 


Here we have written 6, for the phase shift associated with a state « 
{= 33, 31, 13, 11). The negative value for 2 and the negative effective range 


for the 31 state indicate that the phase shift «, should be small, negative, 


sand should increase as 7°. However, in obtaining these theoretical estimates, 


‘one has neglected sizable corrections coming from integrals over the very 


high energy cross sections which enter the dispersion relations. It is therefore 
not clear whether one can accept these estimates even for order of magnitude. 
According to the above relations we should also have «,, and a, negative, 


with «~,, of the same order as «;,, and «,, roughly four times larger. The expe- 


riments up to 65 MeV give some indication that «,,; and «,, are negative but 
the uncertainties are very large. At higher energies the magnitudes and signs 
of these phase shifts are essentially undetermined. We only know that they 
are small. 

With regard to the determination of the small phase shifts, we can imagine 
an improvement coming from increased experimental accuracy. The recent 
measurements of x~ elastic scattering at Liverpool [15], where cross sections 
at 13 angles were measured to an accuracy of 4 to 5%, can be given as a 
good example. Phase shifts based on these measurements have not yet been 
published but it is important to remark that along with a better experimental 
accuracy there comes a demand for more theoretical precision in the analysis 
of the data. Small terms failing to conserve isotopic spin may well have an 
important influence on the small phases. From the work of GREENBERGER 
and SORENSEN [6], based on the static model of Chew and Low [11], it 
seems that a purely charge independent analysis of the experimental data 


below the resonance is not sufficient as far as the small p-wave or even the 


S-wave phase shifts are concerned. 
Another experimental method which can be used for obtaining information 
about the small phase shifts is the measurement of the polarisation of the 


recoil proton in pion scattering. The proton will in general be polarized per- 


pendicular to the plane of scattering, the magnitude of the polarization being 
given in terms of f(#) and g(9) by 


‘The polarization thus represents an interference between the two amplitudes 
7(0) and g(0), and is somewhat more sensitive to the small phase shifts than is 
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the differential scattering cross section. As the experiments improve this 
may turn out to be an important addition to our information. Measurements 
are difficult since they involve examining a left-right asymmetry in a sub- 
sequent scattering of protons produced in a primary scattering event. The 
existing measurements of polarization in x~+p scattering at 220 MeV [9] are 
sufficiently accurate to discriminate between some of the grossly different 
phase shift solutions which fit the differential cross sections, but they are not 
accurate enough to give details of the small phase shifts. 


APPENDIX 


Deduction of the expression for the polarization. 


The polarization of the recoil proton is defined as the expectation value 
of the Pauli spin operator o for the spin states of the scattered wave. With 
the target protons initially unpolarized, it is clear from symmetry consider- 
ations that the polarization of the outgoing protons must be in the direction n 
of the normal to the plane of seattering. It will therefore be convenient to 
choose this direction nm as axis of quantization for the spin and to regard the 
initial unpolarized protons in the target as being in a state which is an inco- 
herent and equal mixture of the two (normalized) states 7, and y_ for the 
spin parallel and antiparallel to n. In accordance with the scattering matrix 
Q(0,p), which has the form f(6) + ig(0)o6-n, the imitial states y. or y— give 
rise to the outgoing spinors which are given by 


14 > 2 = (f(0) + ig(8)a-2) x. = (f(0) + i9()) x4 , 
4-—> 7° = (f(0) + ig(6) o-n)y_ = (f(0) — ig(6)) x- . 


The expectation value of o-n is then 


RENE LAELS Seon eC 
re Ppp ey OLE 
_ =i +in-—K+G-i9) _, f9-GF 
(f* — ig*) (f + ig) + (f* + ig*) (f — ig) ifl?+igl? 


Therefore 


_ , F(9) 9(8) — fo) 9°(9) 


Polarization <6) = nP(6) 179) |® + | g(9) |? 


P(6) is taken as positive if the polarization is taken in the direction 


Tscatt x Tine , 
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or equivalently in the direction 
Tine x Prcatt ’ 


where Tn. ANA Tecate Vefer to the momenta of the incident and scattered pions 
respectively and Pxa refers to the momentum of the scattered proton. 

It may be seen from the expressions for the scattering amplitudes in terms 
of phase shifts that (0) and g(6) will be complex numbers of the same phase 
if all the scattering takes place in only one state of angular momentum and 
isotopic spin (for example the 3, 3 state). In this case the polarization will 
vanish identically. Small contributions to the scattering from other states 
may therefore be detected with somewhat greater sensitivity in the polarization 
than in the differential cross section. 
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Fixed-Source Meson Theory. 


B. TouscHEK 


Istituto di Fisica del? Universita - Roma 
Scuola di Perfezionamento in Fisica Nucleare - Roma 


In the following three Lectures I want to give a brief outline of the mathe- 
matical formalism underlying the fixed source theory of the interaction between 
« pions » and nucleons. Various excellent accounts of this subject are found 
in the literature: The articles of CHEw [1] to whose initiative we owe this. 
field of research, of CHEW and Low [2] (in which the effective range approxi- 
mation for the description of pion-nucleon scattering is introduced) as well 
as the papers by Wick [3] and Low [4] in the Reviews of Modern Physics are 
readily accessible and it might be suggested to «take them as read» in a 
summer school on this subject. If regardless I take the risk of boring some 
of you out into the lake, it is because I feel that the following account is 
necessary for the completeness of this course in the same way as I found its. 
preparation necessary for the purpose of steeling myself to brave the rigours. 
of pion physics. 

I will exclude from the discussion all the possible applications of the theory. 
These as well as the extensions to a not quite so fixed source theory, in which 
the recoil of the nucleon is taken into account, I will leave to others who are. 
more qualified. Here I will only consider its basical concepts and discuss those 
features of the theory which one might expect to hold also in a more general 
formulation. I will show in particular, how dispersion relations can be derived 
for quantities closely related to the S-matrix. Given the shortage of time it 
will not be possible to develop all the physical aspects of the theory. The 
discussion will be restricted to apply to a small domain in the Hilbert space 
of the system: the domain formed from the states of one nucleon and one 
nucleon plus a meson. The dispersion relations derived are therefore those 
for pion nucleon scattering. It is admitted that this is doing injustice to a 
theory which has proven an equally useful tool in the discussion of nuclear 
structure (about which we shall hear something in a seminar to be given by 
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Cnt), nuclear forces and photo nucleonic as well as photo mesonic interactions 
(which will form the subject of BERNARDINI’s contribution). We shall also 
hear more about dispersion relations in general in the lectures which will be 
given by CoRINALDESI and THIRRING, and Puppr will talk about their com- 
parison with present experimental data. 


41. — Description of the nucleon. 


In the simplest version of the fixed source theory it is assumed that the nu- 
cleon possesses no kinematical degrees of freedom. It appears in 4’states charac 
terized by their spin and isotopic spin. The state vector of this « bare » 
nucleon 7,, is defined by the equations 


(1) O3Xst = SX st 5) T3X st = ty st ) 


where o; is the z-component of the spin and t, the charge component of the iso- 
topic spin. s and ¢ can assume the values +1 and (s,¢) =(+ +,—+,+—,——) 
correspond respectively to a proton with spin up, a proton with spin down, 
a@ neutron with spin up and a neutron with spin down. 


2. — Description of the meson. 


The meson is described by a field operator y,(x) (where x are the space 
coordinates). uw —1, 2,3, corresponds to the three charge states of the meson. 
g, transforms like a scalar under rotations and therefore describes a particle 
of spin 0 in accordance with experiment. In terms of destruction operators. 
a,(k) and creation operators a{(k) one has 


y dk 
(2) u(x) = en)t{ (a,(k) exp [ikx] + a, (k) exp[—tkx]), 

where k is the momentum of the meson, w = iW e+ ue its frequency or energy 
(h=c=1) and wp is its rest mass. The operators a and a* satisfy the com- 
‘mutation relations 


[a,(k)a,(k’)] =0 ’ [a,(k)a,(k’)] —- bu» (Ke ie k’) ’ 


and the energy of the field is given by 


(4) H,.= >| @kwas(k)a,(k) . 
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It is easily shown, that on the strength of the commutation relations (3) one 
‘can define 3 operators 7, which commute with H, 


(5) T,=—i > ewn| Pk aS (ht) ; 
where €,,,. iS the Ricci-symbol. The 7, do not commute with one another 
but satisfy the commutation relations 


(6) (i = tr and sCyel. 


identical with those for the angular momentum operators. YZ; can be inter. 
preted as the meson charge. The operators 


(7) t= V2 (a; F tz) , Xo = Az, 


then describe the destruction of respectively positive negative and neutra 
mesons. 


3. — The interaction. 


The Hamiltonian of the interaction is defined by the following requirements: 
1) It should be simple in form. 
2) It should conserve angular momentum. 
3) It should conserve parity if the meson is assumed to be pseudoscalar. 
4) It should conserve isotopic spin. 
By the latter requirement we mean that the operator of the interaction 
energy should commute with the total isotopic spin defined as 


(8) ipe Tat $ Tu - 


The requirement of simplicity has the following meaning. We may classify 
the interaction energies by the number of powers of the amplitude of the 
meson field which they contain, thus: H’= H,+ H,+... It is clear that H, 
is then completely defined by the requirements 2), 3) and 4), thus 


(9) Hy, =Vin-t d'xt,(o- grad y,(x)) v(x) , 
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where f is a dimensionless constant and v(x) is a normalized function 
(10) fovea 2 


which — because of the requirement 3) depends only on # =| x]. 

H, admits a far greater variety. It will in general involve « bilocal » form 
factors of the nucleon. Though for a realistic description of meson nucleon 
scattering it is doubtlessly necessary to consider such terms (we know that 

there is S-wave scattering, but (9) only gives P-wave scattering) we shall 
not deal with them here. 

v(z) is called the nucleon form factor. It gives an idea of the extension 

of the region in which nucleons and mesons can interact. It is expected to 
extend over a radius of ~1/M, where M is the mass of the nucleons. 


4, — Meson partial wave analysis. 


It is clear from an inspection of equation (9) that the interaction energy H, 
will only describe processes in which P-state mesons are created or destroyed. 
All the other angular momentum states are totally unaffected by (9). In the 
following discussion we shall therefore only consider P-state mesons. It is 

readily seen that the operators 


(11) Qin(@) = 4 a [A@h a,( k) ) 


ean only destroy P-state mesons. ( | dQ indicates integration over all the 
directions of the vector k, 1.e. fark = k? dk | dQ.) Using the commutation 
relations (3) one immediately finds that the non vanishing commutators of 
the new operators a;,(m) and a;,(m) are 


(12) [din(), Ajy(')| = 04; Dy O(@ = 0"), 


and one also obtains immediately for the P-wave contribution to the free 
Hamiltonian 


(13) Hy = >] doajpo)an(o)o . 


iu 


Angular moment and isotopic spin are given respectively by 


* 4 . a 
(14) iM; = i ExKl Aw Ayu Ain ’ iT, ae ey evn | dovaicas ° 
; kiu tow 
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It is therefore seen that the canonical transformation (11) results in a complete 
symmetrization between the angular momentum and isotopic spin variables 
of the meson-field. This symmetry is an essential property of the model and 


holds also for the interaction energy. For, inserting from equation (2) into (9) 
and using the definition (11) we get for the interaction energy 


(15) H, =| do Vin(@) (@in(@) + ain(@)) , 

where V,(w) is defined as 

(16) Venu =! a,x. 0(k) ae 
bu 

and o(k) is the Fourier transform of the form factor of the nucleon: 

(17) o(k) =| ne) exp [tkx]d%x . 


If the source extends over a distance 1/M, 0 will be ~1 for k < M and will 
drop off to zero for momenta of the order M. 


5. — The Hilbert space. 


Since all except the P-states are « quiescent » in the present model, we 
Shall only consider that section of the Hilbert space which is formed from 
the four states y, of the source (we abbreviate the notation by putting s, t= a) 
and all the possible states of P-wave mesons. The generic vector of this section 
of the Hilbert space is then given by 


a 
(18) Go(L, 3... ee vom at(1)... a(n) 7X2 , 


where the numbers 1,...” in the argument of the operators a+ stand short 
for the parameters 1,, U,, 1)... ny Un, @n. The states with n=O are the 
states of the bare source, with the properties 


alee) 2 Ree Ne BylO) Y= 0. 


A typical state (18) represents m mesons in the states characterized by the 
indices 1,... and the source in the state characterized by the index a. | 
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The states (18) are eigenstates of the «free » Hamiltonian H,: 


(20) Men as 4 cals ae 


ee 


6. — The physical nucleon. 
h, 

The real nucleon will be represented by a state vector m,, which in general 
will be a superposition of vectors of the type (18). , will be an eigenstate 
‘of H. It is subject to the limiting condition 


(21) Mee Ta.’ 


which expresses, that in the absence of interaction there is no difference between 
a physical and a bare nucleon. The eigenvalue H#, of the Hamiltonian defined by 


(22) (H— E,)p, = 9, 


‘is called the self energy of the source. Since also the interaction energy con- 
‘Serves angular momentum and isotopic spin it is clear that the states my, will 
be degenerate, because the states y, are degenerate. 

To obtain formal expressions for the self energy as well as for pm, we intro- 
duce a projection operator A with the property 


(23) Ay, =, Ay’ =x; 


‘where 7 is any state (18) other than the bare nucleon state. One can then 
write for y, 


iy 

(24) P= Nx,+ Ag, - 

f 

“This follows from the fact that %_ With 6 ~~ cannot appear in the expansion 
of y,. For all the terms making up ¢, must transform in the same fashion 
lw zy, under rotations and isotopic spin transformations. N is given by 


(25) N = (4.x) 5 
and represents the probability amplitude for finding the real nucleon in its bare 
State. Multiplying equation (22) by A from the left, remembering that A 
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commutes with H, and using equation (24) we obtain 
(26) (H, + AH, — E;)Aqa Sines AH ye ’ 


where on the right hand side we can also drop the operator A since yH'y = 0. 
We may therefore solve (31) formally by writing 


(27) Ag; = N(Hy + AH; — 2) By, 


which is the familiar perturbation expansion, with the difference that the 
energy appearing in the denominators is the energy of the real nucleon and 
not that of the bare nucleon. Correspondingly the energy of the physical 
nucleon state does not appear as the result of a power series expansion but 
as the solution of an implicit equation. This equation is obtained by multi- 
plying (22) by x from the left. Using (27) one gets the secular equation 


(28) {(Ei) = 2, 4-4 (Ao AH, — E,)*H,y = 0. 


One can now quite easily show from (28) that this equation has one and 
only one negative root 


(29) M=—EH,>0. 
For differentiating (28) we obtain 


(30) a1 4 yi + HA —B)>(H, + AR, — BH, 
and it is clear that the right hand side is always >1. Since asymptotically 
j(Z) = £# for H = + oo it follows that there must be one root of the type (28) 
in the region of the discrete spectrum. By expanding (28) into a power series 
in H, one can also see that there are no solutions in —M<H<y— M. 
Mass renormalization consists simply in replacing H by H+M. The real 
nucleon has then H= 0, i.e., the same energy as the bare nucleon. It has 
been assumed — though not proven — that after mass renormalization the 
spectrum of the renormalized Hamiltonian H+ M coincides with that of the 
free Hamiltonian and is given by equation (20). 


7. — The seattering of mesons by nucleons. 


In the fixed source theory all information about P-state scattering is derived i 
from a wave function w,,(@), solution of the Schrédinger equation . 


(31) Lo) yi (@) = 
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and satisfying the limiting condition 

(32) lim y;,(@) = a; (@)x, - 
f0 


The «spectral hypothesis » ensures that such a solution should exist. To obtain 
a formal expression for this solution we put 


(33) p,(@) = a} ()p,+ X,,() , 


» and because of (32) expect X to vanish for f+ 0. The first term of (33) gives 


a better approximation to the asymptotical physical conditions. than the limit 


in (32), since in (33) all our information about the real nucleon is incorporated. 


Remembering that because of mass renormalization we have Hg,=0 and 


that therefore 


Ha; (o)9,, = (Ha; (o) |p, = wa} (w)y, + Vi(o)q, 5 


' we obtain for X 


(1H — w)X,,(w) + Vio)p, = 0. 


The matrix multiplying X from the left is singular, since @ is one of the 


eigenvalues of H. This singularity can be formally removed by adding a 


small imaginary part to H. This gives one two typical solutions 


(34) y= (@) = (a; (@) — (H — o F in)" Vio))q, , 


in which 7 is to be regarded, positive but infinitesimal. The physical significance 
of the solutions (34) is understood by considering wavepackets of the form 


Fao, t) =| dwf(wmy)y;,() exp [— iat] , 


where f(m@,) is a weight function, centered around m,. Carrying out the 
integration it is then seen that the wave packet coming from the second term 
in (34) vanishes in the limit t = — oo for y™ and in the limit t = oo for py 
It follows that asymptotically we have ; 


(35) : F (wo; 00) = a; (@,) exp [— img ]p, . 


This equation is valid for infinitely narrow wave packes f(w, @)) — 6(@ — @p). 
Since the normalization is completely defined by the asymptotic behaviour 


of the wave functions and since asymptotically we have conservation of energy, 
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it follows that in order to determine the norm of y we have to calculate the 
singular part of the norm of a;7(w)p,. This gives because of the commutation 
relations (12) 


(36) (py) Pin (@)) = 0(@'— 0) b;,6..4 - 
The S-matrix is defined as the overlap between ingoing and outgoing 
Solutions, thus 


(37) (po (e')p(w)) = 6(@ — @') (j'«' | S(w) | jx) « 


It represents the probability amplitude for finding the system in the state 
‘x’ at time t = co provided that the same system has been found to be in 
the state j,« at time t= — oo. Using the obvious relation 


1 1 


(38) Ini O(a”) = rag ge 


we may write formally for (34) 
(39) p(w) = \,’(@) — 201 6(H — a) Vi(o)q, , 


and multiplying by »‘,'(w’) from the left, we obtain for the scattering elements 
of the S-matrix 


(40) (j'x" | S(o) | jac) = bj, 6.4 — 2200.) Vil) gp, - 


Above the two meson threshold new processes become possible. If gy? is a 
general set of wave functions of the ingoing type it is obvious that we can 
generalize (40) to 


(41) (n|S(@) |je) = I — 2ni(yS? Vi(@)@,) ; 


where of course the energy of the state gy, must equal wm. (n|S(m)|{j, a) is 
therefore the probability amplitude of finding the system in the state n at 
time t= co provided that it was in the state j,« at time ¢=— oo. Con- 
servation of probability requires that 


(42) StS =T. 
The Low equation which we are going to discuss concerns the expression 


appearing on the right hand side ef equation (41). This quantity has the 
property that its behaviour for #, ~ © is completely determined by its value — 
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on the «energy shell». For because of (16) we can put 
(43) (7, Viio)p,) = kok, $0, \(n| T(E.) \jx) , 
where k= Vv. Rie, Obviously one has because of (40) and (41) 
(44) (n| S(E,) |jo) = I — 2ni(n| T(E.) |jx) . 


The T matrix can therefore — apart from a factor — 21 — be identified with 


the Heisenberg R-matrix. 
To get the Low equation we now remember that it follows from (34) that 


. if 
45 Nias = L n a are a ee ae . 
(45) Pia (@) = ~ra;() Pk: ‘(o Ig" ie L,—o—in Ne 


n 


Multiplying this equation from the right by V,(w)p, and remembering (43) 


we obtain 


x n aap i ne 
(46) (j'a" | T(c) | jx) = (Par ay (@)Vi(@) ps) ree ile Mero , 


Now since the a and V commute, we may put the a, into contact with »,° 
But 


Ha'y, = — w'@'G, — ViPqs 
where a’ V' are short for a, V, and therefore 
a'y, =(H+o)'V'¢@,, 


(there is no ambiguity in the matrix (H+ )-', since all the eigenvalues of 
H are positive — after mass renormalization). Inserting into equation (46) 
and using (43) we get the Low equation in the form 


(47) (j’a' | T() |j) = ac a 4 


(n| T(E) |j'x')* (m| LB) jae) ke? 
Hh, ag in J Ka Oues 


We shall discuss this equation in the next section. Here we only remark that 
_ this integral equation only involves quantities defined on the energy shell. 
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8. — Crossing symmetry and conservation of probability. 


It follows from an inspection of the Low equation that its solutions must 
show the following functional symmetry: 


(48) (ja' | L(w) |j’a) = (7'a' | T(— @) |jac) , 


which is called crossing symmetry and which allows one to continue the 
S-matrix into the non-physical region of negative frequencies. To derive (48) 
one makes use of the fact that in the denominator of the first term of (47) 
one can replace HL, by HE, —%in, because the integral has no pole. One has 
also to require that k(—@)=k(w), which limits the applicability of (48) to 
one leaf of the w-plane divided by two cuts ranging from — oo to —y and 
from pu to co. 

The conservation of probability — the optical relation — is expressed by 


(49) (j’a' | T(@) — T+(@) |ja) = — 2nt ¥ 6(L,—w) (n| T(L,) |j'a')* (n | LB) |g) , 


which follows from (47) by subtracting its Hermitian conjugate and using (38). 
This equation is completely equivalent to the relation StS =J (the unit matrix 
being defined on the energy shell) which expresses the conservation of probability. 


9. — Linearization of the Low equation. 


The optical relation (49) allows one to linearize Low’s equation. On the 
right hand side of equation (47) the sum.is extended over all the physical 
States of the system. It will therefore consist of a contribution (n= 0) of 
the ground state of the source and a contribution from the continuum. Calling 
the first F and applying to equation (47) the obvious relation 


7 ni i eee iOS ( Lage ve Dg 


n n#~0 


valid for a continuum of eigenvalues w~ <#, <oo it immediately follows 
from (49) that 
ig? 1 | a’ | Plo) = Teo) ja) 


50 Shah Pp , . a 
Ug) NO) 8) ee roe eZ 
4 ie | Lo!) = THo')|j'a)) 
ao’ +o {3 
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with F defined by 


1 
ot) PS - 2 Lp aVi(o)pa)*(PaVilo)es) — (~Vi(@)pa')* (Vp Vi(@)Pa)} 5 


F will be determined in the next section and we shall then show that it is. 
Hermitian in the indices j, «. It is then immediately seen that the imaginary 
part of equation (51) is an identity. Putting 


k? 02 


12) PF———" (Aw) +1B(w)) At+(@) = Alo) —Btlw) = Bio), 


\ 


(we have chosen the numerical factors in such a way that the operators A 
and 6 defined in jx space allow a simple interpretation in terms of the scat- 
tering phases) and remembering that 


~ do’ 1 da’ do’ 
P| f =3( {5 ; +{ Tease a) 
OL) sy \ iC 0) =F] C—O 


where P indicates the principal part of the integral, we get from equation (51) 


ere _(Blo') | B*(o’) 
Pp?) Sea ee = ko? ‘ It P| do (se a) | ow! + 2) : 
B* is defined by 
(54) (j'x" | B*(w) |joc) = (joe! | Bl) |j'a) . 


We note that equation (50) only involves the elements of the T-matrix. 
on the energy shell. It therefore represents a relation between quantities 
which are directly observable. If the imaginary part of 7 is known, the real 
part is defined by equation (53). The structure of (53) is therefore the same 
as that of the well known dispersion relations, which define the real part of 
the scattering matrix in terms of its imaginary part, which is related by the 
optical equation to the total cross section. 


10. — Determination of F’. 


It follows from the symmetry of our problem that there must exist a 
Dumber # such that 


(55) (2 Vi(m)@,) = 2(%5V;(m) x.) : 


a4 A a EO es. 4 
‘ > oat 
i? 3 We , 
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For under any spin or isotopic spin rotation the gm and the y transform in 
the same way. That 2 is real follows by taking the complex conjugate of (54). 
We can therefore write for F (remembering (16)) 


2 2 


(56) F=—[V,¥\— oe k°0°[ oy TwyOiTul 5 


where the V; are interpreted as operators acting on the vectors y. f, — 
the so called renormalized coupling constant — is defined as fv. Remembering 
that 


0,0; = 2444.0, + Ores Tyily = uigyh oH Owe 


we immediately find that we may write for 


aes 
— 8eu2o 


FP k 0° Ov d€wueTe a Ourub€:,ix0r | : 


This can be put into an even shorter form by remembering equation (14) 


from which it follows that (i’|M,,|i) =—‘e,,, and therefore: 
‘. 
(57) Baa gaa SOO tae 


where the round brackets () indicate the scalar product. This expression 
suggests to write both A and B in operator form. Using an argument 
Similar to that used in the first lecture of Prof. ASHKIN we can deduce 
that these operators can be either independent of o and vt or at most 
linear in either of them. (Higher powers of o and 7 can always be reduced 
to the 0-th or first by the use of the commutation relations for these operators.) 
Since o and t are vector quantities and since the theory is symmetrical under 
spin and isotopic spin rotations, since further—as we have already seen—the 
theory is invariant against an exchange between o and rt the most general 
form of A and B (valid for one nucleon plus one meson initial and final 
states) must be . 


A Ay As As 
(58) (3 = (") + ((oM) + (rT)) (*) ae eanien)(") , 


a,...b; are real functions of wm and the crossing theorem (48) requires that 


(59 fos a a Bo ee 4 es } 
) bis(—w)/ — \By3(w) bilayer Vela? } 
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since both M and T change sign under crossing. Inserting (58) into the Low 
equation (52) we obtain the following set of equations 


(60) a,(w) = i A; += a (eo wal + (L— 24i) wo! en) 


A is the vector (0,1, 0). It is seen that the f* term only concerns the ampli- 
tudes a, and p,. 


\ 
if 


11. — Low equation and dispersion relations. 


Equation (60) formally resembles a dispersion relation. In this section 
I want to show that it is indeed a dispersion relation. I first consider the 
case of 7=1,3. In this case equations (60) may be written 


61) aoe = {aw 7, @ 'b(a’ ) 


OD 


le 


We now consider the function f(z) defined by 
9 e ; ;) / 
(62) fie) = 3 fa’ See, 


This function has the following properties: 


> 1) it vanishes for 2 — co at least as const/2?, provided that fod’) 
exists; 


2) it has a line of discontinuity extending on the real axis from — oo 
to —y and from pw to +09; 
} 3) in the 2-plane cut by the lines along the real axis f(z) is a regular 
‘function ; 


4) f(z) is real for real —ux<ow<yp; 


5) using (38) it is immediately seen that for real w and |w|>m we have 


(63) lim f(@ + in) = a(m) + 10()b(m) , 


n—>+0 


where 6(@) =+ 1 for w = 0 is a step function. For positive frequencies f 
therefore coincides with the scattering amplitude; 
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) f has the following symmetry property: 
(64) f*(— 2) = ft) 


Since f(z) is regular in the upper half plane it must obviously satisfy, Cauch’sy 
relation and we have 


f(z) _- 


w plane 


= Ly where the path C is indicated in the drawing and y 
a point situated in the upper half of the 2-plane. 

with an infinitesimal imaginary part. Since f vanishes. 
sufficiently rapidly because of 1) we may neglect the contribution of the semi- 
circle and use the symbolical equation 


(65) sea ga NT ep are en See 


the first part represents the principal value, so that we have 


(66) pf[ie = mif(y) for y = real: 


Adding the same equation for y replaced by — y we immediately obtain by 
using the symmetry condition (64) 


(67) fy) + PW)= = = fea | 


But this is completely equivalent to (61), provided that Im f=0 for —ynw<o< pe 
We have therefore shown that the Low equations for i= 1, 3 can be obtained 
in the following way. 

Let a and D be the real and imaginary part of the scattering matrix divided! 
according to (52) by the square of the form-factor. We then require that the 
analytical continuation of f(@) defined by (63) converge sufficiently rapidly at 
infinity, have a vanishing imaginary part for — uw < w <p and be regular in the 
upper half plane. The proof is quite similar for i= 3, only that in this case 
f(z) must have a pole at z=0, and that (63) has to be replaced by 
F(z) = —f(— 2). 

An important difference between the dispersion relations obtained in @ 
relativistic theory by means of the causality and locality requirement and 
the dispersion relations (61) derived here, is that in a relativistic theory the 


; 
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function which obeys the dispersion relations coincides with the elements of 
the T-matrix in the physical region of the wm-plane. Here, we have derived 
them for the quantity 7/o?. The appearance of the form-factor is a serious 
difficulty because it renders all assumptions about the asymptotic behaviour 
-of the scattering amplitudes extremely doubtful. Since, however, no physical 
significance can be attributed to the amplitudes determined from the fixed 
source theory and evaluated in the limit of energies tending to infinity, the 
difficulty becomes just one other aspect of the dilemma of dispersion relations: 
if we try to compare dispersion relations with experiment, we may fail, be- 
cause such a comparison requires some information about the, behaviour of 
cross-sections at infinite energies (right hand side of dispersion relations) which 
experimenters still obstinately refuse to supply. 


12. — Phase analysis. 


The operators (oM) and (t7) have values which are completely defined 
in terms of the total angular momentum J, and the total isotopic spin /. Hither 
of these variables can have values 3 or 4 and one has (oM)=+1 for J=3 
and (¢oM)=—2 for J=3. We shall denote the four amplitudes correposuding 
to the combinations (J, 7) = (11, 13, 31, 33) by the indices 1, 2, 3 respectively. 
(Only three values are necessary since it follows from the symmetry between 
Spin and isotopic spin that the scattering matrices 31 and 13 are the same). 


‘We can therefore write 


A, = a, — 4a, + 4a, 
and similar equations 
B68) Bete ae mate for B and b. 


A,=4,+2d,.+ as 


or also more briefly 
(69) Ay = U0; 
(summation convention). U;,; is the matrix of coefficients of equation (68). 


Multiplying (60) by U,,; from the right, we can obtain the dispersion relations 
for A in the form: 


; as fr z ; P (SH) _ B,(o"') 
(70) A;,() — es He 1 Pe. da os j- Xin a - a : 
Here A, is defined by 
—8 
< 5 i 
471) dn = 3 Unidi= 3 =2), 
44, 
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and the so called crossing matrix X is given by 
Xn= U,(1 — 2,) Uj’. 


One easily verifies that, since 


1 z 4 
U-1={—1 —1 2 a 
1 —2 1 ‘ 
X must be given by 
1 S 56 
(73) Phy 7 4 r 
4 4 1 


For energies for which no inelastic processes (like the conversion of 1 meson 
into two) are possible, the quantities A are directly related to the phases. 
For in this case one has S, = exp[210,] and therefore 


(65) k°o?A,(@) = 48m 26,, B,(w)k? 0? = — 4 cos 26, + 4 sin? 6; . : 


It must however be noted that by the very nature of the equations, the right 
hand side of (70) will always contain contributions from these inelastic processes. 
Time does not allow that I discuss the applications of equation (70) to the 
actual problem of meson nucleon scattering: this will be done later in this 
course. Let me, however, conclude by pointing out one important feature 
of this equation. The term with f* in (70) gives a negative contribution to A 
for the index combinations (11, 13, 31) and a positive contribution for the 
amplitude describing the $3-state (equation (71)). Since a positive phase at . 
the threshold describes an attractive force between the particles, we conclude 
that it is very likely that meson nucleon forces at threshold are attractive only 
in the 33-state an hypothesis amply borne out by experiment. Its mathe-— 
matical deduction from equation (70) is in my opinion not free from addi- 


tional hypotheses and I hope that we shall hear more about it in the course” 
of these lectures. 
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1. — Introduction. 


In these lectures we are going to take the pion (x), the nucleon (N), and 
to some extent the photon (y), and talk about them in isolation. With the 
use of phenomenological theory we may build up classical pion physics as a 
closed subject. This is very much a historical procedure which will certainly 
be seen to be of limited value when some real understanding of the funda- 
mental particles is achieved. 

_ We define a low energy pion physics which comprises: 


1) Reactions at low (positive) energy. Le 
Fes as . 
Consider, for example, 
n 
(pion-nucleon scattering in the C.M. system). Fig. 1. 


. All reactions take place in s-states and are therefore characterized by an 
isotropic distribution of the products apart from Coulomb effects at small 
angles and low energies. 


2) z~ capture in hydrogen or deuterium. 
_ The zx is stopped, passes down through the optical levels until it reaches 
the K-shell, and then in due course absorption is seen for reactions in which 
energy is released. We can discuss the lifetime for the absorption processes. 


3) The z~ may be captured by a heavier nucleus. Here the energy 
released from the optical transitions is sufficient to enable us to observe the 
X-rays produced. We may calculate the exact energy of these assuming a 
(purely electromagnetic interaction, and then the shift in energy of the observed 
‘X-rays gives us information on the pion-nucleon interaction. The lifetime 
for the processes here is obtained from the width of the spectral line i.e. the 
lifetime may be inferred from the energy uncertainty. 
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We shall for the moment concentrate on 1) and 2) and list the reactions 
in the following manner (*). 


o(p+p > +d) 
c.8. 
[o.(n+n >x-+d)] 
. d.b 
zero energy processes [o,(x- +d n-+n)] 
| o> 
o(r-+d > y+2 n) 8. o(x-+d +>n-+n) 
|r. 
o(n-+p > y+n) R. o(m- +p > n° +n) 
o->W OF) 
Lo.(x- Fp > yn) | o.(~- +p > x°-+n) 
d.b. ee Seem 
i > o— 
[o(y-+n >= Fp)! o.(m* +p >7++p) o.(7- +p >7-+p) 
Bens. a ee To 
7 on(y-+d—>n-+2 P) 0; ( Seer 
i, eed oe ae) AG taialv 7 A 


where [ | indicates that a reaction has not been directly observed, FR, is the 
Panofsky ratio, S the similar ratio in deuterium, o a cross-section and @ a 
transition rate. The abbreviations on the connecting links will be explained 
in due course. It will be noticed that in the bottom left hand. corner we 
have used the well known cross-section o,(y+p —-7-+n), and the measured 
ratio r to obtain o,(y+n +> 7~-+p). 

In addition to these reactions we have the following: 


o(p+p—>p+n+nr*), 
o(p+P —>7°+p+P), very small, 
Os Diet Dy again very small, 


which do not fit into the general scheme. 


(*) The index s means s-wave processes. 
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iS. - Phenomenological theory. 


We will now explain the connecting links which are as follows: 
1) cs. = charge symmetry. 


2) c.i.=charge independence. This has already been discussed by 
Prof. ASHKIN in his lecture on the isotopic spin formalism for a pion nucleon 
system. For very low energy scattering, which makes up the right hand 
“corner entry to the diagram, we need only two parameters, namely «, - the 
‘phase shift corresponding to J = 3, and «,, that for J = 4. For only two 
parameters we need only two experiments, but the third experiment serves 
as a check. 

Now neglecting Coulomb effects: 


Oa\= s 
o,(1* > at) = 47?05 = Ant? (*) = Agiai, 
y 


where 4, is the pion Compton wave length, 7 the pion momentum in units 
of we and /.a, is the scattering length. 


4 
a(n > n) = = AB(ay + 2a)? 


‘In the three expressions the factors: 1: 4: 2 come from the Clebsch-Gordon 
coefficients used inthe isotopic spin wave functions of the pion nucleon system, 
and v° is the velocity of the outgoing x°® and v~ the velocity of the incoming 7. 
The factor v°/v- is a kinematic factor to account for the z~ — 7° mass difference 
which cannot be neglected at such low energies. . 

The scattering lengths may be thought of as constant at low energy, but 
it has been suggested recently that this is only true to a first order approx- 
imation (see Prof. Cry1’s lecture). 


3) d.b. = detailed balancing. 
We can incidentally obtain the pion spin from this. 
Consider : 


[ntn=xnt+d] or p+p <= w-+d 
system A system 6 


17 - Supplemento al Nuovo Cimento. 
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From the Fermi «Golden Rule» we have 


cL, 
Osos = | |p sens ; 

cL, 
O34 = Bas ? dE ' 


Now |H |H,,|, Since one is the conjugate of the other. 


aal= 


O4->n dN,/d# V4 Ba 
G5 i GN, /dH 07 Pee 


but we have not yet put in any spin factors. These are as follows: (2S+1) 
for the pion, (2/-+1)=3 for the deuteron which has spin = 1, and (2J+1) =2 
for each proton (spin = 4) 


pe ‘ 
O4->B P3(28 tae 
Op P2 «22-4 


The factor 4 in the denominator comes in from the Pauli exclusion principle, 
since we have two protons and on the average half the spin states are excluded. 
We can digress to higher energies for a moment and examine the graph of 


Got (p+p>1*+d) 


; Oox(P+Pp>rt+d) vs. 1, 
where 
L£=A—>B, 
Yo ] itp, 2 WR eo be 


The solid curve shows a dependence on 7? which is predicted for P wave pro- 
duction, and the good agreement between theory and experiment is obtained 
by putting the pion spin S=0. If we had S 40 only an incredibly accidenta. 
polarization effect could give us the smooth experimental curve, and thus we 
here have good reason for believing the pion to be a spin zero particle. 

The fact that the x° decays into 2 photons lends weight to the assumptior 
of zero spin for the z-meson. 

There are two types of experiment which cast doubt on this spin assignment 


a) m-mesons were brought to rest in various visual detectors, and the 
subsequent angular distribution of the y-mesons emitted was observed to be 
anisotropic. This means that either the spin of the z-meson is non-zero, 01 
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that the very general relation between angular momentum and rotations does 
not hold. However, there may have been an experimental bias, because of 
the visual technique employed. 


b) A left-right asymmetry (~ 70/30) has been observed in the 
‘Scattering of z+-mesons off helium. If the z-meson has zero spin, this should, 
not be observed. 


It is to be hoped that these difficulties will be resolved in time. 
It is to be noted that the fixed-source theory says nothing about the coupling 
‘of s-state pions. Even complicated theories involving nucleon recoil, and 
‘nucleon-antinucleon intermediate States, do not succeed in explaining the 
experimental data, in particular the difference in sign between the scattering 
lengths a, and a;. There is, however, a dispersion relation relating a,, —a,, 
f? and o,,, which appears to be satisfied within the experimental errors. 
Thus our treatment of s-wave phenomena will be largely phenomenological. 
The same applies to meson production in nucleon-nucleon collisions, though 
the favoured production of p-state pions at moderate energies is to be ex- 
pected. At low energies, of course, s-wave production predominates. 
The situation for photoproduced mesons is somewhat different. There is 
a theory which predicts the z~, x+ photoproduction cross sections and their 
ratio at threshold, knowing the coupling constant involved. However for a 
long time the experiments have tended to give answers different from the 
theory, though recent work by BALDIN and CINI ef al. has brought better 
: agreement. These remarks are included in order to indicate how the phenomeno- 
logical scheme stands relative to the fundamental theory which we should have. 


4) oo. Link between positive energy processes outside the dotted 
box and zero energy processes, 7.e. capture from FX shell. 
The connection can be understood from an elementary point of view, as 
pointed out by Fermi and Anderson. 
Consider : 


x+p > 7°+n+@ energy. 
p Mates 3 ec aoeilre iti 
A B 
We can pretend that the interactions involved are small perturbations, 
because at very low energies the cross sections are small compared with /?. 
We may say that: 


290 aN; 
caew (aaa 
h Aaa | dE 


OsR = 


When the x~ is of very low energy, the phase space available to the z® and the 
neutron is determined entirely by the energy release Y. Hence, dN,/d# tends 
to a constant and we need only discuss the matrix element H,,. 
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Thus we say: 


o, (rate for low positive energy) _ | [oF (7) Hi ps(r) ar |? 
w (rate from K-shell) | [05 (7) Hi par) de |?” 


where g,(r) is the initial wave function of the meson for low positive energy, 
y,(r) is the wave function of the meson in the K shell, g;(r) is the final wave 
function, and is independent of the incident meson energy for low energies, 
and 4,,, is some effective interaction. 


Assume that the wavelength of the initial state is long compared to the 
range of interaction, and hence that the above ratio reduces to: 


(In the region of interaction 


gilr) = (0), p(t) =; (0)) - 
We have 
g(r) = exp [tkz] . 


Hence 
: sin kr 
lim exp ike] = ~ 
k—>0 eA? [ok ] kr 4 
Therefore: 
|p.(0) |? =1. 
Also: 


V(r) = oe exp[—7/)], 


where 0b, is the Bohr radius. Hence: 


Px(0) = eth 8 t 
and 
1 

(0) |? = —.. 
Therefore: : 
; w, imcoming flux x cross section Vo, »3 | 
= — —- = ff 
w w w e | 
: 
abs, b3\ w . 
= = US 1 ——— =—ais j 
v e/% - § 


where 7 is the momentum in units of ye. 


OT AALS ee ee ee Te ee ee rea a eee ee 
ae ad § »> 2 5 7 * o a> 4 ee .’ ‘ “ ; ie 
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As can be seen the cross section obeys the familiar 1/v law for low energy & 
_ absorption. 3 
5) r. Let us consider: : 
; 
4 ytp—>xzt+n—Qd. rr 
| a 
_ We require ys 
1 " 
} o3(Y5 Pp; Tt, n) 2 : 
\ a 
wa : ~ 
We know that o,(x*,n; 7, p) obeys the 1/v law being an absorptive and a 
exothermic process. Hence from detailed balance we say that: * 
Ph 
o.(y, PD; 7", D) ree 
where P, is the momentum of the pion, and P,, that of the photon. P, is ; 
_ effectively constant near threshold, and hence: \ 
. 
o.( ;7*, N) oc—- ile oc * 
ARs Ts n const oP io 
i 


The z- to z* ratio is: 


ss oAY, 13 7, P) x, 


ot (y, d; x, 2p) 


o.(y, d ia 

o(Y, P; ™*, N) i o(y, d; m*, 20) 4 

if Coulomb interactions are neglected. From the value r, of 7 at zero energy 
we can calculate o,(y--n —7~-+p). 

We could measure x-+-p —+>v-+n, and obtain y+n—>x-+p by detailed 
‘balance. However the cross section is very small compared to the charge 
_ exchange cross section, and this is a difficult experiment. 

t What should r, be theoretically? We have to consider what type of 
, photoproduction takes place at low energy. Consider a nucleon absorbing 
a photon, and going into some fictitious state from which it emits a pion 
returning to a nucleon. 


For the final nucleon: Walon] 
wv : (5 FD ) 

4 : : NO Area 
w=, jp =F 2, IT (parity) =+. gro’ Nx 2(0,0,-) 
a , 2 / : leon 
For th t 1 : nucleon ,7_ \_fucleor 
r e pion at low energies > a) (ps3) 
é j=, geet iss =. Fig. 3. 
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Thus, for the fictitious state: 
j aa 2) Je =-+ i ’ WT=—. 


The initial nucleon has 7 = 4, thus the transition to the fictitious state must 
be a dipole transition. If it were a quadrupole transition, or higher, then the 
photon would carry two units or more of angular momentum, and this would 
be incompatible with a transition from 7 =4 to j=. 

There is a change in parity, and hence the transition is electric dipole at 
threshold. 

We know that for the (z-, p) system the electric dipole moment is propor- 


tional to 
Lu 
Sel je 
(a) 
This can be seen from the diagram below (on the right): 


Tt 
1 


we centre of mass 
p 


Fig. 4. 


For the (x+,n) system, the electric dipole moment is proportional to e as 
can be seen from tlie diagram on the left. The transition probability might 
be expected to be proportional to the square of the electric dipole moment. 
Therefore: 
oo [—e+p/M)] 


2 
y=—== Ped ee 
e2 


These considerations, incidentally, explain why the reaction: 


YP = reps 


has such a small cross section at threshold. The electric dipole moment is 
proportional to (u/M), and hence the cross section is only 2% of that for 
the above reactions. 


6) S and Rk have both been measured experimentally; the link 7 is 
entirely theoretical, and is based on the argument that the proton in the 
deuteron undergoes the same interaction as a free proton. 
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How does the interaction which causes the dipole transition arise? The 
usual interaction between GO, ..2., ANd Pyrceon IS Of the form o-p. In an electro- 


magnetic field we replace p by p — (e/c)Ae; Ae is the vector potential, and e 
is the polarization vector. The interaction now becomes: 


o(p—<Ae) : 


This gives an extra term acting on the nucleon: 


A(G°€) , 
where A is a constant. 
Consider again the reaction: 
te Do 
y-+p > xt-+n PARES See 
i 


Let the y be incident along the z-axis: (¢,=0). We know that: 
By, = Ao-€) = Acres + 0,61) = $A[ (r+ toy) (Cx — iey) + (62 — icy) (€ + i€y)] - 


0, + 10, changes the z components of the nucleon spin by +1, whilst ¢, — ie, 
absorbs a photon of spin +1, i.e. a right circularly polarized photon. Simi- 
larly o,— io, changes the z components by —1 unit, whilst ¢,-+ ie, absorbs 
a@ left circularly polarized photon. Thus spin-flip terms arise from the repla- 
cement of p by p— (e/c)Ae, as required from gauge invariance. 

We can attempt to calculate 7 using the operator o-e for H,,. Using the 
usual expression for transition rates, we obtain: 


i If phpade (7200 €7%a) i 
| [vay dt (Za EZ) |?” 


But: 
| Vevpat = 1. 


Hence: 


. = If piyade (y2n6-€ ya) |? 
| (xu EX) |? 


From now on, take the 2 axis along e, to give: 


G6 = G2. 
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We get then: 


O°EY, = O2Xa - 


y, has three components which may be written symbolically as: 


walt) 
vailhs +41): 

dhe /f jaye) 
als 


When o, operates on the proton spin, these components become: 


oF a), 


tt) 


If the two neutrons are produced in an s-state, then by the Pauli prin- 
ciple it must be a singlet s-state, and hence: 


Xa = oi (4) — +t). 


It is clear that (y,,,6-€7,) Vanishes except when the deuteron is in the middle 
state (m= 0). In that ease, 


Hae-endlt = |e (Sa (N—V), Sg (NV) =F. 


| 2 
| | PrnYa dt 


Because two identical neutrons are involved 


We now require: 


[pips =1. 


half space 
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Also y,, and y, overlap almost exactly, because the shape of the nearly 


bound ‘4s wave function is nearly the same as the shape of the deuteron 
wave function: 


[vipeat =V2. 


[vt dt 


Thus: 


2 


- Hence: 


where the factor (b?/b))* allows for the different Bohr radii in hydrogen and. 
deuterium, brought about by the change in reduced mass of the pion. 

The result for T was quoted by Brueckner et al., and the simple derivation: 
given here is due to Dalitz. 


3. — Experimental results. 


In the last two lectures, we have not considered the actual experimental 
results involved. We will now discuss these results starting with those for 
the zero energy ratios: 


_ w(xt+d > 2n+y) w(x -+p > 7°-+En) 4 w(x-+d — 2n) 


w(n-+p >n-+y) ’ ~ w(r--+-p > ytn)? wn +d > 2n4+y)” 


We have already discussed 7, and obtained a purely theoretical estimate.. 
R was first measured, as is well known, by PANoFsky et al. who obtained a 
value 0.94+0.30. The y-ray 


- from the process x--+-p —>y-+n t 
_is mono-energetic, having en- 2 
ergy 130 MeV, whereas the |< 
y-tays from x° decay have a |= 
distribution of energies centred 70 130 MeV Ey 
on 70 MeV, due to the Déppler Fig. 5. — Energy distribution of y-rays from 
shift produced by the motion n- stopping in Hydrogen. 


of the x°® (Fig. 5). 
The experiment was carried out using a pair spectrometer to determine 
the energy-distribution of y-rays from x capture in hydrogen. The y-rays 
were made to produce electron-positron pairs in a lead radiator, and these 
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pairs were counted in associated sets of counters arrayed as shown (Fig. 6) 
in a strong magnetic field. 

The energy resolution of this instrument is good — it is easily able to 
resolve the y-rays from the two pro- 
cesses, but the detection efficiency is 


y-ray from 
mt absorption low (~ 10-4 electron pairs/y-ray) ac- 
Hear reniGron counting for the rather large statistical 
oe a7 oe errors assigned to this measurement. 
So CS counters This result stood for five or six 
pee) Sy. years, when further determinations were 
eevee ge tine ik shepet of magnate Field carried out. Two measurements were 


made at Liverpool, one, using a pair 
spectrometer, by KUENHER et al. who 
obtained a value 1.60-L0.17. The other 
was made simultaneously by CASSELS et.al. who used a total absorption spectro- 
meter and obtained the value 1.50 + 0.15. 

In the total absorption spectrometer, the y-ray is allowed to pass into a 
large volume of a heavy transparent medium where shower production occurs. 
All the energy is lost as ionization energy of the electron tracks. Now, nearly 
the whole track is relativistic and so the energy loss per unit length is constant, 
so the track length is proportional to the energy of the incident y-ray. Further, 
the intensity of the Cerenkov radiation is a function only of v/¢ and the Cerenkov 
light per unit length of track is constant. Thus the total Cerenkov light is 
proportional to the energy of the incident y-ray. However, since the intensity 
of the Cerenkov radiation is between 0.5 and 
1.0 photoelectron per MeV of energy loss in the 
medium, the instrument has poor resolution. 
The efficiency is high, even if an external con- 
verter is used. 

The distribution obtained was of the form 
G1 OL s 

More recently, FISCHER and MARSHALL, also 
using a total absorption spectrometer, obtained 
the result 1.87-+-0.10. Several experiments which 
are now in progress, should give more accurate 
results. Accepting the errors of the above methods and combining the results, 
one obtains a value: 


Fig. 6. 


Ny (EAE —> 


MeV 


Bice wie 


R =1.74+ 0.08. 


The value of S is measured less directly. We can detect the y-ray in 
the process x~-+d > 2n-+-y. The two neutrons are produced in the 1s) state 


1702 


et! sg ey 


LOW ENERGY PION PHYSICS 271 


and so are almost bound; the result is almost mono-energetic y-rays of the 
Maximum energy. Incidentally, this y-ray spectrum forms one of the better 
ways of studying the almost bound state of the two neutrons. 

In the reaction x~+-d—2n, the neutrons are not detected, of course, 
by the y-ray detectors and so an alternative way of evaluating the ratio is 
required. This is done by measuring the Panofsky ratio, and then, under the 
Same experimental conditions, replacing the liquid hydrogen by liquid deu- 
terium; it is assumed that the same,number of pions stop in each, so that 
the total number of captures is the same for the two targets. Then, by com- 
paring the y-ray intensity for deuterium with the total for hydrogen, the 
fraction of the total number of pions stopping in deuterium which follow 
a7-+d-—+2n-+y¥ is obtained; hence by subtraction and inference, the fraction 
which follow ~~+d-— 2n is obtained. This was done in Panofsky’s original 
experiment and resulted in a value 2.36-L0.74. 

We will see later on that the fact that the second of the above reactions 
occurs is the strongest argument for saying that the pion is pseudoscalar. 
In view of this, a more direct verification that it does take place was obtained 
by Chinowsky and Steinberger who used counters to detect the two neutrons. 
‘They obtained a value S=1.5+ 0.8. 

KUEHENER et al. repeated the Panofsky experiment with an improved 
‘pion source and obtained a value 2.36+0.36. Combining the above results, 
we obtain an average value 


S = 2.31+ 0.31. 


The values of 7, R and S complete our knowledge of the zero energy processes. 


4A. — Extrapolation to zero energy. 


We are now going to approach the zero energy box by the three positive 
energy chains which start at 


(a) o(p +p —>7t+d). 
(0) Oye + Peeo 52D) 5 
(¢) 0{n--p n° Fn). 


‘The best measurement of cross-section (a) was carried out by CRAWFORD at 
Berkeley, who obtained o, = (0.125+0.017)y mb. The experiment is performed 
‘by counting coincidences between z+ and d which prevents the detection 
of protons and neutrons produced in the unbound state. 
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Collecting together the experimental results, we are now in a position to 
write down the capture rates tabulated below. 


Process 1014 w (s-*) Input data Comments 


nm t+tp?>r+n 5.67 a, — a, = 0.24 Comes from scattering data. 
Value originally 0.27, but 
was revised by CINT. 


U/¢ = 0.20 Velocity of z° at low energy, | 
which enters into the 1/v 
law. 
mt+tp—>y+n 3.69 o,(y+p >7nt-+n) Comes from photoproduc- 
== (Sia lOs*om2 tion. BERNARDINI’ svalue 


was 1.43-10-28cm?. Re- 
vised by CInt. 

fy lve This is the theoretical value 
discussed earlier. 

mx +-d—2n 6.02 o,(p+p >7++d) Obtained from the experi- 
= 1.25- 10522 cm? ment of CRAWFORD et al. 


Let me emphasize that no zero energy experiments are involved in the 
derivation of the above reaction rates. They are all positive energy experiments. 

We can now take ratios of these three rates and compare with the ratios 
obtained by zero energy experiments. This will provide a consistency test 
of the theory, which is essentially phenomenological, except for the photo- 
production process. 


5. — Comparison of rates deduced from positive energy experiments with the 
K-shell capture rates. 


We use the revised results of Cri et al. 


Ratio Positive energy rate K-shell rate | 

: 

a Aye 1.74 . 

es 1.63 1.88 

= pe . 

Note: ST = IOC ona w(n-+ d > 2n) ; 1 
Ww (x-+p>n-+ y) R w(m- +p —+>n-+n) ; 


- 
ef + 3 
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For many years the agreement between these values was poor, but we 
how arrive at a much more satisfying situation where the agreement looks 
‘quite good. It is gratifying to note that about two years ago, there was rea- 
Sonable consistency in these numbers, but it was achieved only by having 
disturbing values for the photoproduction process which were not too easily 
acceptable. The trouble was that it was difficult to see how r, could be any 
value other than about 1.3, and further, the value for the x+ photo-production 
cross-section was too low. It was possible to make a reasonable fundamental 
theory for this process at threshold, and this low value of the production 
-eross-section led to a value of f? which was considerably smaller (about 0.05 
or 0.06) than was indicated by other routes of enquiry. 

So, by lowering 7 and raising the cross-section, the experiments have now 
been brought into rather good line with this fundamental theory of photo- 
production. The big steps which led to this were the re-analysis of the xt 
cross section by Cini et al. and the discussion of the value of R by Baldin 
who showed that the deuterium data were consistent with the correct value of 7. 

When the proper value of 7) was first used to obtain a positive energy 
value of the Panofsky ratio, none of the other input data were altered and 
the resultant value of R was about 2.5. 

This led BALDIN to suggest the possible existence of a pseudoscalar neutral 
“meson of isotopic spin zero (the x}), produced in the absorption of x by 
‘protons, which also decays into two y-rays. 

There are two other reasons to support the invention of the 7}: 


a) there appears to be a vacancy for such a particle in the general 
scheme of fundamental particles; 


J b) experiments on nucleon-nucleon production of pions at Birmingham 
appear to violate charge independence, but could be explained by the existence 
of a 7(-meson. 


“6. — Proof that the pion is pseudoscalar. 


This is shown by the reaction x-+d — 2n. Since the pion has zero spin 
‘and the deuteron has spin 1, and since the (x-,d) system is in an s State, 
“the system has total angular momentum J=1. Consequently, the 2n-state 
| has J—1 and so has odd parity. Then, since the deuteron has even parity, 
the pion must have odd parity. 

_ A suggestion made some years ago, by YANG, for investigating the parity 
of the neutral pion involved the determination of the relative planes of pola- 
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rization of the two y-rays into which the z°® decays. The method was to 
allow the y-rays to produce positron-electron pairs, when the plane defined 
by the e+ and e~ momentum vectors defines the plane of polarization of the 
y-rays. However, the angle between the electron pairs is small, and the material 
introduced to cause pair production by the y-rays also causes multiple scat- 
tering of the electrons so that the definition of 
the electron-positron plane is destroyed. 
DAuiTz first pointed out that in about 1/80 
of the 7° decays, the y-rays are replaced by 
internally converted electron-positron pairs. So 
fies in about 1 in 10* of the decays, both y-rays 
are internally converted, resulting in a « Pion 
Bow Tie» (Fig. 8). 

Thus, we have conversion without the aid of a scatterer. 
Some groups, notably those of STEINBERGER and HILDEBRAND are taking 
very many bubble chamber photographs and are selecting « Bow Tie» events, 

from which a determination of the x° parity will be made. 


7. — 7° mass. 


The z-, x®° mass difference also appears from the Panofsky experiment.. 
In the center of the mass system of the x°, the two y-rays are emitted at 180° 
to each other. Now, since there is an energy release in the K-shell reaction. 


mp > 7° +n; 


the x° will have a definite energy in the lab. system dependent on thez-7° mass: 
difference and the p-n mass difference. Thus, in the laboratory system the 
y-rays have a distribution in angle and in energy. The maximum and min- 
imum y-ray energies thus tell the magnitude of the center of mass velocity 
and consequently gives the z--x° mass difference, the n-p mass difference 
being known. It may easily be shown that the energy distribution of the 
y-rays is rectangular. The x} would add a further rectangular distribution 
aS Shown in Fig. 9. 

However, the experimental errors are so large that one cannot say whether 
this modification exists or not. 

A more powerful way is to look at the angular correlation of the two y’s 
which are no longer at 180° in the laboratory, because of the x° velocity. The 
angular distribution has the form of Fig. 10. 

This rather encouraging distribution was used by Chinowsky and Stein- 
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berger to measure the x° mass, but again, the accuracy is such that the ad- 
dition of another distribution of a similar shape, inside this one corresponding 
to a slightly lower x°-z- mass dif- 
ference, could not be completely 
excluded. Thus, this experiment 
is worth repeating more accurately, 
when it would also give a more 
accurate mass difference. At the 
moment, it is known to about 
300 keV. 


Wy 

c=) 

= 

ule 
69 MeV 129 T-23° Tt 1 +23° 
Fig. 9. Fig. 10. 


8. — Mesonie X-rays from more complicated nuclei than H and D. 


Consider a nucleus with Z protons and N neutrons, and a z~ in orbit round 
this nucleus in the K-shell. Consider also the scattering by this nucleus of 
low energy z~ which might come from outside. 

The scattering cross section at low energy is obtained by adding coherently 
the scattering lengths of all the Z protons and N neutrons: 


o = 4nf*[(N + 4Z)a,+2Za,|. 


We do not know the interaction which is responsible for the S-wave pion, 
nucleon scattering, so it is necessary to invent one in the usual way. Thus: 


y} 2 
a he = [exp (i(k; — ky)-r] V(r) dt | 7 ; 
where: k; and k, are the initial and final pion wave vectors, V(7) is the assumed 
interaction potential and dN/d# is the energy density of final states. Now, 
at very low non relativistic energies, k becomes very small and we may replace 
the exponential factor by 1, and evaluate dN/d# = p?v/2z?h? at low pion 
energy. We then get, taking square roots: 


Vide =— on™ J(w4+2Z) a, + 2 Za,! 
Cn. [LF +5 fe eee 
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The sign is correct because the positive scattering lengths correspond to an_ 
attractive potential, which is described by a negative V. 

Now we will write down the expression for the Z to K-shell meson transition 
energy assuming a pure electromagnetic interaction and obtain an expression 
for the energy shift due to perturbation by the nuclear potential. This finally 
gives us an expression for AH/H in terms of the S-wave scattering length s. 

The transition energy for the pure electromagnetic interaction is: 


2772 (272 VAL 
per | ee ( WZ, 4) 2 3hZ, 


aude) \~ 2ubk 4) ~~ Bub’ 
where H,, is the energy in the K or L-shell, and b) is the Bohr radius of an 
electron in the K-shell. 


The shift in the A-shell level may be obtained by the perturbatio n metlo 
-and is: 


ee | giVoxdt. 


‘There is no similar term for the L-shell as the Z-shell meson wave function 
is ZELO at the nucleus. 


We assume that the A-shell meson wave function is constant over the 
nuclear volume and so we may write: 


SE =|ox(0) | var 


‘This integral has already been obtained and the value of |q,(0)|* which we 
have already used in connection with the Panofsky ratio gives: 


Zi les 
pn = 5 | Var. 


‘Thus the expression for the level shift is: 


AE 1674 K. { 
Bim Shae baeUal 


1 2 
[y 3 2) as 3 za,| = const: (2a, + a,) ~ — 0.06 


7 


from scattering experiments . 


The quantity u,, is the reduced mass of the pion-nucleon system and origi- 
nates in the calculation of \ Vdr from pion-nucleon scattering data, as the 


number of nucleons increases this reduced mass approaches the free meson 
mass LU. 
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In addition to the above considerations there is the added complication 
of reactions of the type: 


(a) i --P-P > P+, 


and these add other terms to the level shift. 

The experimental value of the level shift is negative and is rather greater 
than the value given by the Orear values of the scattering lengths. 

This increase is attributed to the reaction (a). The calculation of the cor- 
tection is however very sensitive to the nucleon momentum distribution in 
the nucleus as this determines how easily the meson can get into the strongly 
interaction P state with respect to the two protons. 

Any calculation is therefore rather sensitive, but some agreement with 
experiment has been achieved. 

Essentially, there have been three measurements at: 


’ 


1) Rochester by CAmAc et al.; 
2) Carnegie Tech. by STEARNS and STEARNS; 


3) Liverpool by West (A.E.R.E. Harwell). 


The first two used the critical absorption method in which absorbers are 
placed between the X-ray source and a Nal counter. Various elements are 
used in turn until a large attenuation of the X-rays is obtained. This then 
allows the energy to be determined between the limits of two known K-ab- 
Sorption edges. 

West’s technique employed a Xenon proportional counter in which he 
Measured the X-ray energies against calibration lines. The width of the 
‘Be K-line was also measured and found to be approximately 1 keV. This 
was done by comparing the line to the Fluorine Z-line where the capture rate 
is low, and hence the line narrow. 

The final stage of this sort of measurement will probably be the measuring 
of these widths, which is just beginning to be possible, and thus obtain the 
life-time of the x+-meson in the A-shell. This in turn will give further infor- 
mation on the nuclear absorption processes. The value of (2a;--a,) will probably 
be determined more accurately by scattering experiments in the future. So 
the end product of this sort of measurement will be an accurate determination 
of the nucleon momentum distribution which, as has been pointed out, is 
very sensitive to the level shift. 

STEARNS and STEARNS have made an accurate measurement of the energy 
of the 4F to 3D transition in phosphorous. This line will not be perturbed 
by the nuclear potential as both wave functions are small at the nucleus and 
So this gives an accurate determination of the =~ mass. 


18 - Supplemento al Nuovo Cimento. 
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Elementary Considerations on Photo Meson Production. 


B. TouSscHEK 


Istituto di Fisica delV Universita - Roma 
Scuola di Perfezionamento in Fisica Nucleare - Roma 


There is a strong connection between the photo-mesic effect and the scat- 
tering of mesons by nucleons. I will illustrate this by showing that the phases 
for photoproduction are equal (mod z) to the scattering phases. The argu- 
ment is due to WATSON and can be compressed thus: 

Let S=JI-+iR be the S-matrix and let us confine our attention to that 
range of energy, where double meson production is not yet possible. It follows 
from the unitarity of S that 


(1) R—R+=ikth. 
We apply this equation to the state of photoproduction. Denoting by |) a 


state with a nucleon and a photon present and by (z| a state of the same 
energy with a nucleon and a meson we have 


(2) (x|R\y) — (vy |R|a)* =7 > (| Rt|n)(n| Ry), 


where the sum is extended over all the states which may be reached from |y) 
under conservation of energy. By hypothesis there. are only two classes of 
states available, namely |n)=|z) and |n) =|y). The contribution of |n) =|y) 
however is small of order e? =1/137 compared with the contribution of |n) = 
=|). (Remember that (y|R|y) must be of order e? and that (7|R|y) is of 
order @.) 

With an expected accuracy of about one percent we can therefore put 


(3) (2|R\y) — (y|B|x)* = ¢ > (a! | R|a0)* @' |R ly). 
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If we use for the pions a representation in which R is diagonal the sum in (3) 
reduces to a single term. We can then express the diagonal elements of R by 
the phases: 


(4) (| R\m) = 2e*’ sind. 


In order to determine the photoproduction phases we make use of reversibility. 
In a time reversible theory we must have 


(5) (x| Rly) = nly |R |x) , 


where 7 can only assume the values +1. 7 can be determined to be (—)', 
where / is the angular-moment of the pions. To see this take for example 
s-wave production, for which we may write 


(6) (x|R,|y) = ap(ec). 


Here « is a c-number, e is the vector of polarization of the photon o, is the 
nucleon spin operator and @ is the field operator of the meson. Since under 
time reversal o and change sign (the first because it is an angular momen- 
tum, the second because the meson field operator is a pseudoscalar), we have 
9 =-1 in this case. 

Putting now (a|R|y)= re", with r=real and positive and inserting into 
(3) we obtain 


| x = 6(mod z) for y=+1 
(7) | 


« =}42-+ 6(mod z) for 7=—1 


and we therefore see that reversibility and unitarity of the S-matrix together 
with the neglect of the «Compton phases » establish the equality mod z of 
Scattering and photoproduction phases. 

One could on the basis of the knowledge of the scattering phases try to 
establish a phenomenological theory of photo meson production. However, it 
turns out that for the 4 processes 


eter. 
‘Np +r 
Pike met 


Np +r 
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a phenomenological description still involves 12 unknown functions, even if 
one limits the discussion to S and P waves. The situation is therefore con- 
siderably worse than in the theory of scattering. Moreover it is nearly certain 
that an expansion in partial waves will not be very satisfactory, since retar- 
dation effects of the electromagnetic field make such an expansion converge 
very slowly. P 

On the other hand we have seen in the discussion of the fixed source model 
that apart from the 33-state there is no reason to disbelieve perturbation theory 
at low energies. The coupling constant turned out to be fairly small (of order 
0.1), so that cne would expect that all that remains to be done for an adequate 
description is to apply a final state correction for the 33-state. This indeed 
gives reasonable agreement with experiment. 

I will now report on some work carried out by STOPPINI and myself in 1956. 
We have not yet tried to bring the comparison up to date, but it appears that 
experimental data are in better agreement with the simple minded theory 
which I am now going to present, than they were in 1956. 

The basic idea is the recognition of the necessity to take account of both final 
state correction (in the 33-state) and anomalous magnetic moment interaction in 
order to obtain an adequate description of photomesic phenomena. We assume 
that R, is the operator of photomeson production as determined by means of 
perturbation theory and including the anomalous magnetic moment term. (The 
anomalous magnetic moment is defined by putting the magnetic moment pm 
of the nucleon = f+ M2T3; ff. iS the the anomalous magnetic moment in the 
sense in which we are going to use it.) We consider only the lowest terms in 
an expansion in powers of 1/m. We then maintain that instead of R, one 
should compare 


(9) » b= Ry as (S —1)P,,R, 


with experiment. In (1) P;; is the projection operator which, when applied 
to R,, filters out the P3;-component and S (in the representation of good va- 
riables) is a complex number, which corrects for the deformation of the meson 
wave near the nucleus. Assuming short range forces of range 7, S = limp*(r) [ye (r) 
(where y(r) is the wave function of a physical meson, y(r) its Born-approxi- 
mation both normalized in such a way that their outgoing parts coincide), is 
estimated to be : 


x 


3 ; : 
(10) Ss = (pro)® exp [4035 | SIN &3ep 


Here «3; is the scattering phase and p is the meson momentum in rational 
unite: (=o = 1), 
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Equation (9) gives for the scattering amplitude 


(11) k= < [ered — TAtz ) (0 “fh ieee + ion ++ taag (030, — 003) + 


1 
AC g (S —1)(tiaz — taf + 2iaz )(Do3v, + Foyv; + i ’ 


where « is a constant, k is the momentum of the incident photon, t; are the 
isotopic spin operators, a; and a, the creation and destruction operators for 
the mesons (¢=3 describing a neutral meson, i= 1, 2 charged. particles), v 
is the velocity of the emergent meson in the zero momentum system, the 
photon has been assumed to move along 
the z-axis and to be polarized along the haa 
‘ : j lea «10° Cm ~90° 
#-axis, # is defined as u.k/m, and D, F and | da); . bs 
15 3 
G are defined by Posthive | 
mesons | 
a/Ilinois (counters) 
——v Illinois (plates) 


* [llinois-Rome (pell.) 
00 Cornell (counters) 
150 170 190 210 230 250 E(/ab)MeV 
~— S 


(12) a ae 1.0 
P=1—20—2, G=14C+4e. 085 


C= C(v) is given by 


(13) O()= oo ewes eee 


Fig. 1. 
5 v 


Tt behaves like v?/5 for small v and approaches the value 4 in the extreme rela- 
tivistic limit (very reluctantly). The first term in the curly bracket of (11) 
corresponds to the perturbation amplitude for the 
production of charged mesons, the second to the 
perturbation amplitude for neutral mesons; the last 
term is the scattering term. 

The main shortcomings of a perturbation theory 
which does not take account of the magnetic moment 
interaction and of final state corrections are the fol- 
lowing: 


Total cross section 
,x10°° cm? (C.M.) 


Neutral mesons 


1) The ratio x°/x+ comes out wrong, namely 0. 


iy * Eylab. (MeV) > 


.150 200 250 300 2) The angular distribution of the x*+ at mo- 
Fig. 2. derately high energies is not in agreement 
with experimental evidence. 


The introduction of the magnetic moment term makes one understand at 
least part of the x° intensity, but gives a wrong angular distribution for these 
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mesons, namely 1+cos? 6, instead of the observed e-+sin? 6 (e«< 1) suggested 
by experiment. 

The introduction of the final state correction alone (i.e. without the Pauli 
term) gives areasonable x°/x+ ratio namely 4 in the limit S — oo, @.e. fora 
strong nucleon meson interaction. The total cross-sections for x+ and x°-pro- 
duction can be fitted satisfactorily, but the angular distribution for positive 
mesons comes out qualitatively wrong: as one can see from equation (11) the 
sign of the interference term is determined by /F; for x= 0, i.e. neglecting 
the anomalous magnetic moment effect, / varies between 1 at low energies 
to 0 at high energies. The interference term is therefore always positive in 
contrast to observation (there is a small anisotropy of the form sin? 6 cos? 6 
due to the meson current term, which has the right sign, but which does not 
by itself lead to agreement with experiment). 

The inclusion of the magnetic moment term nearly solves this difficulty, 
as we can see from Figs. 3, 4, 5 representing the angular distributions at 
respectively 200, 235 and 265 MeV (the curves shown 


correspond to 7u4=0.66 and f?= 0.075; in the eva- $9) »10° cm? at Eflab) = 


CM. us: MeV 
a 2 p|_ mesons 
{ = 
15 als 15 
10 S 10 
id a 
O5t= Cornell ES 5 
° Illinois-Rome eCornell Rome( Av.) 
oRome-Cornell Av R_ _ [Rome (iil) 4 CM. 
O45" OOP RMSSenso: =a 0° 45° 90° 135° 180° O2,..45° 90° iB5o Sie 
Cae 33 CM, 
Hig aa Fig. 4. Higweo: 


luation of the cross-sections account has been taken of the kinematic effects 
of nucleon recoil). The agreement at 265 MeV is not very good, but this may 
be perhaps excused since at this energy recoil effects will almost certainly 
enter into play. 
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Meson Phenomena. 


S. FUBINI 
CHRN - Geneva 


During the Course prof. BERNARDINI held three compendious lectures about 
Photoproduction meson phenomena, which, substancially, were conforming to part of 
those prof. 5. Fusrnt held at CERN on the same subject, in spring 1958. 

As Fusrint’s lectures are a wider treatement and a deeper illustration of the ques- 
tion, together with professors BERNARDINI and FUBINI, we agree on reporting here 
Fusrnti’s lectures in full. 


[ Introduction. 


In these lectures we shall examine some aspects of the theory of pion- 
nucleon interaction. 

We shall base our treatment on a simplified version of the theory in which 
the nucleon is kept fixed and can emit and absorb mesons in p-wave state. 
Since it has been found experimentally that the low-energy pion phenomena 
are dominated by the p-wave (33) resonance, this simple model already gives 
an adequate description of the main features of phenomena involving pions 
and nucleons. 

The static meson theory describes the interaction of the meson field with 
the spin and isotopic spin of the fixed nucleon. 

We shall not treat in detail the quantization of the meson field, but for 
this we would refer, for example, to the WEIsskopF lectures at CERN. 
In the first Section we shall discuss the structure of the pion-nucleon inter- 
action Hamiltonian. The second Section will be dedicated to the general de- 
scription of the physical nucleon state. 

We shall then discuss the predictions of the theory about pion-nucleon 
scattering (Section 3) and photoproduction (Section 4). 


~~ 
- 
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1. The hamiltonian. 


The meson field has three components: ®,(@) which represents the neutral 
mesons, and @,(v), ®,(”) which together represent charged mesons. 

The total energy of this meson field in the absence of interaction (the free 
Hamiltonian) is given by: 


Life 
r! 2 9 2 f 
(1.1) Hy = 5 | > [aa + (V®,)? + w2@z] de « 
a) le 
a, is the momentum conjugated to ®, satisfying the relation: 
(1.2) [BD (ax), 2, (w')] = 10, 0(a — a’). 
The operator Y, representing the total-charge of the meson field, is given by: 


(1.3) () | «fF, (e)nte) — @,(x)7,(x)] d3a . 


Irom (1.2) and (1.3) it follows that: 


(1.4a) [(D, + 71@,), Y] =— e(@, + 1G.) , 
(1.40) [(®, —7®,), Q] = + e(D, —i®,) , 
(1.4¢)  [G, QJ=0. 


Let us denote by |Q@> an eigenstate of the operator @ corresponding to the 
eigenvalue Q'; then we have: 


0\00 = 94109. 
If we now apply to |Q'> the first of eqs. (1.4) we get: 


| (D, | iP,), (| |Q'> a6" e(D, >is i®,) \Q’> 
or 


Q(Py + 7D.) |Q = (Q'+ €)(D, + 1®,) |Q 


which can be interpreted by saying that (®,-+-i®,)Q’> is an eigenstate which — 
corresponds to the eigenvalue Q'--e, i.e. the operators ®, +i®, applied to- 
wv State of charge Q' create states of charge Q'-+-e. Instead, according to 

: 


(1.4e), M, does not change the charge of the meson field. : 
Reealling that ®, can be expanded in terms of destruction and creation 
; 


© 
cc 
~ 
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operators of mesons, we can conclude that: 


@,— iD, is an operator which destroys a positive meson or 
creates a negative meson; 


P,+ iD, is an operator which creates a positive meson or 
destroys a negatvve meson; 


P, contains creation and destruction operators of a 
neutral meson. 


Let us now discuss the general assumptions we want to impose on the 
term H’' in the Hamiltonian H, which represents the interaction of the meson 
field with the (fixed) nucleon. 

We shall require that: 


a) the nucleon source is not allowed to move and therefore its only pos 
sible states y,, (r=1,2; s=1, 2) are given by the orientation of the spin 
and isotopic spin. Therefore the only operators related to the souree are the 
spin o and the isotopic spin t; 


b) the theory is invariant under the rotation group and space inversion, 
the meson field ®, being pseudoscalar ; 


c) the theory is charge-independent. This means that the total Tamil 
tonian must commute with the operators of the total isotopie spin defined 
(see Appendix I) as 

DP, = 3t, +t, 


where 


1, = Ean (D7, a D,7t,) din (*). 


d) The interaction Hamiltonian is linear in the meson field. 


We see that requirement a), a8 already discussed, is a consequence of our 
static approximation; 6) and ¢) are supported by very good experimental 
evidence. Finally, d) has been first suggested by YUKAWA in analogy with 
the interaction of an electron with the electromagnetic field, In our opinion, 
it is the weakest of these hypotheses, and it will be shown that many of the 
results of this paper do not depend critically on d). 


(") The symbol ¢,,,, (where A, “, v=1, 2, 3) is defined to be --1 for Aw 1, pe 2, v3; 
and to be +1 or —1 for any other set of values of A, 4“, » obtained from the former 
one by an even or an odd permutation, It is zero in the other cases, 
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The only interaction Hamiltonian satisfying the conditions a), b), c) and d) is: 
(1.5) Hi = (4a 2 S| Te)n0-VO, are : 


The combination De which appears in (1.5) is due to the charge-inde- 


fad 
pendence. In fact, t and ® are vectors in the space of isotopic spin; then 
their scalar product t-® is invariant for rotations in such a space. One can 
verify such an invariance directly by observing that: 


[Reel een or SEP 0 


In fact 


> [F,; t.P,] = > {a[t,7,]®, + [t,,]c,} = SS LOE pesp Tig Pre bi 1Ergp PTs = 0 

a“ oO aM 
where we used the relation [t,, ®,] = te yw2, Of Appendix I (A.I.5). 

The term o-V@ has the following origin: as nucleon operators in the 
ordinary space we have only the identity operator 1 (scalar) and o (pseudo- 
vector). If we want the theory to be linear in the meson field, we can only 
build up the following couplings, which are invariant for rotations in ordinary 
space: 

Or and aN 2. 


The first is pseudoscalar and therefore will not conserve the parity. Then the 
only term which can be included in the theory is o-V@. 

f, is a constant of the theory called the unrenormalized coupling constant. 
The mass uw at the denominator is added in order to have f, as a dimensionless 
constant. It is required to compensate the extra (length)-! introduced by 
the operator V. 

U(x) is a spherically symmetric normalized function representing the size 
of the nucleon source. We will never be obliged to make too stringent assump- 
tions about the form of U(x). We shall only ask that its range R (*) be 
rather smaller than the Compton wave-length of the pion. This is to ensure 
that our static non-relativistic model has any chance of having something in 
common with the relativistic local theory in the approximation where terms 
of the order of u«/M (recoiling terms) are considered small. 

Here we would like to remark on consequences arising from the fact that 
fo/ has the dimensions of 1/energy, i.e. on the consequence that the coupling 
depends upon the gradient of the field. | 


(") & defines the region in which the function U(a) is essentially different from zero. — 


bat 
1 
—— 
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This makes the results of the theory strongly dependent on the cut-off. 
For example, let us consider the self-energy of the nucleon, i.e. the change 
in the energy of the nucleon due to the successive emission and absorption 
of one or many mesons. If we write the perturbative expansion of the self- 
energy, we have: 


where é, é,,... are integrals. It will be shown later (see Eq. (1.7)) that the 
_ functions to be integrated depend only on k, w, and v,, and that the high- 
energy region where w,~k is the most important one. Therefore the in- 
tegrals depend essentially on k,,,.. Because of the dimensions of f,/u, it 

follows that ¢, behaves as (Kk,,.)*, €4 a8 (K,,,,)°, etc. Therefore, all orders of 
infinities would appear if we let k,,. go to infinite, that is R going to zero 

{point source) (“). Such a theory is said to be unrenormalizable. 

For the sake of comparison, let us consider a scalar interaction: 


max 


(4x)? g, E+ 0.0) dx . 
The perturbative expansion of AH would be: 
AE = gee, + goer t..- 
In the same way as before, we will conclude that: 
Eg ~ Eg «00 En ™ Kaan 


and we see that only a linear infinity appears in the expansion of AL. 

Such an unphysical infinity could be removed by a finite number of sub- 
tractions and the theory is said to be renormalizable. 

An important property of the Hamiltonian (1.5) is that only the mesons in 
p-wave state can be emitted or absorbed by the (fixed) source. 

This can be physically understood by considering that for conservation of 
angular momentum the fixed nucleon can emit the pion only in s- or p-waves. 


(*) Only even powers of the coupling strength appear, because at each order two 
elementary processes are coupled: the emission and the absorption. 

(“*) We remember here that because U(k)= | U(a) exp [ikx]d'x, from the theory 
of Fourier transforms it follows 


Knax ~ 1/R . 


1719 


e., 


288 Ss. FUBINI 


Since the pion is pseudoscalar, parity conservation requires that it is emitted 
in a p-wave state. It is therefore very convenient to rewrite our Hamiltonian 
in terms of creation and destruction of mesons of a given angular momentum. 
We introduce the eigenfunctions f;,:,,(x) of momentum k and angular mo- 
mentum 1, m (with respect to the nucleon). 

These eigenfunctions satisfy the wave equation: 


(1.6) (A + k?) f(x) = 0 


and the orthonormality conditions 


(le. 7,) [feof dx = Oits Osers O(k tr wh k’) . 
v 
In particular 


ute I gin: hy 
frow= aah? 


3 2m é . 
trim = on®) tert (sin kr — kr cos kr) . 


The meson field can be expanded in terms of the eigenfunctions Ug: 


(1.8) PD (x) => >> (200) *[ Gm (E) te Or im(®)] ferm(*) , 
t 
(1.8’) Tog(X) == > (3) [ @x1m(k) — Axim (K) | ferm(%) - 4 


im(k) are destruction and creation operators of mesons in the 
State (k, a, l,m) (*). 
Let us now substitute the expansions (1.8) into Eqs. (1.1) and (1.5). It is 
easy to verify that, as already stated, only p-waves give a non-vanishing ~ 
contribution to H’. Our total p-wave Hamiltonian becomes (**) 


Gim(k) and a, 


(1.9) H = Swag, (le) an(l) + fo Y Ty al Gem) jon (16)] OC) , 


where 


(110) wp= Vk + py, O(k) = U(k) =[u@) exp [ikx] d%a . 


* 2 . . ! 
(*) 4 1m( Ke) — 2gim (Te) operates the destruction of a m+; a,+i%a, the destruction — 
of a m; ay + id, the creation of a xm and n+ respectively. 
(**) Since in the following we have only to deal with p-wave mesons we suppress 
the index 1 in all our notations. 


4 


ang 


, 
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As the emission and absorption of low-energy pions should not be affected 
by the cut-off function, it is therefore necessary that U(k)~1, at least for 


& smaller than 4y. 


At the present time, no reliable method is known for solving the Hamil- 
tonian (1.9). The perturbation-method used in electrodynamics cannot be 
applied to our case because the coupling of the meson field with the nucleon 
is too large. 

The calculation of pion-nucleon scattering based on that method gives 


_ results in violent disagreement with experiment. Improved approximation like 
the Tamm-Dancoff method has given results in qualitative agreement with 


experiment, but it has not been possible to evaluate the error introduced by 


the approximation. We shall here discuss an approach to the static theory, 


which does not pretend to deduce the scattering cross-sections in terms of the 


parameters f, and U(k) of the theory, but which uses the Hamiltonian (1.9) 
in order to correlate some experimental results. We shall see that this ap- 


proach is indeed successful. It allows one to obtain general relations between 


matrix amplitudes for pion-nucleon scattering and photoproduction of mesons. 


These relations have been successfully tested against experiments. 


2. — The physical nucleon. 


The Hamiltonian (1.5) (or (1.9)) describes the system of the source inter- 
acting with the meson field. The eigenstates of H describe physical states, 
i.e. States which can be obtained by performing actual experiments. 

If one were able to calculate the matrix elements of all meson field ope- 
rators between those states, one could, in principle, predict any physical 
process. It is to be noted that in those physical states the number of mesons 


is not fixed (this comes from the fact that the operators N,,,(k) = G5, (Ke) any), 


representing the number of mesons in the state k, m, «, does not commute 
with the total Hamiltonian). Thus it follows that those physical states cannot 
be identified by giving the number of mesons with different k, m, «. 

As we shall discuss in the next section, these states will be identified from 
the asymptotic behaviour of the state vector, i.e. from the form of this state 
vector at a large distance from the source. 

In this Section we want to give our attention to the so-called « bound 
States », v.e. those states whose state vector does not contain asymptotically 
any mesons. 

We shall assume that there is only one such bound state: the physical nucleon 
having J=4, T=}. We shall denote this state by y,,, (r,o =1,2). (In 


Many calculations these indices will be omitted.) 


This state will correspond to an eigenvalue H, of the total Hamiltonian 
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which is not actually observable (since, of course, nobody has yet been able 
to measure the difference between the masses of the physical and of the bare 
nucleon!!). In order to simplify the notation, in the following we shall use 
H defined as H°+ H'— E°; so we have 


(2.1) Hy=0. 


First we want to consider how strongly the physical nucleon interacts with 
the meson field. A measure of this strength can be obtained by considering 
the expectation value, in the physical nucleon state, of the operator f,o,,T, 
which is the essential part of (1.9). From invariance under the groups of 
rotations in the ordinary space and in the isospin space, it can be shown 
(see Appendix I) that these expectation values can be written as 


(2.2) . folPros OmT .Y,6 )= ww fOreTs Too! ] 


where the matrix elements o%. appearing in the lh.s. are the usual Pauli 
matrix elements between the states r and r’. For example, o?,=1, o},=0. 

The constant 7 is called the renormalized coupling constant (to be distin- 
guished from the unrenormalized coupling constant f, giving the interaction 
of the source or «bare nucleon » with the meson field). The unrenormalized 
coupling constant will be of fundamental importance throughout our treat- 
ment.We will show that the theoretical analysis of different experimental data — 
leads to a unique value f? = 0.08. 

The physical nucleon can be described as being composed of the bare nucleon 
surrounded by a meson cloud, i.e. by a region in which the probability of © 
finding one or many mesons is not much smaller than 1. 

In order to have a better idea of the meaning of the renormalized coupling 
constant and its intimate connection with the state of the meson cloud, it 
is interesting to calculate the expectation value of the meson field in the — 
physical nucleon state. 

Let us first consider the identity: 


(2.3) (y, [H, 2,(x)|v) = (py, Hx,y) — (y, 1,Hy) = 0. 


The left-hand side of this expression can be simply evaluated by using the 
explicit form of H and the commutation relations (1.2): 


(Ho, mala] = 53 |[(V'O(0')* aalay] dee! + ES [EOL (0), (a)] a= 
; 


= saccae Ty, (2) | Vi@,.(xe') A3ae! + is E [200.0 de — x')d®ah 


: 
’ 


nN 
rn 
Lae) 
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A partial integration in the first term gives: 
[H,, x,(@)] =— id, @, (x) + iv? B(x) . 


Similarly we obtain 


= 0 0 
[H’, (x) = — i(da (y, OiT.P) = , 


‘So finally we obtain from (2.3) 


‘ oU 
(V8 n°) (y, ®.(oyy) = — (4a 2 (p, oxtay) 5 (2) 


Using Eq. (2.2) we get: 


oU 
e4) (T8124) (p, a(0)p) = — (ton Laur, 5 


Equation (2.4) can be integrated by using the well-known Yukawa Green- 
function (1/42)(exp[—wpr]/r) giving: 


f__ fexp[—#|e—a' |] 80(@’') 

p bok yO Ses 
(2.5) (y, D,(x)y) (427) Lh O77 | a _.* a! | On; 

Bie ee BO py eat 
uu Ox; | — ar’ | 
or, in terms of creation operators, 
j O(k 

(2.5) (veain(h pe) =f 1.0m, 


where C(k) is defined in Eq. (1.10). 

Equation (2.5) is a rigorous consequence of our starting Hamiltonian. It 
is formally identical with the result of semi-classical calculations (see Pro- 
fessor WEISSKOPF’s lectures at CERN). The only difference is that the renor- 
malized coupling constant f appears. Physically this is due to the fact that 
the field is created by the operators ot of the bare nucleon. Taking the 
expectation value of this operator in the physical nucleon state yp, gives rise 
to an averaging which reduces the effect of a constant scalar factor (f/fo 18 
smaller than 1). 

For values of || much larger than the cut-off value R, the r.h.s. of (2.5) 
is practically independent of the form of the cut-off function and can be well 
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approximated by setting U(x) = 0(z) 


(2.6) (y, D,(w)p) a — (4a0)-# } 10-V (= Es as 


The theoretical result (2.6) can indeed be tested against experiment. The 
value of the meson field created by our nucleon can be measured by putting 
a test-body in such a field and observing the action of the field on the test-body. 

We can use as test-body another nucleon located at point # with state 
vector p>, spin o’, isospin t’. (The first nucleon is, of course, located at 
the origin.) The distance « between the two nucleons must be taken suffic- 
iently large in order that 


a) Eq. (2.6) is valid; 


b) the presence of the new nucleon does not perturb the meson cloud 
of the first one. 


The coupling between this new nucleon and the meson field is given by: 
H' = (471)}¥ fy > ris" [VD,(u! U(w'— x) dea’. 
B 
We are interested in the action of the field produced by the nucleon y> on 
the nucleon y’>. Therefore we take the expectation value of o'T, in the 


state y"> and the expectation value of ®,(x) in the state p>. Using equa- 
tion (2.6), we obtain for the nucleon-nucleon interaction: 


(2.7) WViee= (da) fia" | Vo (p, Be(a')p) U(a'— a) dba’ ~ (4c) ft,0°Var(y, Be(x)y) = 


= f°(t.%.)(-V)(o"-V) 


3. — The scattering state. 


In the last Section we have discussed the general properties of the lowest 
eigenstate of H, the physical nucleon; we now want to consider the higher 
energy eigenstates y,,(@.) representing physical pion-nucleon scattering states. 
According to assumption, this is the state of a pion-wave interacting with 
the fixed nucleon: 

Lp Nee ail as , 


. 
a 


As in the usual scattering theory, those states will be identified by their 
asymptotic form. There is, however, a fundamental difference with the simple 


i 
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potential scattering theory: at large distance from the source, the scattering 
state does not approach any eigenstate of H, but tends to a state containing 
one or many free mesons plus the physical nucleon. In this Section we shall 
limit our attention to one-meson scattering states, 7.¢. to states which asymp- 
totically contain only one meson. 

In order to give a sufficiently simple treatment of the scattering problem 
we shall start from the assumption that in the scattering process the state 
of the physical nucleon is not essentially perturbed by the incoming meson. In 
other words, we assume that the binding energy of the physical nucleon is 
‘much larger than its interaction with the incoming pion. Our assumption 
leads to the following choice for the pion-nucleon scattering state vector: 


\ 


(3-1) Nes 2 (Lerarm (YO x ml’) + Sy) Pre 
(y, are the four physical nucleon states.) 

The use of the momentum representation is suggested for the sake of 
simplicity, mainly due to*the fact that we have te deal with a single value of a. 
We remark that Eq. (3.1) properly describes the physical situation when 
the pion is sufficiently far from the nucieon. 

The results we shall obtain are essentially the same as those which could 
be obtained by a more sophisticated treatment, such as dispersion theory. The 
quantities 7 and « have to be obtained by taking (3.1) as an approximate 
eigenstate of the total Hamiltonian. In order to do so, we shall use a varia- 
tional method. which will give us the «best» values of such quantities. 

Let us consider the matrix element 


(3.2) £ ca (Woes (H — a )¥,.) . 
The variation 52 corresponding to a variation dy of y 
(3.2’) SI = (¥.) (H — a) dy.) 5 


is zero when y is an eigenstate of H with an eigenvalue m,. We shall there- 
fore insert the « ansatz » (3.1) into (3.2) and ask that (*) 


Such a procedure will finally lead us to the equations 


(3.3) (Y, Poo) = 0 
(3.4) (Y,) 4n(q)(H —oo)p,.) = 0. 


(*) The variations of y and y in (3.2) have to be taken independently. 


19 - Supplemento al Nuovo Cimento. 
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Introducing Eq. (3.1) into (3.3) and (3.4) we have: 


(3-3') X, ae bs, (P,5 a Lorrain’) = 0 ? 
(3.4’) Mo Xam) mi, > (v, La, (q)(4 a= Wo) 4, Y' )\Y ) Xr'c! m! q') <P 


aoe (p,) a ‘om (Q)Y) = 0. 


The second term in the left-hand side of Eq. (3.4’) can be put in a more 
convenient form using the identity 


La(g)[ HF, at(q')}] = gO qa! ’ 


which leads to 


(3.5) (Wes Uym(O)(H — 0) Om (G'YP> = 
_ Oph. @) — CWO mA(Q') (A = O) A ym(Q)Pr> 7 


The simple transformation (3.5) is the essential point in our whole deri- 
vation. The matrix element on the left-hand side of Eq. (3.5) has the advan- 
tage of having the meson field operators « well ordered » in such a way that 
only destruction operators operate on the physical nucleon. In this way, if 
we insert between a* and a the complete set of eigenstates of H, the role of 
the states, other than the physical nucleon, is comparatively unimportant, 
because a on the physical nucleon can only destroy a pion in the cloud and 
this has little effect: at a large distance from the nucleon. The same would 
not be true if we directly inserted the complete set of states in the left-hand 
side of (3.5). Thus recalling that (see Eq. (2.5’)) 


C(q) 
Wg 


(3.6) (Wr xm (Q) Pr’ = 


(3.6') (p,05(G)(H — 9) Oym(Q Pp) = 


= (@y— Wp) 0, Ontm’ ng — C(G)O(0') {76,4 Opec 


m'~m “a! © & 


Introducing (3.5) and (3.6) into (3.3') and (3.4') we obtain the following 
integral equation for y: 


(3.7) (x — o) ¥mar(Z) — | K sme x'm'e' (Gy U) Lome (Y) AY’ , 

where 

ey ok PAST: » 

( S ) am,x'm'r' (Qs U) ) = Wo Wgy’ dy <r | TEx! OmOm!' ae Ci bg¢ Gra Tra 7 » . 
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Let us consider Eq. (3.7). The left-hand side represents the free propa- 
gation of the meson; indeed, if K were zero, the solution of (3.7) would be 
of the form 

% = 0(w,— o) 


which represents a free meson-wave with energy w,. 

The effect of the «potential term» in K is to produce a deviation of x 
from the simple 6-function, i.e. to give rise to scattering. 
_ The potential term (3.8) can be expanded in terms of the projection ope- 
rators on the different scattering states (see Appendix ITT) 


(3.9) Ha pO) 6B + (Py t+ Pry) —4Pm) - 


qq! 


The coefficients of the different projection operators give the potential 
acting of the wave-functions relative to the different values of J and T. By 
expanding the wave-function y in a similar way 


(3.9’) Xram = »9 MiP: 
we get 
C(q) C(q' 
(3.10) (o.— 0) nla) = Lift] PCO pay aq, 


where the index 7 refers to the different channels (11; 13; 31; 33) 
A, = (—8, —2, —2, —4). 


From Eq. (3.10), dividing by (w,— @,) we get 


H Ai : 0(q) 
(3.11) AU) OU alt ea vay! 29? 
(0 
(3.12) LT, -(_2 AAV) Ag: 


The step from Eq. (3.10) to (3.11) is analogous to what one does in solving 
an inhomogeneous differential equation (the right-hand side of (3.10) is the 
inhomogeneity): in this case one adds the general solution of the differential 
equation (the 6-function term) to a solution of the inhomogeneous one. The 
eohordinate space equivalent of Eq. (3.10) is, indeed, a differential equation, 
the equivalent of (3.11) and integral equation (1/(@, — @o) is the Fourier trans- 
form of the Green-function). 


‘2 
7s 


. 
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Equation (3.11) gives the function y; in terms of the unique number J,. 
Such a number can be determined by substituting x; into (3.12). One gets 


J2(q 
LI, -(4 C(q) O(@, a) (Wo) a wee of ot se Li; ] 
Wg (@,— om oF 


and using the expressions for C(q) 


3 + Si 
(3.12') j pA eas ee do) Bei009 bea 


1 — A;(@o/32)f? fa'n(a dq/(@,— @)o3 


Let us now consider the asymptotic form of Eq. (3.11). In order to see 
it clearly one would have to transform (3.11) in cohordinate space. This 
transformation is not difficult and can be found in many textbooks on quantum 
mechanics. 

The term 6(w,— @,) is transformed into (sin qr)/r, the term 1/(@, — m9) into 
a(cos g,/’). The asymptotic form of Eq. (3.11) will be 


gion Le at 


Do 


By assuming 
(3.13) tg 6; = 1a, Aif? eal Le 
Vo 


such an asymptotic form becomes 


ey (qr+ 0). 


This shows that the angle 6 defined in (3.13) is the scattering phase-shift. 
Using Eq. (3.12) we obtain the final result 


; i —__(A/3)f(Go/o) 
(3.13') tg d,() = 1— A,aof?I (a) ’ 
where 

if qiw?(q) dq 
3.14 Sy = , 
( ) I(@o) | Coe Co) Og 


The integral I(m,) is always positive. It is dominated by the momenta 
near the cut-off and therefore for @)<2u it is almost independent of 
(effective range approximation). 
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Therefore, recalling the values of 1,, we see that the denominator of Eq. (3.13) 
ean vanish only in the case of the 33 phase-shift which will therefore pass 
through 90°. Eq. (3.13) does indeed explain the existence of the well-known 
33 resonance which dominates the whole low-energy pion physics. 

Equation (3.13) can be rewritten as follows: 


q® ii 


ctg 6; = LP (1—A,f?Io) . 


(3.13) 


@ 


It is interesting to compare this result with that of the Born approximation. 
The Born phase-shifts will be 


and the etg formula corresponding to (3.14) will be 


g° ctg 0,200 1 


a) Ae 


A comparison with (3.14) shows that the main difference is for c=3 as soon 
as w>1. One may realize that this is connected to the full symmetry of 
the H with respect to the two nucleon variables, t and o. Thus the existence 
of the 3 3 resonant state is in the nature of a check of the model. But instead, 
the position of the resonance is completely determined by the choice of the 
cut-off, as one realizes by inspection of (3.14) which defines the integral I(@,). 

One has checked that the low-energy experimental data for (q?/w) ctg 055 
lie nicely on a straight line. The interception of such a line with the w= 0 
axis gives f? ~ 0.08 in agreement with the other determinations. 

Before closing this Section we wish to derive an identity for the « wave- 
function » y which will be useful in the study of photo-meson production. 
Using Eqs. (3.12), (3.13) and (3.9') we obtain 


re ep eE: te 4,(«) 
(3.15) | OD) q')ag = ES 


Oq 


4. — Something about the electromagnetic properties of the nucleon. 


Before studying pbotomeson production we have to briefly discuss the 
Static electromagnetic properties of the nucleon. 
The general form of the interaction between the nucleon and the electro- 
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magnetic field A(x), O(x) is 
(4.1) Halo) = —[ je) AC) + [ ofa) are. 


The operators o(v) and j(@) represent the total charge and current density 
of the system composed by the nucleon source and the meson field.. 
The law of conservation of electric charge requires that 


(4.2) aiv j(n) = $2 = ife(a), H]. 


We want to consider here an electromagnetic field corresponding to a 
photon of momentum k 
A(x) = A exp [ik-x] 
P(r) = Dexp[tk- x] 


(4.3) 


which causes a transition between physical nucleon states. (Such a situation 
is encountered, for example, in the case of electron-nucleon scattering.) The 
matrix elements for such a transition are 


(4.4) | (vi, oley.) exp [ik-x] dx = 0,(k), 
(4.5) . [os J(x)y.) exp [ik- x] da = j,(k) . 


The index 7 distinguishes between proton and neutron, while 0,(k), j,(k) are 
still operators in spin variables. 
For k — 0 the left-hand side of Eq. (4.4) reduces to the total charge, so 


(4.6) 


Because 0; must be invariant with respect to rotations and inversions, 
the most general form of o; is given by 


kt) Se FO (K: 
ae . ) =e F(R) 


o(k*) = e Fy (k*) 
where 


FOO) 5 FO 0% 


a3) 
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; (Invariance under rotation will permit a term F?(k?)o-k; this is, however, 


to be discarded because o-k is a pseudoscalar.) 
Let us now consider Eq. (4.5). For invariance reasons, the most general 
form for j,(k) is 


(4.8) Jills) = ac(k?)k + ip(k?)(kX a) 
(a term in o is not allowed because o is a pseudovector. Instead oxk is a 


vector). 
Equation (4.8) is written with an 7 in the second term in order that u(k?) 


be real. The reality of « and w is proved by applying time reversal (*). 


We now want to prove that a(k?)=0 and j,(k) simply reduces to iu(k?)(kxo). 
Using Eq. (4.2) one gets 


(4.9) (k-f(b)) =~ 4] (pile) ye ee a ar 


a ifr. div jy;) exp [ik- x] da = (vi, [H, o(«) |p.) exp [tk-x|/d'x—0, 


because Hy, = 0. 
Then Eq. (4.8) gives 


k-j(k) = a(k?)k2?=0. q.e.d. 


The function m(k*?) can be interpreted by considering the interaction 


(4.9) jilk)- A = ip,(k?)(kXo)-A = iv,(k?)o-k x A = w,(k?)(o-H) , 


where H is the external magnetic field. 

So u,(k?) is the magnetic moment of the physical nucleon «seen» by a 
photon of momentum k. 

In the limit * +0 they will coincide with the static magnetic moments of 
the nucleons 


(4.10) pilk®) = FO (he) 
with F?(0)=1. 


(*) Actually, under time reversal 7, k,o must change sign and every complex 
number is transformed into its conjugate. Thus we have 


— [a*(k?)(— k) + w*(k®)(—i)(—k x —o)] = a(k?)k + iu(k?)(k xo), 


80 


OP (le ie") and ad ea) A 
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The four functions F(k?) appearing in Eqs. (4.7) and (4.10) are the static 
limits of the electromagnetic form factors measured by Hofstadter in electron- 
proton and electron-deuteron experiments. 

Introducing the giromagnetic ratios g,, g, of the nucleons, Eq. (4.8) can 
be rewritten (neglecting the k? dependence of the form factors) 


(4.10’) (i) = (2) ate (SA) x /4r e(k Xo) . 


5. — Photoproduction of pions. 


The considerations developed in Section 4 are essential when making a 
rather simple process: the photoproduction of pions, which at first looks rather 
complicated. 

In a more or less intuitive way we may consider that photoproduction 
takes place mainly in three different ways. 


a) The photon is absorbed by the nucleon which subsequently emits the 
pion in a resonant p-33 state: it is not surprising that this «nucleon term » is 
going to depend on the static magnetic moment of the nucleon. 


b) The photon is absorbed by a pion of the nucleon cloud, which in the 
collision receives the energy and momentum necessary to become a free pion 
(photo-electric effect). This process takes place at a large distance from the 
core and will contain all possible one-pion waves. It will not be, by any means, 
dominated by the 33 resonance. 


c) In the emission of a xt pion, the nucleon changes from proton to 
neutron. This sharp variation of the nucleon charge due to this emission can 
lead to the absorption of the photon. This is a typical core effect and there- 
fore takes place in the lowest possible multipole: the electric dipole. The 
meson will be emitted in a s-wave. The sign of this term, which in the rela- 
tivistic theory is associated with the creation of a nucleon-antinucleon pair, 
has been first computed rigorously by KRoLL and RUDERMAN using gauge 
invariance arguments. 


In a quite general manner, the interaction operator can be written: j- A. 
Thus the photoproduction matrix element is given by the matrix element of 
the current between a pion-nucleon scattering state and the physical nucleon 


it 
(5.1) H= copy | me J(@)epo) exp [ikx] de ; 


k and € are the photon momentum and polarization. 
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In order to evaluate the photoproduction matrix element (5.1) we have 
to use an explicit form for the scattering state vector. 

We shall assume that pions are scattered in p-waves. All other waves do- 
not suffer any appreciable scattering. 

Let us first consider photoproduction of pions in p-waves. Those matrix 
elements are obtained in eq. (4.1) in the form of the scattering state vector 
given in eq. (3.1): 


\ 


Veo = > (Lomi @) hermld) “ a) Po ? 
\ a'm' 
where all symbols are defined in Section 3. 
We obtain 


) 


ill 
23:2) ° EE = oa |e exp [ika]e-> {(Potia'm (4’)j(X)Po) = 


’ 


m'q' 


— (Poj(@)Po) (Potta'm(Y')Po) } %a'm'(Y') « 


We are led to the evaluation of some matrix elements in the physical nucleon 
state. The second term in the parenthesis can be simply obtained in terms 
of the nucleon magnetic moment using Eq. (4.10’). For the first term we com- 
mute a and j and then insert between the two operators a complete set of 
eigenstates of the total Hamiltonian. 

As in the scattering case, the dominant contribution will come from the 
physical nucleon states; we can therefore write 


5.3) (Pagan (1) (@)P0) ~ (Pod (@)P0) (Po4am (1')Po) + (Poldams He) HYo) « 


The photoproduction matrix element becomes 


nan b 
(5.4) H = nm? | d?v exp [eerle > (ve T(X)Po) (Pot m'(Z')Yo) — 
ie (Wota'm'(q') Po) (WoJ(@)o) Se (Pol Gam (4), j() Po) }%a'm’ (q') & 


Equation (5.4) shows clearly the physical features of photoproduction. The 
first two terms in the parenthesis are related to the absorption of the photon 
by the physical nucleon, the commutator is connected with the absorption 
by the meson cloud. The integral on the « wave-function » ~ accounts for the 
rescattering effects, i.e. for the effects of the final state pion-nucleon inter- 
action. 

Equation (5.4) also shows that the only knowledge of the current ope- 
trator 7 needed for an evaluation of photoproduction is about the matrix 
elements 


(yjy) and (y,[a, fly). 
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The first term is given in Eq. (4.10’) in terms of the observed magnetic mo- 
ments of the nucleon. The second requires a detailed knowledge of the part 
of the current operator containing the meson field. 

As already discussed in the nucleon term, the meson is emitted in a purely 
p-wave state, whereas the commutator term represents the p-wave part of 
the whole effect of the meson cloud for which the meson can be emitted in any 
angular momentum. ; 

Let us first evaluate the nucleon term which represents the leading con- 
tribution to x° production. 

Recalling Eqs. (3.6) and (4.9) and keeping only the 7, part of the magnetic 
moment, such a term becomes 


in/ 40 ef 9,5 — 9x 
(5.5) j 2 a iat [sex k, Tx! ont remo, 


and using Eq. (3.15) 


in/Acef (€ pe P, tg 5 
(5.6) H= (On! Ges a ee [oe x k, T.'Om] 2 (am! a ree 
We keep nothing but the contribution from the 33 state which is the very 
dominant term. The magnetic dipole R,, reaction matrix element to such a 
state is simply obtained from (4.6): 


(5.7) z= 2 Sev 


ern © ich j @ tg Os3{ 26,3 es [t,t] }. 


The matrix element given in (5.7) is the reaction matrix element for photo- 
production. We arrived at the reaction matrix and not at the S matrix be- 
cause our scattering state was defined with stationary boundary conditions. 
The corresponding S matrix element M,, is simply obtained by multiplying 
(5.7) by exp[7d] cos 6 (*) 


>— Jn €v/ 6k 
(5.8) My = 2 OV sin by 


1)o3] (203 + it ,7:]) « 


(*) If the asymptotic form in co-ordinate representation of the scattering wave 
function were 


exp [ikr] — exp [— tkr] exp [276] sin kr + exp [id] sin 6 exp [— tkr] 
2ir ja r 


> 


we would have arrived at the S matrix. Since the asymptotic form used in Sect. 3 is 


y ~ sin kr + tg d cos kr = 


cos 6 exp [76] 


1 (= kr + exp [id] sin 6 exp [— = 
r 3 


we arrive at the reaction matrix. 
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Hq. (5.8) gives a simple expression for the nucleon terms which dominate com- 
pletely the x°® photoproduction. 
Let us now discuss briefly the contribution of the meson currents. As 
already pointed out, such terms are connected to the commutator of the meson 
field with j(#). However, if we want to account for the whole effect, we cannot 
consider the commutator with an operator a,,,(q) of a p-wave since the pion 
ean be emitted with any angular momentum. The result for those terms is very 
_ simple: it consists simply in the Born approximation given by 


(5.9) Brae | (vor Lila), dglys) exp [ik] dea, 


\ 


_ where a, is the creation operator of a meson of momentum q. 
Evaluation of this term can be performed, and leads to the well-known 
result: 


5 otk — 9) ge] 
T (k —q)?+ 


tef2a [ Tq, Ts] 
P51 A= —__.. 
\ ‘ V/ ko 2 


_ The physical significance of Eq. (5.10) is quite clear. The first term is the 
effect of the interaction current discussed in c). It is proportional to the re- 
“normalized coupling constant and its experimental observation leads to a good 
determination of f. The second term is the proper meson current effect dis- 
cussed in b). There are, of course, corrections to the simple result (5.9) and 
(4.10) due to final state pion-nucleon interaction. However, those corrections 
affect only the p-wave part of (5.10) which is not very important. Such cor- 
‘rections can therefore be safely neglected. 
The whole x° production is therefore given in terms of the magnetic dipole 
transition given in Eq. (5.8). The total (yx°) cross-section can be obtained by 
Squaring the matrix element (5.8) and summing on the final states. We get 


| 32 k (gp —gu\? [e\? Sin? 03, k/g, — ny e\? 
DL o = at = cS Sse eS ee 7 tro « 
ieee A iM (5) ¢ ~q\ am } \7)° 


The simple expression for the total cross-section has been checked experi- 
| mentally and has led to another determination of f. 


io * OK OK 
i 


These notes are based on a series of lectures given at the Synchro-cyclotron 
Division of CERN in 1958. 
, During this time I benefited from very illuminating discussions with many 
People, especially Profs. G. BERNARDINI and V. F. WEISSKOPF. 
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and discussions. 
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I.1. — First we want to quickly recapitulate the formulation of charge 
independence for the pion-nucleon system in terms of rotations in the isospin 
space. The meson field is strongly coupled to the nucleons, so that the effects 
of the exchange of one or many mesons can be important in nuclear forces, 
and we have to impose on our meson-nucleon interaction the condition that 
it shall not violate the isotopic spin conservation law for nuclear forces. This 
can be done by assigning an isotopic spin to the meson and requiring the con- 
servation of the sum of the isotopic spin of the nucleons and of the mesons. 

The experimental fact that the masses of the three-pion are approximately 
equal suggests that the one-pion state is a charge triplet. Therefore, we shall 
assign an isotopic spin one to the pion. In order to write down an explicit. 
expression for such an operator, we have to require that the operators ®,, 
@,, ®, which describe the meson field behave like vector components under 
rotations in the isotopic spin space, U,=exp[in-t]; that is 


exp[-+ in-t]® exp[— int] =® +yx@, 


where t# is the isotopic spin of the meson field, and y is a vector with infi- 
nitesimal modulus d® and the direction y of the rotation of the axis. 
From this formula it follows: 


[t,, ®,,| = VE ju @, : 
Equivalent relations must also hold the operators 7 
[ta, | — LEjuy My » 


From these relations we can derive: 
t; = eun{ (Gan — @,2;) da 5 


Charge independence requires that the three components of the total isotopic spin 
Litt ti, 


are constants of the motion. This is equivalent to saying that the theory 
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must be invariant under the group of unitary transformation 
U= U,Uy= exp [1T-y] « 


Many direct consequences of the charge independence hypothesis for re- 
actions involving pions will be discussed in these lectures. 


1.2. — Let us now consider the formula (2.2) 


(ATI.1) (Wrsy OmT x's) == Up. OT Ss! ) 


where C = f/f, er 
In order to justify Eq. (AI.1) we shall prove the analogous formula of it 
when only isospins are present: 


(AT.2) (Ps, T xPs') = Ove : 
‘Generalization to (AI.1) will offer no new difficulty. 


We recall that the physical nucleon states y, and wy as eigenstates of the 
total Hamiltonian are eigenstates of the total isospin defined by 


(AI.3) T=it+t. 
This means that 
{AI.4) T3Y5 aa 3p ’ T3Yx a $n ’ 
Die Ove , T*yx= Yo) 
(AI.5) Ty, = Yn, Tyx=0, 
Peg bee Es ismye Benes 
/2 /2 
Eq. (AI.4) is a .consequence of charge conservation, Eq. (AI.5) of charge 
independence. 


Let us first consider Eq. (AI.4) together with the commutators 


[Ts,t]=9, 
(AI.6) pl Ep os beats = Fo 
Taking the matrix elements of Eq. (AI.6) between y, and y, and using 
Eq. (AI.4) we get 
(8 —8') (Ps) TP) =0, 
(AI.7) (s — s'—1) (Pe, THe) = 0, 
(s—s'+1)(p., THs) = 0, 


| (s denotes the eigenvalue of 7; corresponding to the state Ps): 
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Eq. (AI.7) tells us that the only matrix elements different from zero are 


(Yo, T3 Po) » (Puy Ts Yn) 5 
(Wp, TTYn) » (Yx, TY») - 


Let us finally use the commutation relation 


(T+ t,|=—tr, 

(ALS) Se ae 
(yo, [L*, tlpx) = — (Po, Ty) , 
(yy, [Z™, te]¥>) = (Pus TY) - 


Using Eq. (AI.5) we obtain 


| (Pp) T3p) = (Yo) tty) ‘) 


AI. 
(AI.9) | (Px; TsPn) = — (YN; T Yd) - 


Eq. (AI.9) shows that (y,, tT*yx) is a real number. Since t+ is the hermitian 
conjugate of t we have 


(AI.10) (Po, Tx) = (Pry T Yr) - 
In order to summarize all our results, let us define 


(Wp) T3Yp) i 


Then the matrix elements of the t matrices are given by 


0 il 

(AT.11) (¥., THe) = C & 0) 
0 0 

(We, 7 Yo) = C t ao 


which is the result we wanted to prove. 


APPENDIX II 


We want to discuss a simple method which allows us to classify the pion- 
nucleon states according to their angular momenta, spins and isospins. 

Let us first consider the spin and angular momentum variables. A com- 
plete set of operations for those variables of the nucleon is the unit operator 
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and the three o; matrices. Analogously all operators connecting different m states 


of the pion can be expressed in terms of the unit operator and of the angular 


momentum operators J, of the pion. 
Those operators satisfy the canonical commutation rules 


(AIT.1) [Cand = tejnaby - 

The explicit form of the matrix elements of / between wave pion states 
with different m is (*) 
et oe <m|t,\n"> = temin’ - 


of course, the matrix elements of the unit operator are 


(ATT.2’) a 


The only two operators invariant under rotations we can build are there- 
fore 1 and (o°l). 

Any operator A invariant under the group of rotations can therefore be 
expanded in the form 


‘(AIL.3) A=At+tAcl, 


At and A™ are two numbers). 
7 


Example: show that 

4 <m|(1—o-l) |m’» = OmOm! u! 
Indeed 
<m | (1 eae I) |m’> az Corvus? oo 2Emm't Oi = OmOm' + 


f ey & 


An operator invariant under rotations will have as ae nt states cor- 
‘Tesponding to a definite value of the momentum J, i.e. =a = fas. 

The eigenvalues A, and A, corresponding to such eigenstates alle just be 
linear combinations of A* and A™~. In order to obtain such combinations we 
shall introduce the projection P,, P,; which has the following properties (°°) 


L J Pilb=lb, Pils =.0, 
AIT.4 
# | Pld =0, P,|3) =|2>, 


~~ 


pa 


‘where |4>, |2> represent any state with total J= 4 and 3 respectively. 
These operators can be constructed explicitly by recalling that 


2 W 
§ Jt= (L440) = P47 + (Le) == + (Le), 


» } 


has eigenvalues $(4+1) = ? and 3(3+1)= +? in the states |$> and |) respec- 


(*) Eq. (AII.2) can be simply obtained by recalling (see Appendix I) that the 
‘operator exp [il-yd®) induces an infinitesimal rotation of an angle d® around the axis y. 
(“*) For simplicity we shall denote by P,, P,; the operators P;, P3. 
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tively. So our projection operators will be given by 


(AII.5) 


Conversely we have 


(AIT.5’) 


( 1 _ J?  1—(I-o) 
4 == 
| P= cee | — 3 ’ 
fs [- 
L oe 
Py oP, 15 2P,-+P, = (Eo). 


Introducing (AII.5) into Eq. (AII.3) we have 


‘Thus we obtain 


(AIL.6) 


= (A*— 2A )P,+ (AT+A)P;. 


=A*—2A4A, , A,=A* + AW; 


which is the relation we were looking for. 

The formalism is simply generalized to the case where isospins are also 
present. Let us introduce the isospin ¢ of the meson. All operators invariant 
under rotation in the spin and isospin space can be written as 


(AIL.7) 


A=Att++ Ato lt+Att-t+A-“(o'D(t:t). 


The eigenvalues of A can be obtained by using the projection operators 


(AIL.8) 


and we get 


(AIL.9) 


(1—o-))(1—7t:t) 


P= Be 9 ’ 
toh) (2 ‘t 
ope pats a ea : aes 

Dl—tt 

Fp Wins peal Pea, 
{ 

2 -1)(2 t 


9 ’ 


4 arr ed a 
Ai AP tA = oA ee 
‘Aj, Ag oe Sie A ee oa 
Ay A eee ee a, 


As an application, let us finally prove that the eigenstates of 


(AII.10) 


(= TaVEn'OmOm!' = Tatty Ora) ’ 
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Indeed, using Eq. (AII.3) the operator (AIT.10) can be put into the form: 
— (1—ol)(1— tt) + (1+ ol)(1+ tt) = 2(ol 4+ tt). 

Eq. (AII.9) leads to the eigenvalues 2;,. 

Example: let us consider the case that all the scattering takes place in 


a state of isospin 3. 
‘Then the isotopic spin part of the 7 matrix has the form 


j 2 Te 'p ui 
<ar | ake ia ie, =. 
ar, «'r’ denote the initial and final meson and nucleon charge state. 
The total cross-section is obtained by squaring the 7 matrix element, 
summing over all final states and multiplying by the statistical factor. The 
total cross-section is therefore proportional to 


2 : tt) (2 3 
2 <or| ee Jar! <a! | Bee Mee ery ee are 


9 


2 2 teh 
= <ar| 7 |ary = <or|@ 


| ar , 
since 7,¢, and 7,f, give 0 if taken between the same states. 


Let us now specify that r represents a proton and «& either a xt. or a xz. 
Then we have 


, 2 + tefl 2+1 

X «Pat ~ae Pe i age 14 
q _| 2+ Tots SN see 
a Px |7 4, spire Cees 


So we obtain that the hypothesis of the dominance of the T= 3 
a ratio 3 to 1 of the x*+ and x total cross-sections. 


‘ 
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1. — Introduction. 


As the energy in pion nucleon collisions increases beyond. the 3, 3 resonance 
we enter the region where inelastic processes become important. Of these 
the most striking are the reactions in which K-mesons and hyperons are pro- 
duced. In the following lectures we shall restrict the discussion to these 
phenomena. This neglect of the elastic scattering of pions or the inelastic 
scattering leading to additional pions is not meant to imply that these pro- 
cesses are unimportant but rather that at present we are not ready to interpret 
the information they reveal. 

Of couse, in our knowledge of the strange particles and their interactions 
we are also very much near the beginning. Nevertheless, in this initial period 
of exploration, of particle identification, lifetime measurement, attempted spin 
determination and rough cross section measurement, a considerable degree 
of success has been achieved in noticing important regularities in the complex 
pattern. All of our present evidence concerning the strange particles fits natu- 
rally into a schema of classification originally proposed by GELL-MANN [1] 
and by NisHigima [2]. For a deeper understanding of the nature of the clas- 
sification scheme we shall have to wait for a comprehensive theory of the 
fundamental particles. . However, in providing a framework for experimental 
results and for suggesting experiments the Gell-Mann-Nishijima scheme has 
already proved of very great value [3]. 

Our first task will be to show how this classification arises if one adopts 
a certain point of view toward the experimental evidence. 
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2. — Classification of strange particles according to the scheme of Gell-Mann 
and Nishijima. 


Let us begin by listing the well-established particles together with their 
masses and approximate life-times [4]: 


q Particle Mass (MeV) Mean life (s) 
1 ‘ — a >. ers : 
Photon y 0 stable 
Leptons y 0 stable 
e- 0.510976 stable 
un (105.70 +0.06) (2.22 +0.02) -10-6 
Mesons mt (139.63 -+-0.06) (2.56 +0.05) -10-8 
me (135.04 +0.16) < 4-10-16 
K= (494.0 -+0.2) (1.224-+0.013)-10-8 
Ke (494.4 +1.8) KS: (0.95 +0.08) -10-1 


K?: (4<17< 13)-10-8 


Baryons p (938.213 +0.01) stable 
n (939.506 +0.01) (1.04 +0.13) -103 
Ao (1 115.25 20.14) (2.77 +£0.15) -10-2° 
He (1189.4 +0.25) (O53 Oy -10-10 
>i (1196.5 -40.5) | (1.67 +0.17) -10-1 | 
.| x) (1190.57%) | theoretically ~ 10-79 | 
= (1320-4 -2,2) | (4.6 <1 < 200)-10-1° 


More graphically we may plot a mass spectrum of these particles, sepa- 
rating them according to charge (drawing not to scale): 
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Most of these particles were first discovered in the cosmic radiation where 
they were identified by their decay modes. For the hyperons: 


A® +p +n-+ 37 MeV, (~ 3-10" a5 
—>n-+n7°-+ 41 MeV, 


T+ +> p +r° +116 MeV, (~1-10-2 s), 
—+>n+trt++110 MeV, 

° > A®°+y + 75 MeV, (very fast), 

x7 >n-+n-+117 MeV, (~ 2:10-* 8), 


SH — A°t+n-+ 66 MeV. 
For K-mesons the principal decay modes are: 


Kt+->rttntin-+ 75 MeV, (~ 10-8 8), 
+>nttn® +1219 MeV, 


>rttntnt 84 MeV, 


>’ +et+ty +358 MeV, 


+> tutty +253 MeV , 


Ko->ntin-+ 215 MeV, (~10-¥ g), 
> xo trtt 224 Mev, 

Ki >e-+nt-+y, (~ few:10-8s), 
=> rity, 


All these lifetimes are very long on a nuclear scale where we might expect 
them to be of order 


h/Me? , 


if the interaction responsible for the decay were strong. Instead, an estimate 
of the effective coupling strength in the decay interactions shows that they 
are comparable in magnitude to the weakest interactions we know, those 
responsible for nuclear 8 decay, u-meson decay and pion decay. Moreover 
it has recently been discovered that the decay of the hyperons and K-mesons, 
in common with other weak interactions share the property of non-conservation 
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_of parity. However the fact that these strange particles are found in cosmic 
radiation in relative abundance and are readily produced in high collisions 
‘of pions and nucleons with nuclei, shows that the interactions responsible 

for the production are strong, and comparable to the pion-nucleon and nucleon- 
nucleon interactions. This produces the dilemma that any strong interaction 
of pions with nucleons to create a strange particle along with 
_ other pions and nucleons in the final state, must also be responsi- 
ble for a very rapid decay of the strange particle. For exam- 
ple, suppose there were a strong production reaction which 


* 


m+p—>A°+7°, 


might proceed schematically according to the Feynman diagram 
shown in Fig. 2. We should then also have a very strong decay process 


A°—+>n---p, 


which might proceed according to the diagram, of Fig. 3. 

The way out of this dilemma was revealed by the detailed experimental 
investigations of the production process, mainly in the collision of negative 
pions with protons and was in fact first anticipated theoretically by several 
physicists. We now have good experimental evidence that the production 
mechanism requires always at least two strange particles in the final state 
produced in association with one another. Thus there are many examples 

of the reactions 


ee ees 


ma +p —> A°+K°, 
>i -+K, 


—+> °+K°, 


where bubble chamber photographs allow clear identifica- 
Fig. 3. tion of the final particles from their decay modes. There 
is no production event recorded which is inconsistent with 

this law of associated production. 
In the classification scheme of Gell-Mann and Nishijima this fact of asso- 
ciated production is interpreted in terms of a selection rule which may be 
extracted in a natural way from the experimental evidence. The motivation 
comes from the observation that the strange particles appear to be grouped 
in charge multiplets as we see by examining the masses of K*, K’, K® and 
of ++, &®, =. In common with the pion isotopic triplet and the nucleon 
isotopic doublet it is therefore assumed that one can meaningfully attach a 
total isotopic spin J to each multiplet of hyperons or K-mesons. The sepa- 
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rate members of the multiplet are identified according to their charge Q by 
a relation of the form 


@ = I1,+ const, 


where J, ranges in integral steps over the 22-++-1 values from — J to +J. For 
example for pions 

Q =; , ig=1;0, —1, for mi) 7), 
and for nucleons 

Q =I;+ z ’ I; 


1 1 
29— 2) for p, 0. 


For the strange particles the constant to be added to J, will play the central 
role in the discussion, a8 we shall see. 

Extrapolating from the experience with the pion-nucleon interaction it is 
assumed that in the strong interactions of pions, nucleons and strange par- 
ticles, the total isotopic spin is conserved. This implies, of course, that in 
strong interactions each component of the total isotopic spin is conserved. 
The component J,, in particular, plays a special role because of its connection 
with the electric charge QY, which is also conserved. Thus from conservation 
of the total Y and the total J, it follows that the sum of the « constant » terms 
in the relation Y = IJ,-+ const for each of the interacting particles is like- 
wise conserved. Let us write the «constant» in the form 4Y; that is 


Q=1;+4Y. 


Since Y is an integer, Y will likewise be an integer, even or odd for a given 
multiplet according to whether J is an integer or half integer. Thus for pions 
and nucleons: 


VY =2 4)"; for» i0*; 7a 


Y=); for ‘p,; my 


At this point it is important to emphasize that we have reasons to expect 
that the quantity Y is conserved not only in the strong interactions but in 
electromagnetic interactions as well. The electromagnetic interactions do not 
respect charge independence. They are presumably responsible for the small 
mass differences between x* and 7°, n and p, and between the X+, X&° and 2. 
However it can be shown that the electromagnetic interactions will never- 
theless conserve the component J, if it is assumed that the fundamental electro- 
magnetic coupling is through the charge. In that case, since the charge is 
a function of J;, the electromagnetic coupling will transform in isotopic spin 
space like the third component of isotopic spin, and will thus commute with 
the total J;. The conservation of Y then, follows from the conservation of Q. 


1746 


STRANGE PARTICLES i 315 


To have some indication of what the quantity Y might signify it is instruc- 
tive to consider its value for the anti-proton (p) anti-neutron (n) doublet. 
‘From the possibility of the strong interaction 


PDS e-7, 


it follows that p and p must have opposite values of J;, +4 and — } respec- 
tively. This implies 
\ Yo=—=1, Lor pi Ws 

The change in Y in going from the nucleons to the anti-nucleons suggests 
that we make explicit use of the law of conservation of nucleons. The stability 
of the proton and of nuclei in general show the existence of an absolute 
selection rule which forbids transformations in which a single nucleon changes, 
for example, into a meson or photon and an electron. There is now experi- 
“mental evidence for the rule that a nucleon can only be created or destroyed 
‘together with a corresponding anti-nucleon. Since nucleons and hyperons are 
coupled by the weak decay interactions we must extend the conservation 
Jaw to include these particles as well. Introducing the generic term baryon 
for nucleon or hyperon, the law of baryon conservation may be expressed 
as follows. Let B denote the number of baryons minus the number of anti- 
baryons; then B is rigorously conserved by all known interactions, strong 
or weak. 

For the pions and nucleons it is consistent to write 


FY Subs for pions and nucleons. 


That this cannot be true for the strange particles as well is evident from the 
example of the A® where Y=0, and B=1, assuming that the A° is an isotopic 
singlet with JT—0. To take account of the difference let us write 


Y=B+8, 
or 


where S is an integer which is zero for pions and nucleons and as we shall 
see different from zero for the strange particles. For this reason, S is called 
the strangeness quantum number. In virtue of the separate conservation of 
, I,, and B we see that S is rigorously conserved by all strong or electro- 
Magnetic interactions. Conservation of strangeness is in general violated only 
by the weak decay interactions. 
m 


Loa 
al 


316 J. ASHKIN 


3. — Assignment of strangeness and isotopic spin to the particles. 


Let us now see how one can assign isotopic spins and strangeness quantum 
numbers to the hyperons and K-mesons which are known. 


3'1. The A® singlet. — The A° is evidently an isotopic singlet; no charged 
particles with mass close to that of the A® have been observed. Since @ and J; 
vanish, and B=1, we conclude that S = —1. For energetic reasons it is impos- ” 
sible for the A®° to decay into a nucleon and a K-meson in a way which could 
conserve strangeness. Hence the A° is long-lived; the slow decay into p+7— 
involves a change of strangeness by one unit: AS = 1. 


32. The & triplet. — The identification of X+, X° and & among the hyperons 
indicates an isotopic spin 7 =1 for this multiplet. @ is therefore to be equated 
with I,, and since B=1, we conclude that S=—1, as for the-A®. The &* 
and X~ do not have enough energy to decay into n+K or A®+7 and are 
therefore metastable. The &° on the other hand undergoes a rapid electro- 
magnetic decay, 


U9 —> A°+ y, 


which conserves the strangeness. A number of &° decays of this type have 
been observed, for example, by the Columbia [5] group, where the A°® was 
identified by its decay and the y identified by its conversion in the propane 
of a liquid propane bubble chamber. 

Another fast reaction 


i+ p>Ae+n, 


observed in the liquid hydrogen bubble chamber at Berkeley [6] is likewise 
consistent with the conservation of strangeness. 
Leaving the & temperarily let us consider next the 


3°3. K-mesons. — From the existence of two charged, and a neutral K-meson 
we might be tempted to assign isotopic spin J=1. Since B= 0, this would 
imply S=0, and would allow the rapid decay of the K-meson into pions. 
In fact the life-time against pion decay is very long. 

Evidence for a different assignment of strangeness comes from the detection 
of the reaction (fast) 


m+ p> + Kt, 
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: = 
in bubble chambers [7]. From the assignment S=—1 for the & we must 
have: S=-+1 for the K+. With baryon number B= 0 this implies J, = -+ 4 
- for K+. The other member of this multiplet with J, = — } would then be the K°. 


From this point of view the K~ would not be a member of the same 
isotopic spin multiplet as the K+. Instead the K~ might naturally be regarded 
as the anti-particle to the K* with opposite strangeness S=—1 and opposite 
_1I,=—¥. (In general particle and anti-particle should have opposite stran- 
genes since they can presumably be created together in a strangeness con- 
d serving interaction of y-rays with nucleons.) As the other partner along with 
 K~ in the S=—1 isotopic doublet we would have to assume that there 
existed a particle K°, the antiparticle to K°. 
In fact the experimental evidence indicates a vast qualitative difference 
in the behaviour of K~ and K+ which strongly supports these choices of stran- 
 geness quantum numbers. 
Thus, in contrast to the many examples of associated &, K* production 
in x+p collisions (113 examples in the Columbia experiments) no case has been 
)scen of the reaction 


am +p—>t+K, 


which would be forbidden according to the strangeness selection rule. 
| Since there are no hyperons of positive strangeness, the K+ (with S=~+1) 
interactions with protons are limited to elastic scattering 


 \ : Kt+p—>Kt-+p, 


~ 


or possibly scattering with pion production if the energy is high enough. For 

the K’, on the other hand, the existence of hyperons of negative strangeness 
permits a great variety of reactions in addition to scattering. For example, 
in the Berkeley liquid hydrogen bubble chamber the following reactions have 
been seen: 


K +p—>kK-4+p, 
> Ken, 
> Yt+r, 
> +7, 
+> X° +7°, 


ae \ eet aee 


These are all consistent with the choice S=-—1 for K-. 
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Additional support for the choice of opposite strangeness for K+ and K™ 
comes from the fact that at the Brookhaven cosmotron and also at the Ber- 
keley bevatron with protons of 3 and 6 GeV respectively there is a marked 
preponderance of K+ production over K~ production in collisions of protons 
with the target. This may be interpreted by noticing that the lowest energy 
threshold for the production of K~ is obtained with the reaction 


P+p>p+pt+K +K*. 


This reaction has a threshold of 2.56 GeV. For the K* production the existence 
of hyperons of strangeness —1 makes possible the reaction 


DaPee os p a 


which has a threshold of only 1.5 GeV. The large difference in threshold is 
readily observable in the excitation curves and easily accounts for the large 
excess of Kt over K’. 

Finally, there is now good experimental evidence that the K° and K® are 
different states, but a complete discussion of this question is too complicated 
to undertake here. 

Prior to the discovery that parity was not conserved in the weak inter- 
actions there were thought to exist two distinct types of K-mesons, for example 
s+ and 0+, characterized by the decay modes [8] 


t>rttnrt+n i, 
Othe. 


Although 7+ and 0* were found to have essentially the same mass and life- — 
time within the experimental errors, a careful analysis of the energy distri- 
bution of the three pions from the t+ indicated that the final pion states 
of «+ and 0+ must have opposite parity. As is known now, this feature is a 
manifestation of the general property of all known weak interactions to con- 
tradict the principle of reflection symmetry. There is therefore no reason to 
distinguish any longer between the + and 0 but instead they should be regarded 
as different decay modes of the same particle. 

34. Cascade hyperons. — The negative hyperon &~ which undergoes slow 
decay to A®+7- has as yet no certain strangeness assignment. It could be 
a singlet with strangeness —3 or a member of a doublet with strangeness 
— 2, in which case a &° should algo exist. These choices are forced by the fact 


EX 
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that no positive counterpart or doubly charged negative counterpart exists 
as far as we know. There may be some preference for S = —2 but the 
situation is left open pending more definite experimental information on the 
production and interactions of this particle. (*) 


35. — To summarize the situation, we have made the following 

assignments: 

S i 

Hyperons: A° —1 0 

rae PIS —1 1 

EB, (2) —2 4 

K-mesons: K+, K® +1 i 

K-, Ko | = 4 


From the law that strangeness is conserved in strong and electromagnetic 
‘interactions one finds simultaneously an explanation for the experimental fact 
of associated production of strange particles from initial states of vanishing 
Strangeness and for the fact that the strange particles are long lived or meta- 
‘Stable from the point of view of the nuclear time scale. All the experimental 
information available is in support of the Gell-Mann-Nishijima classification. 

It should be remembered that the primary emphasis so far has been on 
the conservation law for strangeness but that additional restrictions of a 
more quantitative nature can be derived from the requirement of isotopic 
Spin conservation. Just as in pion physics there are important equalities and 
inequalities between cross sections which will probably soon be tested expe- 
rimentally. 

As an illustration, in the interaction of K-mesons with deuterium (isotopic 
Spin zero) we have the relations between cross sections [9]: 


do(K-+d > A°+n+7r°) = }do(K~+d > A°+p-+7-), 


do(K-+d > ®*4+xn-+p)= do(K-+d— %*++7°+p). 
(*) Note added in proof. - Production of the neutral cascade hyperon, 3°, in the 


reaction 
K' +p—>K°+ 2°, 


‘has recently been reported. L. W. ALvarnz, P. EBrRuHARD, M. L. Goop, W. GRAZIANO, 
H. K. Ticwo and S. G. Woscicxr: Phys. Rev. Lett., 2, 215 (1959). 
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As an example of the type of inequalities that must be satisfied consider 
the reactions: 
mt+p>h+K-, 


Tosa => 2" 4K, 

Tete P< > sat op WOT 
From the hypothesis that there are two reaction amplitudes, one for isotopic 
spin 3 and the other for isotopic spin 4, which are sufficient to describe 


these reactions, one can deduce triangle inequalities of the same type as for 
the pion-nucleon scattering: 


(a) V26 %"< Vo(= a y SPA Lt), 
(b) Vo6(=-) < V20(2°) + Vo(d*) 
(c) Vo(St) S$ V20(B") + Vo(d _ 


These relations should hold for differential as well as total cross sections. 
The present data from the Columbia bubble chamber indicate that these 
inequalities are satisfied within the experimental accuracy. 


4. — Produetion of strange particles in pion-proton collisions. 


Most of the detailed information that is at present available on the pro- 
duction of strange particles comes from the experiments on pion-proton col-™ 
lisions in the energy range around 1000 MeV. The observations have been — 
made with liquid propane and liquid hydrogen bubble chambers using the 
pion beams from the Brookhaven cosmotron and the Berkeley bevatron. — 
Although the statistical accuracy can be very much improved, and will be — 
as these beautiful experiments continue, they have already given very sig-4 
nificant results: 


(i) the trend of the differential cross sections and the variation of the 
total cross sections with energy have been clarified; 


(ii) the experiments on the decay of the hyperons produced in the z-p col- 
lisions give definite proof that parity is not conserved in these weak decay 
processes ; 


(iii) there is convincing evidence, but not quite a proof, that the A® and 
= hyperons have spin }. 
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41. — Differential and total cross sections for strange particle production. — 
We list the reactions studied and the approximate number of events ob- 


served, following the recent summary report of STEINBERGER to the CERN 


Conference (1958). 


Reaction No. of events 
™ +p — A°+ K® Approx. 1000 
nm +p > 29+ Ke 150 
nm +p>h +Kt 250 
mt+p—> S++ K+ ae 


In most of the experiments a magnetic field of 13.4 kG was used, thus pro- 
viding a means for measuring the momenta of the products from the hyperon 
and K-meson decays. 

For the total cross sections the results may be summarized by saying that 


_in the energy range 1000 to 1300 MeV the cross sections are of the order of 


several tenths of a millibarn. The A° cross section shows a well-defined max- 
imum in the neighborhood of 1000 MeV pion kinetic energy. The other cross 
sections vary more smoothly with energy above the threshold. 

The angular distributions show large departures from isotropy as the energy 


increases above threshold. The A® distribution shows a strong backward max- 


imum in the center of mass system, while the & and X* distributions are 
peaked forward. The ° distribution does not so far show any special features. 


4°2. — Demonstration of parity non-conservation in hyperon decay. — Follo- 
wing the experimental discovery that parity was not conserved in the weak 


- nteractions responsible for nuclear @-decay, = —w decay, and up —-e decay, 
it was natural to enquire whether parity conservation was also violated in the 


weak hyperon decays and in the decays of K-mesons. 
The original stimulation to Lee and Yang came from the apparent failure of 


parity conservation in the K* decay into two or three pions, which almost 


" 


. 


4 


certainly represented states of different parity. Nevertheless there was until 
recently no obvious experimental asymmetry which could provide clear and 
immediate evidence for a parity violation as was obtained in the case of the 
other weak interactions. 

Such evidence has recently been obtained by the experimental groups at 
Brookhaven and at Berkeley [10] following a suggestion of LEE, STEIN- 
BERGER ¢t al. [11]. 

If parity were not conserved in the decay of the A°® hyperon, for example, 
this would most readily reveal itself in the angular distribution of the decay 
products from a polarized hyperon, as in the corresponding case for the decay 


cr] 
ad 


. 
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from a polarized nucleus. Thus we might expect a forward-backward asym- 
metry of pion emission in the decay A°—>p-+7-, relative to the spin direction 
of the hyperon. For producing a hyperon in a state of known polarization it 
was suggested to use the production reaction 


i => JN? Kee 


where general arguments based on reflection invariance in strong interactions 
show that the A® will in general be polarized, to a larger or smaller extent, 
normal to the plane of the outgoing particles (production plane). The magni- 
tude of the hyperon polarization, P, will depend on the productionangle w 
(shown for the collision, as drawn in Fig. 4, in the center of mass system). 

If parity is not conserved in the hyperon decay, and 
if it ig assumed that the hyperon has spin 4, the distri- 
bution in the decay angle 0 of the pion relative to 
the polarization axis in the hyperon rest frame must 
have the form 


Poin ¢. Px? 


I(0) =1+ P(w)« cos 6, 
Tine. 
Fig. 4. where « is the anisotropy coefficient for completely 
polarized hyperons. The experimental result for the A® 
shows conclusively that « does not vanish. 
The most direct way to extract the information concerning « from the 
experimental observations of decay angles 0 is to observe that if one includes 
all production angles m and takes the average value of cos 0, then 


where P is the average of the polarization P(w), averaged over the production 
angles. From all the data in the energy range 910 MeV to 1100 MeV available 
at the time of the quoted articles, one finds for the A° 


<cos 09 = 0.17 + 0.03 , 
or 


Po = 0.52 + 0.10, 
where the positive sign means that the pions are emitted preferentially in 
the direction p.,,.X Pas- 


Measurements of a similar type were also made for the =~ using the reactions 


mr+tp+>h4+kK-, 
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and. 


Lo ->n-+n. 


In the case of the & decay no statistically significant anisotropy was 
observed. This could mean either a small value of « or a small average polar- 


ization P (or both) for the d-. 


To find the value of x from these data it is necessary to know the average 


‘polarization P of the A°, obviously very difficult to obtain at present. Taking 
the spin of the A° to be 4, the Columbia group has suceeded, however, in 
setting a lower limit for |x| on the assumption that in the A® production 
only s and p wave amplitudes enter, a reasonable hypothesis in the energy 


range near threshold. In this case, as for x+p scattering, the differential 
cross section and the polarization of A°® are expressible in terms of three 
complex amplitudes a, b and ¢ by 


do A 
40 =la+bdcoso|?+ |e? sint?a, 
gin @ 
P(w)= 2—— Im c* (a+ ) cos@). 
(@) do/d.O ( ) 


With the addition of the asymmetry parameter « it should then be pos- 


sible to describe the A° production and decay in detail. Investigation of this 


problem shows that the data do not permit such a representation unless | «| 
is larger than 0.78 approximately. 


|a| > 0.78. 


As a by-product to this analysis it was found that the different possible 


- outgoing angular momentum states for the A®+K® enter with comparable 


strength in the angular distribution within rather wide limits. 

Recently LEE and YANG[12], and Garro [13], have discussed an inde- 
pendent mean of measuring the asymmetry parameter «. Consider the decay 
of a hyperon in its rest frame, assuming its spin to be 3. If y; is the initial 
spinor for the hyperon, the decay may be described by giving the form of 
the spinor y, for the outgoing wave of final nucleon and pion. Allowing parity 
not to be conserved, the final state will be a combination of s, and p, which, 
for symmetry reasons, can be written in the general form 


Ye = (A+ Ba-p)y;, 


_ where p is a unit vector in the direction of the outgoing pion, and A and 


B are complex amplitudes. Parity non conservation is indicated here by the 
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presence of the pseudoscalar quantity o-p. In this method of presentation 
the final nucleon is treated non-relativistically, but the extension to the rela- 
tivistic case is not difficult and does not change the results. 

The angular distribution of the decay products will be proportional to 
the norm of the outgoing spinor. Thus 
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: pine s A*B-+ AB* Be 
Ut lye = yA B*o-p)(A+ Bo-P)x;={|A |?+ |B} {1+ [A rep aen) Ph. 


The average of y'oy,; over the initial hyperon spin states may be identified 
with its initial polarization. Comparing with our previous expression, we 
see that the parameter « is 


o>Rel Arb 
ee eee 
Ap +IBy 


Now, a8 a consequence of the parity violation in the decay one can expect 
that the outgoing nucleon from the hyperon decay will exhibit a net polari- 
zation even if the hyperons are initially unpolarized. This polarization will 
of course be longitudinal. To calculate the polarization, or equivalently, to 
find <o- p> it is convenient to regard the initial hyperon state as an incoherent 
mixture of the two states vy. and y- with spin parallel and opposite to p 
respectively. 

Then: 


'.(A*+ B's -p)o-p(A-+ Bo-p)y,+ 1 (A*+ B*o-p)o-p(A+ Bo-p)y 


SOP? =" A (4* t Ba p)(4+ Bo-p)y, + 7 (A* + B*e-p)(d + Bop), 
_ (A* + BY)(A + B)—(A*—B*)(A—B) _ ABY+ BA* 
T (A* EB) (4 $B) (4* = BAS B) & [4 eee 
Therefore: 


{G- p> =a. 


Consequently a measurement of the nucleon polarization will allow a_ 
determination of the magnitude and sign of «. In practice the nucleon will 
exhibit a transverse polarization component in the laboratory system in virtue 
of the motion of the hyperon, acquired in the production process. Subsequent 
scattering of the nucleon may then reveal its polarization. An experiment of 
this type may be feasible. Indeed preliminary attempts are under way. 

It is important to notice that if « can be determined with some accuracy, 
it will be eventually possible to use the measurements on production and 
decay of the hyperon as a means for finding the hyperon polarization. 
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43. — Determination of hyperon spin. — LEE and YANG [14] have also 
pointed out that the observed strong asymmetry in the decay of the pola- 


rized A®° may be used to put limits on its possible spin. On the basis of 


aA 


\ 


- 


angular momentum conservation alone they have succeeded in obtaining 


restrictions on the angular distribution of the decay products in terms of 


inequalities depending on the spin J. For example if 6 is the angle between 
the decay proton and the hyperon polarization in the hyperon rest frame, the 
average value of cos over any sample of hyperons is shown to lie between 


_ the limits 


we 
OF 4-2 


< «cos 9) < : 
Beets oo: Ma 8 lg ie 


In the case J =} the upper limit 4 for |<cos@>| can be easily understood 
from our previous expression for the decay angular distribution since the 
polarization P(w) and the asymmetry parameter « cannot exceed unity in 
absolute value. 

The present experimental value of 0.17 for <cos@> is consistent with a 
spin of 4 and just consistent with spin 3. In fact, sharper and more com- 
plicated restrictions on the angular distribution show already a preference for 
spin 4. One can hope that additional data in the near future will unambig- 
uously settle the question. (*) 

Another method for finding hyperon spins through a study of their decay 
angular distribution has been suggested by ADATR[15]. This method rests 


on the assumption that the K-mesons have spin zero, an hypothesis which 


is not proved but is strongly suggested by a variety of experimental results. 
With the independent procedure of Lee and Yang for obtaining the hyperon 
spin alone the application of Adair’s method will yield information on the 
K-meson spin. 

The argument proceeds as follows. In the production process 


z+ p—>Y (hyperon)+K, 
consider only those outgoing waves with vanishing component of orbital an- 


gular momentum m in the direction of the incident pion (z-axis). If the K 
has spin zero, the z-component of angular momentum of the hyperon (Y), my, 


’ will coincide with that of the initial proton. Thus, whatever the intrinsic 


spin of the hyperon, it will under these conditions emerge with my =} or 


(") Note added in proof. - Recent application of the method of Lee and Yang toa 
sample of 614 decays shows definitely that the A° spin is $: F.S. CRaAwrorp, M. CrestI, 
M. L. Goon, M. L. Stevenson and H. L. Ticno: Phys. Rev. Lett., 2, 114 (1959). 
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my = — + with the two states in general equally populated. In the subsequent 
decay of the hyperon 


Y +z -+ Nucleon , 


there will occur amplitudes of opposite parity which are capable of interfering 
with one another, as we have seen. However, if one includes together decays 
with the same absolute value of cos 6, where 0 is the angle of the decay in 
the hyperon rest frame measured from the z-direction, the interference term 
is eliminated. The resulting distribution in |cos| is then uniquely deter- 
mined by the hyperon spin. 

If the spin is 4 it is evident from our previous discussion that the sym- 
metrized distribution will be independent of |cos@|. For spin 3fand $, for 
example, one finds the distribution F(|cos 6|) given by 


Spin J '  F(| cos 6]) 
4 1 
3 4(1-+ 3 cos? 6) 
3 2(1— 2 cos? 9 + 5 cos! 6) 


These expressions are easily found by writing the wave function for the 
final x-++ Nucleon system as a linear combination of the functions 7, intro- 
duced earlier, for /=j+4 and 1=j—4 with m=4 or m=—}. 

Measurement of /'(|cos 6|) for these hyperons produced in the state m,= 0 
should therefore fix the hyperon spin. The condition m,=0 is realized 
for hyperons produced exactly in the forward or exactly in the backward 
direction with respect to the incident pion. In practice one can estimate from 
the observed angular distribution of the production process how far one may 
go from the forward or backward directions and still avoid a contamination 
of m,~090 greater than some given small amount. 

This method of analysis has been applied by the combined groups at 
Columbia, Brookhaven, Michigan, Bologna, and Pisa[16] to their bubble 
chamber observations of the processes 


nm +p—>A°+K*, 
and 
m+p+>h+K-, 


at pion laboratory kinetic energies in the range (900~+1300) MeV. For both 
hyperons the decay angular distributions are consistent with isotropy and in 
definite contradiction with the spin 3 or spin 3 distribution. 
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Weak Interactions of Fermions. 
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1. — Introduction. 


We are going to restrict the discussion to the three fermion interactions 
which occur in the original form of the Puppi triangle. The Puppi triangle 
says that the members of any two pairs of particles can be exchanged simul- 
taneously by means of the Fermi interaction. There 
have been attempts to add other legs corresponding 


Heke to the strange particles, but the situation is not entirely 
clear yet so we will omit any reference to them here. 
we) ied Considerable progress has recently been made in the 
ay _ study of two of these three legs and the final shape of 
g. 


the interaction responsible has turned out to be rather 
simple. Rather than take the experiments and try to 
deduce the interaction (which is not uniquely fixed) it is clearer to take an 
assumed interaction and show how it explains the experimental results. The 
assumed interaction has the merit of being very simple, and therefore desirable. . 

We will make the following assumptions. (It is taken for granted that the 
number of baryons is conserved). 


1) The number of leptons minus the number of antileptons is conserved. 


The leptons are: See gti 


The antileptons are: et, ¥, 0". 


2) The neutrino is always left handed (has negative helicity): 


——--- >" 
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1.€. 
Boe ee hy 
Pp 


The anti-neutrino is always right handed: 
——? 


3) The coupling is of the form (V-A) with the same coupling constant, g, 
in all three legs. This is called the « universal Fermi interaction ». For many 
years there were considerable obstacles in the way of a such a universal 
interaction, but these were dramatically removed last year. 

We shall need some simple theory to make our qualitative statements. 
We will use four-vectors: 


L , = (Hy, Vp, Ly, Ut). Use 7, = C= 1: 


(Greek suffixes represent 4-vectors) 


, S50 
Py = (Pry D2» Ps, 1H) = —1 Om,” 
In particular p,= iH = —1(0d/ex,). The Dirac equation can be written: 


oy 
A prea Rech 


(The repeated suffix ~ indicates summation over all values). In the Dirac 
equation we must satisfy p?-+ M?— H? and this implies that, 


(1) Varun of Vn VAswe 26.4 
We define 


(2) V5 = VrVaVsVe - 
From the relations (1) we can easily show that 
(3) y3=1 and YavetYsy,=—9, 


i.e. ys; has the same properties as y,. We next define some spin operators: 


(4) On = Waser 


(The roman suffix k = 1, 2, 3). 
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Let us now verify that o-p does produce the required results when we 
operate with it on a spinor wave function. 


: id 0 
opp = hy sVx | v |= YaV5 Vr ah . 


k 


Now yz (ey/eax,) appears in the Dirac equation from which we may therefore 
write 
oy oy 
Ue ae Tete es Bae 


3 
- OPP =YaYs |- Mrz Q. 


Sing the properties of the y matrices we get 
opp = ys(— H+ Mp 
1.0. 
(o-p)? = ps(— E+ ys) ys (— Bo ya) = 
= (— #H—y,M)(—#+y,M) = 
= (H?—y7 M?) = 
= H?— M?= 


. 2 . 
| (“2) re 
P 
Thus (o-p)/|p| has eigenvalues +1. 
Let us call the two eigenfunctions: y, and y,, then 


—w s 


(6°P)Pr= |PIGn, 


(o-p)p, = —|P|¢,- 
Consider ¢,: 


IP |e, = (0: p)y, = y(—H+h,M)g,. 


Going to the extreme relativistic limit: 
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Further for positive energy particles |p| = H, and so, 


Eo, = — Ey, - 


ees 


331 


So that, 
| %s=—VsPns 
| and similarly 
\ CN VsPx - 
X, . 
In the non-relativistical case, a factor of v/e has to be introduced in the left 
hand side of the equations. 
\ We now arrive at the relativistic relations 
; 
. 2 (1+ 75) 92= 9, 
: 
£(1—5)Pp = Vas 
, 


3(1—y5)9, oe 0, 


pole 


(ise Vs), = ie 


right handed (—). 


2. — The interaction. 


In Dirac theory the quantity 


Pt VsV uP > 


ee a ee Ss ee 
? , = 


then obtain: 


IPE V4 Pa) (PEVAY Py) + hee. . 


. 
: 


oo 
> 
™ 


The Hermitian conjugate produces the reverse reaction. 
equation undergoes second quantization the g’s and y*’s become operators 
which respectively destroy and create a particle of the kind described by the 


Thus whenever the term (1+y;)p appears in an equation and » refers to a 
relativistic positive energy particle we know that it is left handed (++) or 


represents a four-component current vector. Therefore if we contract this 
with another similar vector we obtain a scalar which is therefore suitable for 
describing the interaction between particles in a Lorentz invariant way. We 


When the Dirac 
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field. Thus in the above equation if y, describes a neutron field then this 
operator destroys a neutron and , will create a proton. 


The above matrix element therefore destroys a neutron and creates a 


proton, and also destroys a neutrino and creates an e, 


n+v>p+e, 
or 


n—>pte- ty, 


since the destruction of a particle is the same thing as the creation of its 
antiparticle. 

This form of coupling is known as the vector (V) type as it is formed by 
the contraction of two quantities which have vector properties under Lorentz 
transformation. As the contraction of two vectors produces a scalar, the 
interaction is scalar. 

There are actually five kinds of interaction which can be written down 
in terms of the y matrices, but only one other now appears to be important 
in the weak Fermi Interactions. This is the axial vector (A) which is ob- 
tained by the contraction of two quantities which behave like axial vectors. 
under transformation. Once again the resultant interaction is a scalar. The 
operator in this case is obtained from our o matrices. 


HPs WaVsVu Pr) Ve-ty¥s¥sVuPy) + hic. . 


We have used the same coupling constant g but have inserted a minus sign 
in agreement with the assumption of (V-A) interaction. 

The (V-A) interaction can now be written as the sum of these two. How- 
ever we have not yet satisfied the assumption that the neutrino is left handed. 
Therefore we amend the interaction by inserting the appropriate handedness 
operator, $(1-++y;) in front of the neutrino field. It is convenient also to mul- 
tiply by 2 to define the new g. Thus we obtain: 


(V-A) > 29(0) YaV Pa) (Prva. (1 + Ys) Hy) — 
— 29(pF tvs, Pa) (Privaysyy,F(1 + ys)Q,) + hee. - 


The introduction of the y; has not affected the behaviour of the interaction 
under rotation. It has, however, introduced a quantity which changes sign 
under reflection (the handedness), and so the reaction does not conserve parity. 
This is obvious because the L.H. neutrino is not changeable into a R.H. neu- 
trino by simple reflection, since one of the basic assumptions is that the 
R.H. neutrino does not exist. 
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The axial vector expression may be rewritten: 


+ 29f pr yy ys Patt veverad (+ ys)py}t+ he. . 


F ere the factors 7 have been multiplied out, y;y, has been replaced by — y, ys. 
in both brackets, and y;(1-++;) has been put equal to 1 + y;. Thus the V-A inter: 
tion is of the form: 


AO + BC Abed A 4 BO hic.; 


A= 29(Py YaVu Pa)» 

B= 29s VaPuVs Pr)» 

C = (pty, 41 + s)Y,) - 

The final form of the interaction is therefore: 

1) B decay: 

( ) 4g(pp Ya¥.3(1 + Ys) Po) (Eyer, 3(1 + Ys)py) + hee. , 
and for the other two legs of the triangle. 

2) w decay: 

4g (yi yay, $(1 + ys) ¥,-) (Povey, $1 + ys) py) + he. . 
3) uw capture: 

4g (yar ¥a7 81 + Ys)Py) (PS Y47,4 (1 + Ys) py-) + hee. . 


We shall consider now the physical processes brought about by these inter-- 
actions. 


21. 6 decay. — a) Measurements of the lifetimes of @-emitters (in par- 
ticular O and the free neutron) indicate that: 


gue, ~1.6-10-, 


. 18 the z-meson mass, and is introduced to give g the correct dimensions 
= ¢ = cy; 


b) The electrons emitted should be predominantly left-handed (negative 
elicity) and positrons predominantly right-handed (positive helicity). This. 
hay be seen by moving the projection operator for left-handedness; (1-+-y;),. 
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through the second bracket in expression (5) to act on the electron creatior 
operator y, y; commuting with y,y,. 

The handedness of the positrons has been established experimentally by 
scattering, and by other methods, and agrees with the above assignment. 


c) It is predicted that the strength of the Fermi coupling constant is equa 
to that of the Gamow-Teller, i.e. that the vector and axial vector interaction: 
are present in equal proportions. 

The nuclear matrix elements are of the form: 


2 


, 


Fermi: | fw wy, dr 


2 


Gamow-Teller: [vr oy, dt 


4Q is an example of a pure Fermi. transition; *He is an example of a pur 
Gamow-Teller transition. It should be noted that on the average Gamow 
Teller matrix elements are three times larger than Fermi matrix element 
because of the three possible spin orientations. 

Lifetime measurements indicate that: 


dar a 1.259; 9 


The difference may be due to some mesonic interaction between the nucleons 


d) We can determine the angular correlation of the e~ and the v. Fo 
a vector interaction (AJ=0) the e~ and v, whose helicities are already dete 
mined, travel in predominantly the same direction to conserve angular mc 
mentum. For an axial vector interaction (AJ—-+1) they travel in predom 
nantly opposite directions. Thus, 


Axial Vector (Gamow-Teller): a 2 


Vector (Fermi): oe a 


The *He experiment used to contradict this, but has since been repeated an 
agrees now with the theory. 


¢) GOLDHABER measured the handedness of the neutrino directly. 
He used the following scheme: 


A(Spin O) 3 
K capture Aap eg BAe 
y | excited state 


1766 


WEAK INTERACTIONS OF FERMIONS 335 


Nucleus A decays by K capture to an excited state of nucleus B. Nucleus B 
then passes to its ground state emitting a photon. The spins of nucleus A 
and the ground state of nucleus B are both zero. 

The apparatus used is shown schematically below: 


Lead 


Resonant 
scatterers 


, Nal ‘detector 


Photons of maximum energy are resonant scattered at a target made 
of «B», i.e. the photons are resonant scattered into the detector provided 

that there is no Doppler shift introduced by nuclear recoil. If thisis so, than 
] we have the following situation: 


, 

1 Yo unit 

% re ppd: v 
q +1 unit Yo unit 


As AJ=0 and because the photon carries unit angular momentum, a left- 
handed neutrino must give rise to a right-handed photon. The handedness 
\ (circular polarization) of the photon was measured by the sign of the difference 
in transmission through a magnet on reversing the field — the direction of 

magnetization being approximately in the direction of transmission. The 
experiment showed that neutrinos were left handed. 


) f) In 8-decay of aligned °°Co nuclei one expects a backward asymmetry. 
Co > °Ni+e-+y¥. AJ =—1 (5 4). 


That this is so, may be seen from the following diagram: 


H | Y _B.H. § unit 
Meee 1 unit carried away in transition 


ae e- L.H. 4 unit 


This was observed by Wu et al. 
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g) An experiment by TELEGDI et al. on the electron-neutrino correlation. 
on the decay of the free neutron establishes that the interaction is V-A. 
There is no known experimental fact which contradicts this form of the 
interaction. 
If the interaction is universal, we may consider it fixed for the other two 
legs of the triangle, and hence for the interaction: 


™? o> heey 


(Actually m+>p+n—ut-+y), 


we expect the following; using leg 3. 
1) Lifetime ~10-* s. (This is verified experimentally). 


2) w+ fully polarized and left handed. This may be seen directly from 
the following diagram. 


» + v 
(lefthanded) ~=—}— * —-~ (lefthanded) 


(Spin Q) 


Also the p- is fully polarized and right handed. It should be noted that only 
axial vector or pseudo-secalar interaction in leg 3 allow this interaction to 
occur. The handedness of the muon has not been measured as yet, but no 
doubt will be in the future. 


2°2. w decay (Leg (2)) 
ut > etvy . 


The theory allows us to predict the following: 


1) The lifetime. Using the value g (the V coupling constant obtained 
from f decay) the theory gives t= 2.2-10-* s. The value is in fact within 2% ~ 
of the measured value. Ags the prediction is precise we have now to decide — 
whether or not this 2% is accidental, since the 8 decay should be affected 
by virtual pion effects. 

To avoid this deliberately requires a modification of 8 decay and should 
produce effects which are observable by other means. 


2) That the e+ is completely right handed and the e- is completely left 
handed. These predictions follow from manipulation of the (1+y;) terms in ~ 
the matrix element for muon decay. 

The first verification of this result was carried out by Hott et al. at Liverpool — 


and later and more accurately by Crow at Berkeley. 
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3) The distribution of positrons with energy and angle to the positive 


muon spin is, 
dN (a, 0) ~{ (3 — 2x) + cos 6(2a —1)}ardadQ, 


where « = electron energy/maximum electron energy , 


GO,” Pe 
60 ne NDE eo 
and 


Ps Po 


(because the wt is left handed). . 
PePu 


- 


, Now for et: 


I. 
farce, oar <1 +5 008 6 =1—Feoag, 


i.e. the positron asymmetry parameter is — 4. The current experimental 
’ value is (—0.29+ 0.04). There are a number of reasons why the experimental 
value might be low. The geometrical factors which have to be considered 
‘in such a measurement are uncertain as the muon source is diffused. 
The integral 


fave 6)dQ ~ (3 — 2x)a dx . 


Comparison with the expression for dN (x) in terms of the Michel o parameter 
shows that the appropriate value is 


o = 0.75. 


This gives a curve of the form: 


Mt 
0 1% 


However the experimental value obtained by CROWE is 


o = (0.68 + 0.02), 


and this gives a modification shown by the dotted line. The radiative cor- 
‘rection has already been applied to obtain this value of 0.68, however recal- 
¢ulation shows that it may be possible to raise this correction to give @ = 0.70. 
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A possible explanation of the discrepancy which still exists is that the 
interaction is non-local: the greater the non-locality, the lower the value of 
the 0 parameter predicted by theory. 

The expression for dN(zx, 0) also gives the result: 


high energy electron asymmetry 
average asymmetry 


Os 


This is confirmed by several experiments. 
2°3. decay of the pion (Leg (1)) 
Tt —>e+ty. 
This is obtained from the Puppi triangle by the following chain: 
n+ —> (pn) =p Oy : 


The branching ratio (with respect to x+— ut-+v) predicted by the theory is 
1.3-10-4 whereas the lowest published result is that of Anderson and Lattes. 
which is < 2-10-> with 99% confidence. A number of other experiments are 
at present in progress but as yet there is neither confirmation nor contra- 
diction of the above limit. 


2°4. Radiative 8 decay of the pion. 
Tt et very 


The (V-A) theory predicts a branching ratio ~ 10-7 which comes almost. 
entirely from the V part of the interaction. This is consistent with the expe- 
rimental limit of less than 7-10-°. 

If the interaction contained a tensor component as indicated by the old 
6 experiments, the branching ratio would be ~10-4. This would then be 
inconsistent with the value of 5-10-§ the experiments indicate for such an 
interaction. (The same experimental results indicate < 7-10-° for vector inter- 
action and <5-10-® for tensor due to a difference in angular correlations). 


2°5. Muon capture (Leg (3)) 


u-+p +n-+y. 


The theoretical predictions here are at present in advance of experimental 
results. 
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1) Life times are at least of the correct magnitude and are consistent. 
with a universal coupling constant. 


| 2) Selection rules afford little information on the coupling as the neu- 


trino has a high energy and therefore the expansion into multipoles is less 
useful. Consequently the final states are not restricted and the calculation 
of the matrix elements cannot be performed with certainty. The present 
indications are towards a greater Gamow-Teller than Fermi components. 


3) The neutron asymmetry and neutron polarization are both able to 
give information on the coupling present. The former is probably just within 
the scope of present techniques but no results are yet available. The latter 
appears to be too difficult to measure at present. 


4) Capture of y- to form a 6 unstable nucleus. 
_ Determination of the subsequent electron distribution allows the muon 
spin direction to be evaluated. No results have yet been obtained. 

The present situation in muon capture is therefore uncertain and there 
is no definite evidence on the nature of the interaction in leg (3), apart from 
the information already noted under pion decay. 
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Present Problems in the Theory of Weak Interactions. 


R. GATTO 


Istituto di Fisica dell Universita - Roma 


In these lectures I would like to review some still unsettled problems in 
the theory of weak interactions and present some related speculations. Afte1 
the brilliant confirmation of most of the predictions of the universal AV theory 
of Feynmann, Gell-Mann, Marshak and Sudarshan (F.G.M.S. theory) it seems 
rather safe to base the discussion on the hypotheses of that theory. We shall 
not review here the development of the F.G.M.S. theory, in accordance with 
our program. We shall try however to make these lectures essentially self- 
contained so that no preliminary reading of other papers on the subject will 
be necessary. Finally we want to warn the reader that most of the suggestions 
and points of view that will be expressed here are mostly based on specula- 
tions which have little experimental basis. It should not be surprising if some 
of them will eventually turn out to be wrong. 


1. — Let me remind you of two different points of view that have been pro- 
posed to describe weak interactions. The older description of weak interactions 
consisted in grouping the particles into pairs, such as (uv), (ev), (pn) ete., and 
assuming that each pair interacts with the other pairs. A different description 
can now be proposed in the AV theory. With axial and vector couplings there 
is a possibility that the weak interaction lagrangian can be written as a coupling 
of a current J, with itself, I Si: Of course J, is not a current in the usual 
Sense, since both vector and axial contribution are present. One difference 
with respect to the older description is, for instance, that now there are couplings 
also of the different pairs to themselves, such as (pn)(pn). Moreover the new 
description is certainly much more specific. According to which of the two 
descriptions we want to assume we can either classify the different pairs inte 
a few classes (lepton class, 2, and various strongion (*) classes Sj, S_., S,)) 


(") By strongion we mean a strong interacting particle: baryon or a meson (wi } 
the exception of the u-meson which is a lepton). 
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or, correspondingly, decompose the current J, into different components. For 
brevity we shall denote with the same symbol of the class the corresponding 
current, so that 


(1) pe Lae On, Ae On Oy, « 


‘We shall examine in detail the various groups. 
£, lepton class (the corresponding current £, is the lepton current). It 
consists of the pairs 


(2) (uty), (ety). 


For a pair (AB) the transfer of charge is defined by AQ = g,= Oe 
be noted that other possible pairs such as: 


It must 
(3) ; (we) ’ (vy) ’ (uu) , (ee) 
are excluded from £. Their inclusion would lead to processes such as 


(4) Ue > > 6s, u-+p->e+p 


not observed. We also note that the excluded pairs have AQ = 2 or AQ =0. 
Therefore it seems that one has to assume at this point that only pairs with 


AQ =-+1 are coupled. We shall come back later in more detail to this point. 


To be definite, without limitation to our discussion, let us consider here only 
the pairs with AQ =—1. Thus the lepton current is given by &, = (uty), + 
te (eF¥), 

5): strongion class with AS = 0 (the corresponding current is the strange- 
ness conserving current). One finds a total of six possible baryon pairs which 


_ Satisfy the limitations AQ =—1, AS=0 (and of course also AN = 0 because 


they must couple to the lepton pairs): 


(5) (poke (Al aes); (AS a); (eB) 


All such pairs can go into one another by strong interaction. (We shall call 
such pairs «equivalent »). They are also equivalent to the z+. It will be con- 
venient to add to these pairs possible boson terms corresponding to vector 
interactions of the boson currents i(p(éy*/ex,,) — y*(op/ex,)) with the lepton 


fields. One finds two such terms 


(6) (mtn),  (K*K). 


_ The presence of such terms is necessary if one accepts the hypothesis of non- 


. 
, 


% 


renormalizability for the vector part, as we shall see later. Finally we note 
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that linear boson terms of the form 


0p 
On, 


x 
_— 


could also be included in the axial strangeness conserving current (here 
is the pion field). Such terms would be required as counter terms to have a 
renormalizable theory with weak interactions only up to the first order. On 
the other hand a recent calculation of the x +yu-+yv rate by GOLDBERGER 
and TREIMAN does not include such terms and leads to a surprisingly good 
agreement with experiment. 

S_,, strongion class with AS =—1 (strangeness non-conserving current of 
the first type). We find a total of six pairs 


(3) (pA), (pd) (027), (AR) (h*e") tee 
They are equivalent to the K+. Two bilinear meson terms are possible, namely 
(9) (K*x°) , (K°rt). 


Ditferently from the corresponding situation with S,, there is nothing here 
forcing the assumption that (9) are coupled. The only observation that can 
be made is that the simultaneous existence of both K—>z+u-+vy and 
K +yu-+yv excludes the possibility that in S_, only the boson terms (9) are 
coupled. This can be shown readily by parity considerations. Also nothing 
can be said about linear boson terms of the form (8), where @ is the K field. 
By, coupling to each other £2, S, and S_, one can account for all the ob- 
served weak processes. The requirement that the pairs carry a unit charge 
(or equivalently, that the current J, is singly charged) has eliminated unwanted 
processes such as 


(10) pt>ettetet, uw+tpretp, Ko>pttettzxr, Kont+y4+y. 


By classifying the pairs into classes one avoids the embarassing question of 
which pairs in each class are originally coupled: for instance only one pair 
in each class may be coupled, the other pairs will then still be indirectly coupled 
through the strong interactions, or all pairs may be coupled according to some 
particular unknown symmetry. It is certainly relevant to investigate the pos- 
sibilities for such symmetries. We shall touch upon this question when speaking 
of the possible non-renormalization of the vector part. 


2. — The two strongion classes 5) and S_, introduced so far can be characte- 
rized by saying that S, contains all pairs equivalent to the z+, and S_, all 
pairs equivalent to the K*. Moreover, for S_,; AS = AQ. 
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We shall now examine at limitations arise from whthe suggested selection 
rule AS=+1 for strange particle decays. Let us in fact consider the 
r class S.,. 
S,,, strongion class with AS=+1 (strangeness non-conserving current 
of the second kind). It contains 


(11) (ane Ge’). 
and a possible bilinear meson term 


p12) | (K°rt) . 

There is no linear boson term possible for such a class. Pairs of this class 
would be equivalent to a positive meson with S=—1. No such a meson 
exists in the Gell-Mann scheme. The system (K°x+) instead behaves like 
a positive meson with S=—1. Now the point is that if we couple S:, 
to S_, we find a possible reaction such as H®° >n-+ 4~+ > which would lead 
to the sequence 


e (13) So Ree Sn ee ee ee 

Now = —n-+7~ has not been seen and instead H~-> A®+7- has been seen 

in all the cases reported (not so many however) thus suggesting the selection 
rule AS=+1 for strange particle decays [2]. This is a reasonably strong 
motivation for excluding class 5,,: What is important is that one can then 
obtain a number of predictions which can be compared with experiment. Let 
‘us first see what these predictions are. Then we shall look into the question 
of how one might exclude this class by theoretical arguments. By coupling 
-S,, to & one would have the decay modes 


(14) 2 =i ey, So, -- it ey, 


(where 1 means either e or yu), and 


(15) Ko saxo i+, 


and its charge conjugate 
(15’) Kets qrse ley. 


Such decay modes are forbidden if 5;, is not coupled. What does this mean 
in terms of the physical particles K{ and K$? Recalling that [3] 


(16) Ki = 5 (K+ K), Kg = (K° — K°), 


eT TREE ee PS ee er Ie ae 


ie a es 


rT 
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one finds immediately the following relations between the decay amplitudes 


70 + = + 1 Omen 
(17) (Ki +1) = (Kio 1) = (+1), 
i ee 
7 K? +1) = Kee ies hee 
(17’) ( ) ( ) Ree. ) 


In (17), (17’), (K? ~ 1*), for instance, is the matrix element for Kj >1+ +n- +y. 

OxuN and PonTEcoRVO have pointed out that the presence or absence of 
AS = + 2 interactions is of great relevance in the problem of the K?, K} mass 
difference [4]. If S,, is coupled, a term contributing to the mass difference 
would already be present at the first order in the weak coupling constant, 
for instance, through the virtual scheme 


(18) Kes St ae ee a BO eee SK 


The Pais-Piccioni oscillations [5] would then be very frequent (~10” per 
second) as compared to the inverse lifetime (~ 101 s—1). If S,, is not coupled, 
a typical mass difference contribution would come from 


(19) K°+>pt+n+z-—-K*, 


with two weak steps, leading to a mass difference of the same order of the 
inverse lifetime. In this situation one may observe the Pais-Piccioni oscil- 
lations. ; 

The requirement AS= AQ excludes class S,,: A stronger requirement 
which also leads to exclude class S,, is that the strangeness non-conserving 
current transforms in isotopic spin space like the component of a spinor. One 
sees immediately that there is no way of satisfying this requirement in the - 
class S., since there are no suitable linear combinations available, for instance ~ 
of a & and a nucleon. We shall later discuss again such question. 

Finally, if one still wants to complicate the situation, one can think of 
currents S,, for which AS=2. Again one meets the trouble of &” >n-+7- 
by coupling for instance a term (n&~) to S,. Also decay modes such as 
=” —+n-+e-+-y would be expected in that case. 


3. — Let us now discuss the possibility of neutral currents (AQ =0). We | 
define two neutral lepton currents, 2, containing (u+y-), (ete-) and (vv), and 
2°" containing (ute-). L° is apparently not coupled at all. One finds out 
that is it still consistent with present experiments to couple 2 to a stran- — 
geness-conserving neutral current S”. . 
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| S\”: neutral strongion class with AS —0 (neutral strangeness-conserving 
current). It may contain the baryon terms 


(pp), (nn), (APA), (B*E*), (BE), (2A), (BE), (BB), (EE) 
and the meson terms 
, (21) nee ne CK K), ((KReK®) 


\ The coupling 2° S does not lead to any inconsistency with present data. 
There would be weak interactions such as w+n-—->y-+n which however will 
_ be hard to detect because of the stronger electromagnetic effects, and processes 
/ such as v+p-+v+p also hard to detect. One also will have interactions 
(ete-)(vv) and (uty-)(vvy) which can be rearranged to look as (ev)(ev) and 
(uv)(uv) again in the AV combination, and they would therefore interfere with 
the corresponding terms arising directly from the charged currents. A similar 
conclusion also holds for terms (pp)(nn) which can be rearranged in the form 
(pn) (pn). 
The reason which suggested that we look into the possibility of a neutral 
current is connected with an extension of the hypothesis of non-renormalization 
_ of the vector part of the strangeness-conserving S,, which we shall discuss later. 
' From such a point of view, in trying to build up the neutral current S\” one 
is strongly tempted to require that its vector part be the 3 current, ty , of the 
isotopic spin, the axial part being then fixed by the requirement that the 
fermions occur in the }(1+¥;) projection. This would lead automatically to 
) the non-renormalization for the vector coupling constant in S®, and would 
_ produce a highly symmetric scheme. In such a case Sj” would consist of 
: 
] 


2) tep),. (0), (2°d"), 2d), (=), (2S), Gtx), (KK), (KK). 
) 
One has further to look into the possibility of neutral strangeness non-con- 
_ Serving currents. One is here however immediately faced by a difficulty. In 
fact, by coupling a term (nA) with (vv), (ete-), and (u+u-), one would find pro- 
cesses such as K®->et++e- and K®->yt+u- of which the first one would 
; proceed at a very low rate, but the second one could very well be observed. 
Even more, one would find processes such as KT >x-+v-+yv and K” +>x-+ 
_+et+e-, which would favorably compete with K”—~7x°+e--+v, which is a 
known reaction. 


4. — If one wants to keep only the charged currents, a rather suggestive hy- 
pothesis is that weak interactions are mediated by an agent X (for instance a 
massive boson) which carries unit charge. Each pair would interact with X, 


b 
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and indirectly with all the other pairs coupled to X. The resulting interaction 
between two pairs would then be slightly non-local. If X is a boson with 
mass M, it must have spin 1 to obtain in the local limit the AV theory, and 
its propagator would be in momentum space 


(23) : (0 | a =| . 


Kk?+ M? We 


The non locality contained in the 6,, terms is difficult to observe because 
of the smallness of the momentum transfers K? for most of the known pro- 
cesses. Even more difficult would be the observation on the KK, term which 
would contribute effective scalar and pseudoscalar contributions to the resulting 
direct interaction between the currents. Since X is supposed to have only 
electromagnetic interactions (because it is charged) and « semiweak » inter- 
actions with the currents, its production cross-section would be very small 
(for instance it could be produced by the reaction y + X*+ X7) so that no 
difficulty concerning its apparent absence may occur. Its decay would occur 
at first order in the semiweak interactions of X with the currents. Let us 
however see what difficulties one encounters by postulating the existence of X. 
First of all, there is evidence for some non-local effects in u-decay which were 
suggested [6] to explain the deviations of the o-value from ? (the best o-value 
determination so far is 0 = 0.68 + 0.02, due to CROWE). A deviation of this 
order of magnitude could be accounted for by values of the mass around 
(300 —400) MeV. However, as we shall discuss later in more detail, the sign 
of the deviation cannot apparently be accounted for by a real meson. For 


a real meson the deviations would always be such as to increase the g-value 


above ?. Of course, before reaching a definitive conclusion one should try to 
estimate the radiative corrections to the o-value for this more complicated 
model (in which a virtual photon can also be emitted from the non-local vertex). 
The radiative corrections which were substracted to get the experimental figure 


of 0.68 £0.02 are those calculated for a direct point interaction between the — 


four fermions. A second difficulty for the hypothesis of the intermediate X 
occurs in connection with the apparent non-existence of the decay mode 
ut—+>et-—+y. Ifan intermediate X existed, the diagram for p-decay, 1—>e+v-+V, 
would look as 


Pie ak 18 Fs fo Fe fat 
mn e 


From this diagram we can deduce the existence of an indirect term looking 


n 
= 
~ 


Wee eee ee es Sa, eee 
et aw ; 4 ht ae 


: ’ e 
PRESENT PROBLEMS IN THE THEORY OF WEAK INTERACTIONS 347 


as u,(v7) K,,(v7 —a)e,(x’) in the interaction Hamiltonian, where K is some form 
_ factor. It comes from the graph 


If the electromagnetic interactions are now turned on, the existence of the 
above term would imply the existence of diagrams of the kind 


. ee ieee winder? ILE 


which lead to u—e-+y. If the kernel K is expanded in powers of the mo- 

mentum transfer and only the linear term is kept, then one can easily show 

that gauge invariance requires a perfect compensation of all the three graphs 

above so that no u—e-+y¥ occurs at this order. This approximation is how- 

ever not recommended because of the smallness of the wavelength of the : 
emitted y. FEYNMAN and GELL-MANN [7], and FEINBERG [8] have calculated a 

the probability for u—->e-+y with the conventional highly divergent quantum 

electrodynamics of a charged spin one meson X. They find a value 10~* for 

the branching ratio of 1 -e+y to uw+e+v+y. The experimental value is 

due to LOKANATHAN and STEINBERGER who report a figure of 2-:10-° as an 

upper limit for the ratio. The theoretical estimate is based on a cut-off pro- 

eedure and is rather uncertain. No other theoretical scheme is known however 

to calculate such things. 


es ST 


Now, why do not such difficulties occur in the local case, with a direct ' 
four fermion interaction? One easily finds that the neutrino loop (24) is zero | 
in the local case, because of symmetry considerations. Its expression is how- x 


ever far from being unambiguous. 


5. — Next we come to the discussion of the possible properties of the weak 
interactions in isotopic spin space. It may seem rather useless to start a discus- ‘ 
sion about possible properties of weak interactions in isotopic spin space, since ; 
isotopic spin is certainly non-conserved in such interactions. One may object 
however that, first, in a similar situation where isotopic spin is non-conserved 
namely with electromagnetic interactions, it is indeed very useful to analyse 
the amplitudes in terms of eigenstates of isotopic spin; second, there is in fact 
some experimental evidence for an apparently simple behaviour of the decay 
amplitudes in isotopic spin space, and at least the suggested rule AS= +1 


> 
5 } 
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for strange particle decay directly implies AJ; = +4; third, some general re- 
quirements to the strangeness-conserving terms, such as that of a definite 
behaviour of the current [5] under the product operation of charge conjugation 
times charge symmetry, or that of non-renormalization for the vector part, 
lead us to assume a behaviour like that of the component of a vector in iso- - 
topic spin space. An important point to be noticed first is that, by requiring 
AI-=-4 to the strangeness non-conserving current, one immediately obtains 
ATI, = +4 for the decay of strange particles, though in general both AI = 4 
and AI =-3 will be present in the interaction. That is one has a scheme con- 
ceptually simpler than the AJ =#4 rule for the interaction which still gives. 
AI,=+4%4. This result can be verified very easily. As we said already, it 
may very well be that 5), the strangeness-conserving current, behaves like a 
component of a vector in isotopic spin space. This follows if one postulates 
a definite behaviour of the current [5] with respect to the product operation 
of charge conjugation and charge symmetry, or also if one assumes the hypo- 
thesis of non-renormalization of the vector part. We shall discuss both these 
questions later. If one assumes that the strangeness non-conserving current 
behaves like the component of an isotopic spinor, then, by coupling it to a 
strangeness-conserving current behaving like a component of an isotopic vector, 
one would have selection rules AJ =4 and AJ =3 for the decay of strange 
particles. As far as the experimental situation is concerned we know that. 
AI =4[9] can be at most an approximate selection rule. The main argument: 
for it being only approximate is that one cannot explain simultaneously the 
ratios of the lifetime of K® to the lifetime of K* and the ratio between the 
probability for K°+z++7- and the probability for K°+zx°+7° with only 
AI=4. One finds instead that one has to introduce both AZ =- 3 and AI = 
contributions to account simultaneously for the above ratios. The estimated 
magnitude of such contributions, of the order of 10% [10] is such as to make 
not very plausible the suggestion that they come from electromagnetic cor- 
rections. However AJ = 4 has the great merit of explaining, though not com- 
pletely of course, for the above mentioned difficulty, why the K* has so much 
longer a lifetime than the K®. If fact, if AJ = 4 rigorously holds, K* cannot 
decay into two pions because, starting from J =4, ZJ,=4 one can only obtain 
I =1 for the final charged 2-meson state which should therefore be antisym- 
metric in space co-ordinates, in contrast with the value for the orbital angular 
momentum which is /=0 if the K has spin zero. Moreover AI = 4 also ex- 
plains the ratio of 2 of A°>+p+n- to A®°>n-+z7°. Observation of such a 
value for this ratio does not however imply absence at AZ = 3 contributions. 
It must also be noticed that AZ=4 also explains the experimental ratio. 
<'/t = 4. However such a value would also be obtained if a AZ = 3 component 
were present because if the + has spin zero the final state is expected to be pre- 
dominantly symmetric in the space co-ordinates and from group theory one 
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then can show that the possible values of the total isotopic spin of the three 

pions can only be J=1 and I=3. The latter, however, would not still be 
accessible even if AJ = 3 were present. We have seen from our preceding 
‘discussion about a general description of weak interactions that it is rather 
difficult theoretically to present a reasonable scheme leading to AJ = 4 always. 
~The fact that AJ =} seems to predominate in the decay of strange particles 
should then be explained in each case by means of a particular mechanism 
suppressing AJ = 3 or by showing that the same ratios are also obtained by 
more physically plausible combinations of AJ= 3 and AJ}. An example 
‘where such a situation may occur is A-decay. Here one finds that by caleu- 
lating directly from the coupling (pA)(np), keeping only the simplest diagram, 
one obtains the branching ratio of 2 between the decay modes A > p—+x>- 
and A—n-+7°, as with the AJ =$ rule, though the interaction now con- 
tains also a AI = 3 term. 


6. — In looking for more general symmetry requirements that one woulda sk 
from the strongion currents, it may be convenient to recall that the strangeness- 
conserving current S, contains all those pairs which are equivalent to a x*. 
Now a x* is transformed into itself by performing a charge conjugation and 
, then a charge symmetry. Therefore we can try to formulate the requirement 
that S, has a definite behaviour under the product operation of charge conju- 
gation and charge symmetry, and investigate to what restriction it leads for S,. 
4 is unfortunate that a similar possibility does not exist for the strangeness- 
‘non-conserving currents. The current S_, is equivalent to a K* and this would 
be transformed into an K® under the above product operation, so that it is 
impossible to formulate the problem of a definite behaviour of S_, under this 
operation. A similar conclusion is also evident for S,,. 

_ The convenience of classifying the different terms according to their 
“properties under the product operation of charge conjugation and charge sym- 
“metry has been pointed out recently by WEINBERG [11]. The relevant ope- 
‘rator is G=Cexp[iz/,], where @C is the charge conjugation operator and 
exp [izI,] performs a rotation of 180° around the second axis in isotopic spin 
“space, which is one way of realizing charge symmetry as a proper orthogonal 
‘transformation. For the nucleon field GyG-!—it,y’ and for the pions 
GeG-'=—g@. This last relation is responsible for the known rule which for- 
‘bids an even number of pions to go into an odd number of pions if @ is con 
‘served. Moreover @ satisfies the relations [@, NV],— 0, [@, S], =0, G = (—)*** 
| G, T|=0, where N is the nucleon number, S the strangeness and I the total iso 
topic spin operator. We next consider the bilinear expression (p/';t,y) and we 
nd G(plt,y)G- = — E, (plt,y), where £; = +1 for i= 8S, A, Pand é;,= —1 
for i=V,T. Now we say that all covariants Q; which transform according 
to GQ;G-1 = — £,Q,; namely in the same way as the simple (y/;t*y) of the 
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same tensor character 7, are of the first class; those which transform according 
to GQ,G-! = €,Q; are of the second class. Let us now go back to the strange- 
ness conserving current, and consider for instance its vector part. The first 
term (yy,7+) is of the first class, by definition. When however, we want to 
add a similar term for the X-particles we find that we can chose among all the 
possible linear combinations of the form aXty,»°+b>°y, a>. If, however, we 
require that it behaves as a first class covariant vector, then we find that 
a——b. This means that we can write our term for the &-particles as Ly, Tiss 
where 7, is the appropriate isotopic spin matrix. One finds in general 
that one is led to the conclusion that the selection rules for a vector strange- 
ness conserving current consisting of the pairs [5] are those of the component 
of a vector in isotopic spin space. This holds also for the total current including 
the axial which can then be constructed from the requirement that fermions 
appear in the projection $(1+/,). 

If one now assumes as a principle that in the strangeness-conserving current 
there are only first class quantities, how can one verify such a principle experi- 
mentally? In $-decay there is generally not much hope, because a term such 
as <p|Py,Y.|™, where <p| and |n> are the physical states is always well 
approximated by a term of the form u,y,u, between free spinors, because of 
the low momentum transfer and similarly for <p|y,y,7s¥,|m>. One has to 
study energetical 6-decay to discover such effects. In u-+p —n--v the mo- 
mentum transfer is larger. A matrix element <p|y,y,y,|™> will be expres- 
sible in general as 


yuh vd 


(25) <P lPpYu Yo | n> = ay(K*)y, a b,(K?) Ko, ae i¢,(K?) K 


where A, is the momentum transfer K,= K,,—K,,, and a, b, ¢ are imva- 
riant form factors. Similarly 


(26) <p | Vou sYo | n> 3 a ,(K?)iy, ys i b(K?) BE ys ar ie ,(K*)K, Te 4 


One can immediately convince himself that in each of the above expressions 
the first two terms behave as first class quantities. In fact, as we said before, 
V and T take on the same &; and also A and P take on the same &;. The 
last terms in each of the two expressions are instead of the second class. In 
u-+p—>n-+yv the term ic,K, contributes an effective scalar interaction of 
magnitude ~ m,c,(K*). A guess about c, would suggest that it is ~ (m,,|My)ay- 
Observation of this scalar term would indicate the presence of second class 
quantities. Furthermore since the nucleon contributions to the current are 
always of the first class (they must always be of the form (wyl;t,p)) obser- 
vation of such a scalar term would inform us about the hyperon contributions 
to the nuclear structure. The term 1¢,K ,o,,)s contributes in u-+p >n-+yv an 
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effective derivative coupling i¢,(K*)(KY+K%)o,,y;. The observation of the 
first two terms in each of the above expressions does not tell anything about 
second class quantities, but it tells us of nucleon structure. The term b, K,o,, 
introduces an effective derivative coupling in w-+p —n-+v, while the term 
b,K,y; introduces an effective pseudoscalar. GOLDBERGER and TREIMAN have 
used dispersion relation techniques to estimate the effective pseudoscalar and 
they find that it is eight times larger than the original axial part. We shall 
discuss later this result when speaking of the nuclear interaction of u-particles. 

In concluding this discussion about the behaviour in isotopic spin space 
we want again to state the result that both AJ =4 and AZ = 3 contribu- 
tions are expected to be present in the decay of strange particles according 
to this theory. There seems to be no way of avoiding this conclusion in the 
present formulation. If one wants an overall AJ =} rule for the interaction, 
then one should introduce neutral currents into the picture. We have already 
seen that a strangeness conserving neutral current may certainly be introduced, 
but its couplings with leptons seem to give rise to some inconsistencies. 


7. - Let us go back to the strangeness-conserving current. To discuss the 
question of the non-renormalization of the vector part we have to review first 
the main steps leading to the weak interaction Hamiltonian of the F.G.M.S. 


q theory. The main assumption is that the fields always appear in the interaction 


pw eT ee 


with the projection 4(1-+7y;) (we are using Feynman’s notations). Let us call 
such a projection operator a= 4(1-+7y,;) and let us also define the hermitian 
conjugate a= 4(1—iy;). One easily verifies that a?=a, aa=0. The most 
general local non-derivative interaction Hamiltonian for -decay will then be 


of the form 


(27) > gap, Tay,)(ay, Tay.) . 


| Using ay=ya one can write (27) as 


(28) dX 9(pnaliay,)(p,aliay,) . 


Now alja=0 for i=S8, P, T and =Ja for i=A,V so that (28) can be 
written as 


(29) Dd gyLiap,)(y, Lay.) - 


Furthermore one verifies easily that [,a—y,a is also equal to /’,a =iy,y,a 
so that (29) can be written as 


(30) V8G(n), ap) (vy, ae) - 
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This coupling is nothing else than than A— V,in the usual notations. It 
has been supposed here that the nucleons rather than the antinucleons have: 
the projection a in front. Such an assignement is quite arbitrary of course 


and no theoretical justification can be given for}it., It can however be shown 
to be the right one experimentally by the following argument. i: If antinucleons 
instead of nucleons have the projection a in front, the ®-decay Hamiltonian 
would be 


(31) V8 G(y-y,,ap-)(p, Vu ay.) 2 


By using the properties of the charge conjugation matrix C and the rela- 


tions y°= Cy’, p°= Cy”, one can rewrite the above Hamiltonian as 


(32) V8G(H,y,49,)(Y,yay,) « 


This is the 4+V combination. Now, in the decay of polarized neutron 
A—V would give no asymmetry (neglecting the small deviations from the 


equality of the axial and of the vector coupling constants which are due to 
renormalization effects), while A4+V would give maximum asymmetry (also: 


in the same approximation). The observed asymmetry is consistent with 


A— YJ, thus suggesting the form (40) for the 8-decay Hamiltonian and the as- 


sumption that nucleons have the factor a in front and antinucleons the factor a. 


To build up the current J, one adds the contributions from the pair (pn), 


(ve), (vj, ete. 


(33) J, = (py, an) + (vy, an) + (vy, 4) - 


It has been assumed here that y- is a particle. The other choice would 


have led to a y-decay Hamiltonian given by V8 G(vy,,ap.)(vy,ae) which would , 


lead to a o-value of zero in contradiction to experiment. That the electron 


spectrum should go down to zero independent of the statistical weight at the. 


maximum electron energy if two neutrinos or two antineutrons are emitted 
follows from the Pauli principle. In fact at the maximum electron energy the 
two neutrinos would travel in the same direction, although in general with 
different momenta. The wavefunction of a two component neutrino does not 


however contain any indication of the magnitude of its momentum except. 


in the exponential factor which contributes to the d-function expressing the 
total momentum conservation, and since the decay amplitude has to vanish 
when the two momenta are equal it will also vanish in the general case. So 
at maximum electron energy the decay amplitude has to go to zero by virtue 
of the Pauli principle. From the u-meson decay Hamiltonian V’ 8G (uy,,av) (vy,,@e) 


one finds for the y-meson lifetime the expression 7 = 1927°/G2m> and noting 


that no appreciable effects are expected here to renormalize the value of the 


Ht 
~ 


| 
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coupling constants (the largest radiative corrections arise from virtual photons) 
one can use this expression to calculate G the bare coupling constant of the 
weak interaction Hamiltonian. Surprisingly one finds that the coupling con- 
Stant so determined is identical, in the limits of the small experimental errors, 
to the effective coupling constant for the Fermi part of 6-decay, that one can 
measure from the lifetime of 4O. Namely from the lifetimes of 4O one finds 
@ = (1.01 + 0.01) - 10-5(1/m*,) = (1.41 + 0.01) - 10-4 erg/em? and inserting such a 
value into the p-lifetime formula one obtains t= (2.22 +0.02)-10-*s. This 
agreement seems to suggest strongly that the hypothesis of universality holds, 


~ namely that the formulation with a current of the form (33) is perhaps right, 


and furthermore, it indicates that, surprisingly, the renormalization effects 
due to strong interactions are absent for the V part of @-decay. As far as this 
latter circumstance is concerned, one would think that, unless some unknown 
accident takes place, a symmetry principle is operating at this place in a way 
similar to gauge invariance in quantum electrodynamics which leads to the 
non-renormalization of the electric charge e. Gauge invariance implies that 


_ in the zero energy limit the charge of the proton is rigorously e and further- 


more it insures that the result holds independent of the structure of the nucleon. 
We may say that physically this happens because when a proton emits a vir- 
tual z+ to become a neutron the virtual x* must, because of gauge invariance, 
interact with the photon field and again exhibit the charge +e. It is only for 


smaller wavelengths that are able to explore the structure, that an effective 


charge different from ¢ may be exhibited. From this analogy it will not appear 
surprising that, in order to have non-renormalization for the V coupling in 
(-decay one has to introduce a direct interaction of the pion field bilinearly 
with the lepton pairs. We shall later discuss fully the formal problem that 
is involved here and the physical implications of the scheme. We would like 


_ however to show first how the argument given before for the non-renormali- 
_ zation of the vector part, namely from the equality of the coupling constan: 


from “O to that from u-decay, would be invalidated if the present evidence 


for a o-value in y-decay definitely different from }~ would be confirmed. It 
is therefore very important at this point to have a very accurate measurement 
of the o-value in the u-decay. 


8. — Let us write the p-decay Hamiltonian in the form 


~ 34) V8 G(ay,7)(Py,e) ; 


where », = ay is the lefthanded neutrino of the F.G.M.S. theory. The e-value 
from such an interaction is exactly 3. To explain its deviations from } sug- 


gested by the measured value 0 = 0.68 + 0.02 (radiative corrections included, 


. 


‘the value is due to Crowe) we follow the Lee-Yang proposal [12] that the 


1785 


354 . R. GATTO 


interaction has a more complicated structure and does not occur at a single 
space-time point. The above Hamiltonian will therefore be modified to 


(35) V8G(ey,,» ,(a)) K(x — x')(¥,y,u(@')) , 


where a form factor K(«— x’) has been introduced. Of course (35) will then 
be generalized to the expression for the interaction of J, with itself, which 
will look something like J,(xv)K(#—a’')Jj(x'). This form is not the most. 
general one since one could still have something looking as J,[f(K?)+ 
+ KK, 9(K*)|J} ; however we expect (35) to be at least a good approximation 
because of the smallness of the electron mass. We do not assume here that 
the form factor is due to the meson X. It ray originate from any complicated 
cause, or even reflect a true elementary non-locality. If K is expanded in a series. 
of derivatives of the 6-function [12] 


yo 
mo OM) Oat 


(36) K(@ — x’) = 64(@— #')+ O4(a@—a’)+..., 


we find for the electron spectrum from polarized muons 


re Aa ke oir da dé {6 — 4¢ — 2 Re (y)(9 — 16x + 5x?) + 
+ (1+ § Re (q))/(1+ § Re (7))[2 — 4 — 3 Re (q)][6 — 12a + 5a*]}, 


where €=cos@ is the angle between the muon spin and the electron mo- 
mentum and # is the ratio of the momentum of the electron to its maximum 
energy. The energy: spectrum turns out to be 


(37) GN o a? da{3 — 2a — } Re (y)(9 — 16” + 5a*)}. 


A o-value from this spectrum is obtained by a least square fit to a Michel’s 
spectrum. The relation is 


(38) g Re) = et Cag) e 

One sees from (38) that Re (7) turns out to be negative thus excluding an 
intepretation of the non-locality as due to a virtual boson. The lifetime can 
also be calculated and it comes out to be 

(39) T+ = 7, (1+ $ Re(y)), 


and by substitution of (38) into (39) 


(40) Ti=t,'|1—1.8(¢ —¢,,,)] - 
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Bere t) is the lifetime for the local Hamiltonian (y= 0). To calculate the 
lifetime (40) one still needs the value of the coupling constant, contained in 7. 
This value however can be taken from the 6-decay of 14O if, per absurdum, 
we assume that the non-renormalization principle holds. The coupling constant 
so determined is again the same that one would obtain neglecting the non- 
local effects that were introduced in our universal weak interaction. This 
because the momentum transfer in 6-decay is very low and the non-locality 
is not yet felt. Taking the coupling constant from O and 0 = 0.68 + 0.02, 
and computing errors, we find the predicted lifetime for p-decay to be 
t= (2.60 + 0.13)-10-*s. The previous surprising agreement with the experi- 
mental value has now changed into a disagreement of at least 10%. 
There is one point in which the above argrment may be slightly incorrect. 
Namely the experimental 0-value used here has been obtained after substracting 
radiative corrections as calculated for point interaction. It is impossible to 
estimate what the radiative corrections would become in the non-local theory, 
unless one makes a very definite model of the non-locality (for instance inter- 
mediate boson). In general, however, one does not expect great changes from 
these effects and therefore we would conclude that it is certainly very impor- 
tant at this point to have a very accurate determination of the o-value. 

The equality of the effective coupling constant for ~-interaction as derived 
from the lifetime of '4O to the true coupling constant derived from the u-meson 
lifetime suggests first that there may be strict universality in the primary 
interactions, meaning that the coupling constants may be all equal, and, second, 
it suggests the absence of renormalization effects and a possible symmetry 
explaining such absence. It appears therefore to be important to have direct 
Separate tests of the nypothesis of universality, possibly independent of the 

question of the non-renormalization of the constant by the strong interactions. 

rhe most direct test for universal interaction is provided by the ratio of 
n >e+y to m—>u-+yv [13]. The ratio can be calculated uniquely indepen- 
‘dently of assumptions on the strong interactions for any form of the weak 
“coupling, provided it is assumed that the two leptons emerge from the same 
ont. For S, V, 7 both decays are forbidden, for P, the ratio 7, 


_ wT =e Ory) 


I 
gt) ~ w(t > w+ty)’ 


is 5.4, for A it is 13.6-10-5. To illustrate the argument let us consider the 


case of A interaction. The decay is represented by the black box 


t 


, 

a ag 
§ 

Nf us 

oy --=- 

» 
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The momenta of the two leptons are assumed to appear only in the combi- 
nation p’ = p'+ pt, corresponding to the assumption of locality. Moreover 
energy momentum conservation implies p* — p’—0, so that we can choose 
p* as the only independent four-vector allowed by kinematics. The matrix 
element will therefore be of the form 


(42) M «x f(pZ)(eysy,, Pa?) & M.f(Dz)(Mys?) 5 


and the ratio r, is easily calculated 


2 [m2 —— m2\2 
(43) r= (me) (" | = 13.6-10-5. 
My} \m2— mi, 


The first factor (m,/m,)* is the ratio of the two squared matrix elements, the 
second factor is the ratio of the two phase spaces. For PS interaction the 
first factor has to be replaced by 1, and the ratio r,, is identical to the ratio 
between the two space volumes. 

It may perhaps be instructive to understand a little more physically the 
appearance of the factor m, in the matrix element for the case relevant here 
of A interaction (42). Consider ~~-decay. What is emitted is an J and a ». 
The /- is coupled in the F.G.M.S. theory as a left-handed particle, while the » 
is coupled as right-handed. Of course, it is equivalent here to talk of the 
F.G.M.S. theory or of a pure A interaction, as far the ratio (41) is concerned, 
but it is really more instructive to discuss directly in the F.G.M.S. theory. 
Nothing destroys the handedness of the » which has zero mass, and only the 
mass term will destroy the handedness of the [-, since it is known that the 
electromagnetic interaction preserves the handedness. So in the limit of 
m,=0 a left-handed and a right-handed particle would have to be emitted 
from a zero system, which is impossible because of angular momentum con- 
servation 


aren St 
Therefore the matrix element (42) has to go to zero for m, = 0, as it in fact 
does according to (42). 

What is important here is that radiative corrections (which a priori could 
not be regarded as negligible as compared to such a small decay amplitude 
in the case in which 1~ is e~) do not change this conclusion, as long as quantum 
electrodynamics holds on its conventional formulation. If, however, quantum 
electrodynamics contained for instance a 6,, coupling, which would destroy 
the handedness, then the radiative corrections would not have any more to 
be proportional to the lepton mass, and for the case of the electron, they could 
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produce essential changes in ‘the calculated ratio (43). The delicate nature 
of the dependence of the calculated value for 7, on the form of quantum 
_ electrodynamics was in fact pointed out by different authors [14]. The main 
interest in the question, at the time in which this discussion was made, came 
from the apparent strong disagreement between the experimental value for 
y and its predicted value 7, in the F.G.M.S. theory. Recent experiments have 
however reduced this discrepancy and are quite consistent with the theoretical 
value [15]. Apparently this case of the ratio of 7 +e+v to 7 > u+y (toge- 
ther with the corresponding case of K > e-+yv and K —u-+) is the only case 
_ for which a test of the hypothesis of universality can be made directly without 
- going into the various complications due to the presence of strong couplings. 
' There is still another case, which although a little more complicated offers a 
_ similar possibility, namely the comparison of the K ~-e+v+z7 and K — 
—>u+tv+z modes [16]. A decay mode K ~e-+v-+z7 can also be represented 
_ by a black box 


is one more prong coming out from the box. One finds that in the K rest 
system one now needs ‘two functions of the pion energy to describe the box. 
In fact 4-momentum conservation requires 


a4) . pi = pat py, 


and, taking pk and p* as independent, the most general matrix element will 


: The structure of the black box is here a little more complicated because there 
_ 

? 

be of the form 


: 
) ke 
(45) (Iy,, Pay) , 


_ where P* is a linear unknown combination of pt and p. Using the Dirac 
equation one can write (47) as 


(46) m, X (lay) - iY (ly, pay) F 


“where X and Y are unknown functions of (p% p%), a quantity which is essen- 
tially the pion energy in the K rest system. The hypothesis of universality 
implies that X and Y are the same functions of the pion energy independent 

of 1 being a uw or ane. To see in a particular case how one does effectively 

- find limitations on the decay probabilities from the hypothesis of universality, 


23 - Supplemento al Nuovo Cimento. 
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consider the particular configurations where the pion is emitted at rest 


The situation is exactly the same as for 7 > e-+v and m > u-y and in fact 
for such configurations the ratio 

OK 6 Ty) 

* — w(K>u+tyv4+n)’ 


in uniquely determined: 


(47) 4 


2 2 2 
uae (Fi =a = 2610-4) 

m, \Ao5— ma 
where 4; =m,—m_. The only change with respect to the pion case has been 
the appropriate modification of the phase space factor. In the general case 
one finds the following consequences from the hypothesis of universality: if 
the pion energy is measured the electron energy spectrum is uniquely deter- 
mined and only two possible muon spectra are allowed. For each of such two 
spectra the complete muon polarization (longitudinal and along the pion di- 
rection) is uniquely predicted [16]. More stringent conditions follow if it is 
supposed that as a first approximation the energy dependence in X and Y 
can be neglected. 

Finally, a few words about the 8-decay of hyperons. If such decay modes 
were much more frequent than they really are, one could think of proposing 
tests of the universality hypothesis by comparing for instance A°—> p+e-+yv 
to A°-+p-+yu-+yv. The leptonic decay modes of hypersns are however sur- 
prisingly absent or very rare. If one assumes that the coupling constants are 
not renormalized (or at least only little renormalized as it appears in (-decay), — 
then one expects from a direct (pA°)(ev) interaction, .. > p-++e-+¥v at a rate 
of 5.3-107 s-1, corresponding to 1.6% of the decays. Similarly from (=n)(€y), 
x” —+n-+e-+ v would occur at a rate of 3.5-10%s-!, corresponding to 5.6% 
of the cases. No evidence has been reported so far for such decay modes. 
We want to make a few remarks here in this connection. First, we know that 
leptonic decay modes of hyperons cannot be completely absent. In fact even 
if there were no direct interaction of the sort (pA°)(ev) one still would have 
graphs such as 


p 
(48) us 
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and 
p e 
5 ny TT 
— (48') 
K 
A 


v 


and we know that the four vertices in the above graphs do exist, corresponding 
to the production experiments and to the K +e+y, KF +2z+e-+yv decays. 
(K +e-+v must be inferred from K —p-+y.) Graphs of this sort will occur 
in a dispersion theory treatment of the process. The intermediate states are 
physical states. It can be shown that (48) gives a negligible pseudoscalar 
' contribution (the K is assumed to be pseudoscalar), whereas the contri- 
_ bution of (48’) is quite appreciable, but its evaluation is a little uncer- 
tain. The second remark, that we want to make is that if, as we also 
considered, in the strangeness-non-conserving current also terms (Kz) 
are present, there would be also contributions arising from A —>p+K —> 
—>ptety+n*—p-+e-+v and similar processes. However the axial contri- 
- bution (no interference A — V in the total rate if the electron mass is neg- 
lected !), is left unchanged. The restriction only to the (pA)(ev) term is much 
_ more stringent than the hypothesis of universality. Finally, numerical coef- 
_ ficients may very well be present in front of the term (pA) in the current, 
depending on the way in which universality has to be formulated. Such co- 
_ efficients may have to do with the question whether one really has to put the 
_ A-field operator into the original formulation, which has to do with univer- 
sality, or whether one has instead to use particular linear combinations of the 
\ different hyperon fields. It is apparent that no answer to these questions will 
be possible unless the available experimental information is greatly increased. 
Of course one can also always invoke renormalization effects for the coupling 
contants to explain deviations of the data from the theoretical predictions, 
but it would seem to us that such justification would be a little dubious if one 
‘had to use it for all the cases in which no leptonic decay modes are observed. 


9. — We can now formulate explicitly the hypothesis of non-renormalization 
for the vector strangeness-conserving current, according to the Feynman 
Gell-Mann proposal. We shall also reproduce a recent suggestion by Gell- 
Mann for a possible experimental test of the hypothesis [17]. Experimentally 
the 8-decay Hamiltonian is found to be given by 


(49) V8G(py, 41 + xys)n) (ey, ar) , 


where @ is the same (inside experimental errors of 2°%) as the u--decay coupling 
constants appearing in the interaction term 


(50) V8 G(vy, au) (ey, ar) + h. c. 
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The constant « is found to be =+1.20 [18]. The sign + is determined 
from the experiment on the decay of polarized neutrons, which gives very 
small asymmetry, thus suggesting the A — V form instead of the A+V form. 
We have already discussed how the ambiguity between the A—V and 4+V 
combinations could not be solved from the theory alone but had to be decided 
by experiment. As to the magnitude of « it can also be derived from the pola- 
rized neutron experiment, but with a rather large error. Better determinations 
are obtained from the B— «# diagram and from the free neutron lifetime: In 
this section we shall mainly discuss the problems arising from the result 1), 
namely from the equality of the renormalized vector constant in 6-decay with 
the value of the bare coupling constants as obtained from y-decay. The 
problems arising from 2), namely, why is the renormalization so small and 
why it is such as to increase the value of the coupling constant will be dis- 
cussed in the next sections. 

The Feynman Gell-Mann suggestion to explain the absence of renormali- 
zation effects in the V part of the 6-decay interactions consists in postulating 
that the strangeness-conserving vector current is divergenceless. The absence 
of renormalization effects on the charge e in quantum electrodynamics is a 
consequence of the divergenceless of the charge current, which, for instance, 
for a system containing nucleons and pions is given by 


(61) i=in tie = 4y.y) + Py, tay) + U(p*T30, p — (0, 9)* Ts) - 


Here the first term is divergenceless because it is the local nucleon number 
current, while the last two terms are divergenceless because they add up to 
the local current of the 3-component of isotopic spin. The decomposition cor- 
responds strictly to the decomposition of Q according to 


(52) Q a iar I, 


for a system with zero strangeness. The interaction with the electromagnetic 
fields is given by 


(53) = ¢,A, == A,— fA, , 


and the first term contributes to the Hamiltonian a term behaving like a scalar 
in isotopic spin space, while the second term contributes a term behaving like 
the 3-component of a vector. Now one can by analogy postulate that in the 
vector part of the weak strangeness conserving interaction what is coupled 


is the 7’ =j\? + ij component of the isotopic spin current 
~ “(7 al os O70 
(54) me ——— iNtiy,N+ Erni te 4. awl 
2 OL, 
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_ More explicitely the V part of the ®6-decay interaction is given by 


(55) = GFT) + ee, 
where 
(56) a = ivV/2 (ey, av) 


_ The lepton covariant J,’ plays here a role entirely similar to the field 2 be 
The term (54) is directly comparable with the term —ej?A, in (53). The 
matrix elements are strictly proportional. For any y-transition due to the 
second term in (53) there is a corresponding transition due to (55). The Hamil- 
tonian densities that contribute are, for the two transitions, 


(57) — a hos +h.e, 
and 
B (57") a ae 


Let us study in detail the analogy by making a multipole expansion for both 
the isotopic vector part of the electromagnetic interaction and our vector 
: weak coupling. The monopole terms are (limiting the discussion to e~ emission) 


(58) — GI,/2 (ey,ay) , 
| . (58') — e1;A,, 


where I is the total isotopic vector and the fields are taken at the nucleus. 
Equations (58) and (58’) may be used if one can neglect the energy release 
to the photon field. For instance one can compare 


(59) T+>r®°tettyv, 


with the @-decay mode of “*O. They both are 0 — 0 transitions, so only V 
is involved. One has to evaluate the matrix element of J* between z~ and z°, 
and between 4O and its daughter nucleus. This can be done only by isotopic 
spin considerations and one actually finds that 7+ —7x°+e+-+v and 40 have 
» the same ft value. The phase space available in (59) is however so small that to 
make any experiment to determine its rate would be very difficult. In general 
in ary 0+ — 0* 6-transition, which is allowed and only involves the interaction, 
the matrix element will be that of J, in the approximation in which (58) holds. 
This is however not a strong predicticn of the theory. It would automatically 
be satisfied in any auclear model in which the nucleus is described as a system 


: 
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of dressed nucleons. Fer a possible verification of the theory Gell-Mann sug- 
gests accurate measurements of some high energy (-transitions. For instance 
to the y-decay of the 15.11 MeV excited level of #C (with J=1*, IT=1) 
to the ground state of #@C J=0+, T= 0) there corresponds, in the sense of 
the above analogy, the 6-decay of the two other members of the J = 1 super- 
multiplet (#2B and #2N) to the ground state of 1*C. The V parts for such tran- 
sitions can therefore be expressed in terms of the y-decay rate. The main 
contribution is of course due to the A part, but the V contribution can still 
be estimated to be ~10% if the non-renormalization hypothesis holds. We 
note that the non renormalization hypothesis may also be useful in other con- 
nections. For instance it will give a relation between the V contribution of 
7 —>utvy+ty and n°+y-+y, and the V contribution of &*— A®+et-+v to 
x° > A®°+y. It is useful to note that there is no interference in the total rate 
between A and V in X*-—- A®°+et+t+vy as long as the electron mass is neg- 
lected. 


10. — We shall now discuss the problem of the renormalization of the axial 
vector coupling constant. As we said before the Gamow-Teller coupling con- 
stant in @-decay is by now definitely different from the Fermi coupling con- 
stant and thus one should not insist further in trying to make the axial cur- 
rent also non-renormalizable. Moreover it might be difficult, mathematically, 
to make the axial current divergenceless. The two questions may however 
be quite unrelated. One has an argument due to GOLDBERGER and TREIMAN 
which shows that a divergenceless axial current would be in conflict with es- 
tablished experimental evidence in §-decay [19]. Let us sketch here the ar- 
gument. Write the axial 6-decay matrix element in the form 


A 


(60) (U.y,,au,)<p lin } | n> id 


Now <p|ji,?|n> can be written as 


(61) <P lan |n> = (Ula K*)y 7s + 1K), ys)u,) , 

where K, = K'— Ki» is the momentum transfer, a(A?) and b(K*) are nucleon 
form factors. The form (61) follows from Lorentz invariance, time reversal, 
and charge independence. In particular a possible term of the form UO Ys Uy 
does not appear because of the circumstance that n and p belong to the same 
charge multiplet. Using the Dirac equation for the leptons and momentum 


conservation, one finds for the A-matrix element of 6-decay 
(62) aK?) (Uy, 4U,) (UY ,Vstt,) + m,b(K*)(Uau,)(Uy5M,,) « 


The effective A coupling constant is g,—a(0), because of the smallness of 
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the momentum transfer, and moreover there is an effective PS coupling con 
stant g,—m,b(0). If now we postulate 


oj 
(63) a 
Oxy, y 
we find in momentum space 
(64) K,<p lf? |n> = 0. 


Substituting (61) in (64) we find (w,[a(K®)y, Ky, -+-ib(K*)K*y,|u,) = 0 and using 
the Dirac equation for the nucleons, we finally find the relation 


2NyM. 
(65) Gee pce 94: 


between the PS and the A coupling constants. The ratio g,,g,; turns out then 
to be energy dependent, because of the K? dependence, and very large, ~ 1000 
at least. This is inconsistent with experiment. No such difficulties arise from 
the V part. Here the matrix element analogous to the (61) contains only a y,, 
term and a term o,,K,. The term with K, alone disappears by invariance 
arguments. It is then evident that the condition (64) can indeed be satisfied. 
There is perhaps a more direct argument to show that the axial strangeness 
conserving current is not divergenceless. In fact the decay modes 7 —wu-y, 
7 —-e-+y, would not occur through such a divergenceless current. Since they 
both exist, the A current cannot be divergenceless. 

Finally let us speculate »bout the quantitative aspect of the renormali- 
zation problem for the axial coupling constant. If one accepts the Feynman- 
Gell-Mann suggestion that the vector part is non-renormalizable, one is then 
left with the conclusion that the renormalized axial coupling constant is « 
times larger than the bare coupling constant (with « ~1.20). The first ques- 
tion concerns the sign of the renormalization effect. Why is the effective 
coupling constant larger than the bare coupling constant? We first should 
point out that the situation here has not very much to do with single cases 
where essentially only one field is involved. One likes to imagine that an 
original bare charge polarizes the vacuum and is then surrounded by charges 
of the opposite sign, so that the total effective charge is diminished. Here, 
however, the situation is certainly quite different. More appropriately one 
can discuss the effect in the static source theory. One can easily convince 
himself that the renormalization factor which multiplies the bare coupling 
constant to give the renormalized coupling constant is something like 
(1+4X*)(1+3X?), where X? is the probability of finding in the cloud a pion 
of given charge. This factor is certainly less than unity. So one is led to the 
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conclusion that, if the renormalization effects are such as to increase the value 
of the coupling constant, a more sophisticated description of the nucleon is 
necessary to evaluate them, in particular nucleon-antinucleon pairs will play 
presumably an important role. 

For a discussion of the problem of the renormalization of the axial coupling 
constant the best basis is offered by the dispersion relation approach, as de- 
veloped in the particular case by GOLDBERGER and TREIMAN in their work 
on form factors for weak interactions [19]. We shall here only limit ourselves 
to a few general remarks. First of all we should point out that the problem 
of the renormalization of the coupling constant is perhaps undefined in the 
ordinary renormalization theory. Actually a renormalization program can be 
carried through consistently for strong electromagnetic and weak interactions, 
as long as the last ones are only taken up to their first order, as discussed in 
detail by WEINBERG [20]. To be definite let us limit the discussion to a 
system consisting of nucleons, pions, photons, electrons and neutrinos. There 
is a bare AV coupling between n, p, e and vy, which has to be taken only at 
first order. To have a renormalizable theory one finds tbat apart from the 
renormalized A and V coupling constants one still has to introduce two other 
coupling constants corresponding to two possible normalization counterterms, 
so that a total of four weak constants in needed. The two counterterms con- 
tribute direct amplitudes to 


(66) TT >rt+e+y 
and to 
(67) ™—>e+y. 


If one introduces a non-renormalization hypothesis for the V part one finds 
that one needs only a constant for (67), because the coupling constant for the 
counterterm producing (66) is now fixed by the condition of zero divergence 
of the V current. In any case however the amplitude for (67) is unrelated 
to the 6-decay amplitude. Now in the dispersion relation approach, as de- 
veloped by GOLDBERGER and TREIMAN, only two weak constants are instead 
introduced: one is the renormalized axial coupling constant, the other one is 
the renormalized vector coupling constant. They correspond to two sub- 
tractions, one made in the dispersion relation for the nucleon axial form factor, 
the other one made in the dispersion relation for the nucleon vector coupling 
constant. The amplitude for (67) instead is assumed to satisfy a non-subtracted 
dispersion relation. Thus, one can say at least that the dispersion relation 
techniques make it possible to give unambiguous answers to questions which 
could not be consistently formulated in perturbation theory unless by recourse 
to arbitrary cut-off procedures. An example is provided by the recent formu- 
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lation by CINI, FERRARI and GATTO [21] of the problem of the neutron-proton 
mass difference. In renormalization theory the physical masses are directly 
introduced through suitable counterterms. With the dispersion relation techni- 
ques the problem of calculating the mass difference can instead be formulated 
unambiguously, provided the convergence of the dispersion relations is assumed. 
Now to formulate the problem of the axial vector renormalization one can 
use the dispersion relation approach, but one has to postulate that non-sub- 
tracted dispersion relations are valid for the axial and for the vector nucleon 
form factors for 6-decay. Such a postulate is of course highly questionable, 

and we shall not go into more details here on these problems. Furthermore 

' to evaluate the integrals on the absorbtive parts in a non-subtracted dispersion 
relation may be a very difficult question, because of the poorer convergence 
of the integrals, even if they converge at all, which may require a knowledge 
of the imaginary parts up to very high energies. 


11: — Let us now summarize what we have seen about the strangeness con- 
_ serving current S¢. The vector part may very well be non-renormalizable. There 
is a difficult with the o-value, but here one has to wait for better experiments. 
The axial part has almost no chance of being non-renormalizable because of 
the difference in the Fermi and Gamow-Teller 6-decay coupling constants. 
_ Also, the A current is not divergenceless because of the existence of m—u+yv 
and m—e-+y, and because of the large unobserved pseudoscalar in $-decay 
that one should have in such a case. Now what about the strangeness non- 
conserving current? If we say that the K is pseudoscalar then the A part 
of the strangeness non-conserving current S"%, is certainly not free of diver- 
gences because of the existence of K—yw-+y, which occurs through the A 
part and implies a divergence. For the V part one can hope to have experi- 
mental information from the K —1l+v+7 spectra. Such decay modes in- 
fact entirely through V and the condition on the current to be divergenceless 
imposes restrictions on the form factors for such decay. This has been dis- 
cussed by GOLDBERGER and TREIMAN [19] and also by WEINBERG et al. [22]. 
The last authors however do not use explicitely the hypothesis of universality 
and thus they obtain less stringent requirements. The matrix element for 
K +l+y-+z, equation (4), is written in the form 


(68) (ly,ar)<a|V,|K>, 


where <x|V,,|K> = ¢(K*)p, + d(K*)K,, if p,=pi?t+p,. and K,= i ae 
The hypothesis of absence of divergences would imply K,<a|V,,| >= 0, thus 
giving a relation between d and c, namely K2d = (mj—mz)c. Therefore only 
one form factor is unknown. It can be shown that the decay rate for 
K +e+v4+7 has then necessarily to be larger than that of K ~w+v-+7. 


1 
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This conclusion is not inconsistent with experiment. More stringent tests along 
the lines of reference [16] are still possible however, but one will have to wait 
for better data. We should like, however, to point out that it may in fact 
be difficult to formulate theoretically a conservation law for the vector part 
of the strangeness non-conserving current. For the strangeness conserving 
current we employed conservation of isotopic spin. However the strangeness 
non-conserving current will behave in general like a superposition of I =} 
and J = 3, and no similar possibility can be thought of in this case. A final 
remark concerns the possibility of including in the scheme for the strangeness 
conserving terms beside the 7, and J_ currents of isotopic spin, also the neutral 
I, current, which could be coupled to the neutral lepton class 2° according 
to the scheme we have already proposed. The only motivation for such a 
scheme so far would be its greater symmetry. Furthermore one would perhaps 
have some new possibility open for the relevant question of-defining in a local 
way rototations in isotopic spin space, a question that was explored some 
time ago by YANG and MILLS [23]. 


12. — It is apparent from our discussion that many points still remain to be 
clarified and more accurate experiments are needed in many cases. The for- 
mulation of the weak interactions in terms of the interaction of a current with 
itself may eventually turn out to be correct. However the explicit definition 
of the current is still unknown or at least partialy known. The vector strange- 
negs-conserving current, if it has to be divergenceless, as suggested by the 
absence of renormalization effects, is determined uniquely as the plus com- 
ponent of the isotopic spin current. A minimal axial strangeness-conserving 
current is then determined from the condition that fermions always appear 
in the projection $(1+y,). As far as the strangeness non-conserving current 
is concerned, no such general symmetries have been discovered so far, to pro- 
vide us with an unambiguous definition. In particular boson terms of the form 
(Kz) cannot be excluded. It must also be remarked that the structure of — 
such current is simplified considerably if a AS =+-1 selection rule holds for 
the interaction, or even more restrictive conditions hold such as a AT=}3 
rule for the current. We have also discussed the possibility of neutral 
currents. A very symmetric scheme would be obtained by introducing a 
neutral strangeness conserving current to be identified essentially with the 
3 component of the isotopic spin current, possibly coupled also to the leptons, 
with the exclusion of the (ue) pair. Such a scheme would lead to no experi- 
mental inconsistencies so far, and could perhaps provide new possibilities to 
define isotopic spin rotations in a local way. If a AJ = rule holds in the 
decay of strange particles the scheme of universal interaction as the coupling 
of a charged current to itself will have to be revised. A coupling of a neutral 
Strangeness non-conserving current to leptons seems however inconsistent with 


an 
a 
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present data. We should furthermore point out the necessity of accurate 
experimental tests of the non renormalization hypothesis for the vector part. 
More theoretical and experimental accuracy is required in the comparison of 
the p-decay constant with the effective vector coupling constant of @-decay. 
The necessity of an accurate determination of the o-value in u-decay is con- 
nected with this problem, and also with the question of the possible existence 
of an intermediate meson to act as an intermediate agent of weak interactions. ° 
A more accurate upper limit for u-+>e+y would also be useful in this con- 
nection. The apparent absence of hyperon ~-decays may be relevant for the 
definition of the strangeness non-conserving current. However the A and & 


lifetimes and the K -u+v and K—+yu+v+7 rates are all well understood 


in terms of coupling constants of the order of that for t >u-+yv. A very dif- 
ficult theoretical problem is presented by the sign and smallness of the renor- 
malization of the 6-decay axial coupling. To compute such effects one would 
have to rely on theoretically doubtful non-subtracted dispersion relations, and 
a possible evaluation would moreover be very difficult because of the many 


-unknown amplitudes which may contribute. It is important to note that a 


theory renormalizable up to the first order in the weak interactions would 
require the presence of counterterms which are not strictly necessary if the 
convergence of certain subtracted dispersion relations can be assumed. More 


simple discussions on the role of the strong interactions in the weak processes 


can be carried out in the comparisons of processes in which the same structures 
appear for different values of the momentum transfers, for instance in the com- 
parison of u absorption to B-decay, or of K+>zx-+e+v to K>x+yp-+v. For 
such comparison one can use substracted dispersion relations, whose conse- 


quences are perhaps more reliable. 
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An Introduction to Dispersion Relations. 


E. CORINALDESI 
University College of North Staffordshire - Keele (*) 


I have been carefully briefed as to the subject matter of my talks. My 


assignment is to impart to you the elements of dispersion relations, building 


up both the physical and the mathematical backgrounds of this subject, which, 
during the last few years, has come into prominence. On the other hand, I 


am not prepared to pronounce judgment on the real use of dispersion relations 


in meson theory, a question which will be dealt with by others during this 


o 


course. 
Dispersion relations can be established in a variety of problems, ranging 


from the theory of electrical networks [1, 2] and the optics of dispersive 


media [3-6] to potential scattering in non-relativistic wave mechanics [7, 8] 
and finally to quantum electrodynamics [9] and pion physics. 

The mathematics of dispersion relations is the same in all these problems. 
It is essentially the theory of functions of a complex variable, and especially 


the famous Cauchy theorem of complex integration. This is very fortunate! 
On the contrary, the physical foundations of dispersion relations are certain 
causality conditions, which must be suitably formulated in every single problem. 


For this reason, I prefer to start from the mathematical angle. 

The idea is that if we have a function f(7) of a real variable 7, say 
f(v) =1/(@?+ m2), it is often possible to extend its domain of definition, in 
the sense that we can find a function f(z) of the complex variable «#-+ wy, 


which, on the real axis, reduces to our given f(x): f(v) =[f(¢)],_5- In the case 
of f(#) =1/(#?+ m2), the function sought is clearly f(z) = 1/(2?-+ m?). 


: 


(*) Now at Istituto di Fisica dell’ Universita, Pisa, Italy. 
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Among the functions of a complex variable, the so-called analytic functions 
play a special réle. They can be defined in several ways, from among which 
we shall choose the well-known integral definition, that the integral of an 
analytic function along any closed curve in the domain of analyticity is zero, 


(1) fre de. ys 


There are functions which are analytic in a certain region except at a finite 
number of points, where they are «singular». H.g. 


1 
Na Mtoe © 


is singular at <= 2'=a'+v1y’ (simple pole). If we integrate this function along 
a closed curve which does not enclose 2’, things are as they were before, and 
the result is zero: 


Zs 
(2) oe 0. 7 
¢ C4 


On the other hand, 


(2') |v dz = 2ni, ao: 


Ue: 


if ze’ is a point inside ¢, (we would have — 27 in theright member, if ¢, were 
described in the clockwise direction). 

If f(z) is an analytic function, the product f(z)/(¢—2’) is no longer an 
analytic function, unless f(z’) = 0 (which we exclude). In this case, instead of 
(1) we have 


(3) 


1 /fle)de | fle’) if 2’ is inside ¢,@ 
Ont ht eae ld) _ if 2’ is outside ec. 


This is the well-known Cauchy formula and the whole basis of dispersion 
relations. These are derived as follows. 

Assume that f(z) is analytic in the whole upper half of the complex plane, 
and take as the contour of integration a curve ¢ consisting of the real axis 
and of a semicircle of infinite radius in the upper half-plane: 


fre 
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Let 2’ be very near the real axis, say 2’ = 2% —a’+ te (e> 0) 


we’ +- te . 
.a'— Ve - 
Then 
(4) Af fede _ | fe'+ ie) , (+ sign), 
Qari J 2—at | 0 (— sign), 


c 


since in one case #’+7¢ lies inside the contour of integration, whereas in the 
other case it lies outside. 

A dramatic simplification of this formula takes place if the modulus of 
f(z), |f(2)| tends to zero at large distances from the origin, for then the inte- 
gral along the semi-circle tends to zero and we are left with an integral along 
the real axis 


Af tleyde _ | feo + ie) (+ sign), 
ini | 2— eS 10 (— sign), 


— oO 


(5) 


This is a dispersion relation, thought not yet in a satisfactory form. In 
fact, in the integral the function f(x) occurs only for real values of its argument, 
and this is a good job, since the argument, in the application, will be a real 
physical quantity, e.g. a frequency or a momentum. On the other hand, the 
occurrence of f(x’--ic) in the right member makes it clear that we must 
perform the limit « > 0. 

We cannot just pur «= 0 in (5). For it was essential to the derivation 
of (5) that the point «’-+ ie had to be inside the contour of integration, and 
xv’ —te outside. Moreover, for «=0 the integral in the left member becomes 


+o 
i f(x) da/(«—-'),, which, unless suitably defined, is divergent at =a’ by 


virtue of the factor 1/(#— 2’). The correct way of performing the limit e—0 
is the following. If the point x’+ie, say, is to remain inside the contour cf 
integration while « + 0, it must produce a bulge on the real axis, thus: 


saaunn CO Suen 


Therefore the path of integration along the real axis must be slightly deformed 


in the vicinity of 2’, so as to by-pass it from below. The same argument 


applies to #—ie, which will remain outside the contour at the expense of 
deforming the latter, thus: 


LAs 7 ame aoe 


x 


1803 


ll a ie of . ae ee fie 2 aS a 
BUor E. CORINALDESI 5 


so that # is now by-passed from above. The indentations can be as small — 
as we want, and are conveniently taken as semi-circles of radius o (9 > 0 in 
the end) and centre 2’. 

Therefore 


Paes f(a) 
(6) Kim | as + ie) ae in| [ ee pase 


oo 


a 


+ non vanishing contribution from indentation = — 


pie = +| f(a')/2 (+ sign), 
| ! * 

x — of! — f(a')/2 (— sign). 

Here P denotes the principal valve of the integral. It stands for Cauchy’s 

prescription for defining integrals of the type 


HO) an 


i 


by excluding from the range of integration an infinitely small interval of which 
’ is the middle point (this is essential!). 
Using (6) we find 


+o 
1p [io 
JUV Ua 


—-—o 


dx. 


— 
4 
4 


f(a!) = 


Nore 1. - The derivation of (7) from (4) can be performed symbolically by using 
the formula: 


| 
. 
; 


1 1 
a lim ——_ = P—F ind(z). 
270 & + Ve z 
Then: 
lim 1 1 =i 
235K Lj alg Praas 
e302 a(t) e—>0 (& a!) = a Fee, + im 6(« x’) 
which, inserted in (5), yields 
pes + @ 
(9) _ lim par .P f(x) dx " 
e>0 ne ~ — 2) ee 
+@ 
an m 
Sj | 00” —#") Hla) der = 1 


~I 


and eq. (7). 
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Nore 2. - If f(z) is analytic in the upper half-plane, but |f(z)|<A|z| as |2|"> oo, 
the function 


f(z) = fla) — f (@o) (& — 2) —... = (1/m!) f(a) (2 — a)" 


(¢—%)"** 


LH) 


> 


(% real) obeys dispersion relations: 


1 aie 
F(a') = — - da, 
TU L—a 
4.€. 
t ; 1 F(x) 1 
f(a") = (x'—a9)”*1 | a , dx + f(&o) + --- + -— f(a) (e'— a)". 
m0 — ax n! 


‘This formula may be obtained by replacing f(z) in eq. (4) by f(z2)/(¢ —x% + i)" and 
using the symbolic formula [12] 


; 1 1 Gee 
lim - ee 4m O™(z — apo) 5 
n-o0 (2 y+ igrt (@ — a) nm! 


(6 = n-th derivative of 6-function). The meaning of « P » here is that the first (n+ 1) 
terms of the Taylor expansion around z, must be subtracted from /f(#) in the integral 
along the real axis. This point was clarified in a discussion with Drs. FERRARI and Stora. 


It is customary to represent f(v7) as the sum 
(10) f(v) = D(x) + 1A (a) 


of its real part D(#)— Ref(x) and its imaginary part A(«#)=Imf(x). In- 
serting (10) in (7), and comparing real terms and imaginary terms, we find 


ee 
Det) =P] owe, 
(11) ae 
aed fee 


These relations, we repeat once more, are valid if f(z) is analytic in the 
upper half-plane and tends to zero at large distances from the origin, so that 


er dz—>0. as. Go. 


+ =. 2» 
~ o 


semi-circle of radius R 


24 - Supplemento al Nuovo Cimento. 
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(The length of the semicircle is aR, the factor 1/(2— 2’) will contribute 
a factor 1/R as |e|= R>|e’| along the semi-circle.) 

We already have all the equipment that is necessary for establishing di- 
spersion relations in optics. I need only remind you that for electromag- 
netic waves propagating in a dispersive medium, conceived as an assembly of 
oscillators (say N oscillators per unit volume, all with the same natural 
frequency @, and natural width J’) polarizability y is 


e? 1 
m w2— ow? —iol”’ 


(12) fe 


which is a complex function of the frequency w. The imaginary part, as is 

well-known, embodies damping effects. May I remind you also of the relation 

e=1-+y between y and the dielectric constant « (D=eH= H+P=EH-+yE£) 

and n=Ve~1+y/2 between the refractive index and the polarizability. 
Assuming this latter relation to hold exactly, we have 


y e : 
(eo) —1=—-=WN ; 
(13) n(w) t 2 om (aw — @?) = iol’ 


a complex function of a, 


(14) n(w) —1 = D(w)+ iA(o), 


whose real and imaginary parts are given by 


e ws — w? 
(as) age 2 2m (we — w?)? + wl?’ 
2 
Alay at 


2m (w2 — w?)? ++ wl?” 


So far wm has been regarded as a real quantity. However, (13) represents 
a function in the complex plane w=@,+%,, to which all our previous con- 
siderations may be applied. In fact, |n(w)—1]| tends to zero as |w|— oo. 
Moreover, n(m) — 1 has no singularities in the upper half-plane if the width J” 
is taken to be independent of w. It has two poles at the roots of the quadratic 
equation 


w + iol—a=0, 


which are both in the lower half-plane. (Note: If the correct dependence of 
I on w is considered, [’= e?w?/6amec?, then the equation is cubic, and one 
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of the roots is in the upper half-plane (ToLL). This is connected with the fact 
that causality doesn’t hold for the classical electron.) 
Therefore, renaming the variables, the first of eqs. (11) becomes 


+o 


(16) Dio) = P{ Oe, 


7 Wis OD. 


—-o 


with D(w) = Re[n(w) —1] and A(w) = Im[n(m) —1] = Im n(o). 

It is apparent from (15) that A(@) is an odd function of w, Afw) =— A(— w) 
so that the integral can be transformed into one over positive frequencies 
only, and the dispersion relation for the refractive index becomes 


+ © 


(17) Re [n(o') —1] = ep jos n(w) dew 


12 
0 


jw? — w 


_ Occasionally this equation is written in another form, by subtracting from it 


— (18) Re [n(w') — n(0)| = ns Pe 


its value for w'’=0, 


Loe} 


2 i Im 7n(m) da 


«o(w? — w) 
0 


It is now time to establish the connection between dispersion relations and 
causality. This can be presented in several ways. I shall proceed by enun- 
ciating a theorem which is a special case of one more general due to TITCH- 


_ MARSH [10]. 


Let f(z) be the Fourier transform 


(9) | fle) = | g(t) exp [et] ds 


of a function g(t), which is 


«) bounded and square integrable, 


and 
p) g(t) =9 for t< 0. 
Then 
(20) fle) = | g(t) exp [iet] dt = | git) exp [ist] de, 
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defines a function of the complex variable z= #-+ iy (reducing to f(#) on the 
real axis) which is analytic in the upper half-plane and whose real and ima- 
ginary parts satisfy dispersion relations. 

Without going into mathematical details, I shall confine myself to stressing 
the réle of the exponential exp [izt] which occurs in (20). Since: 


exp [izt] = exp [t(a + ty)t] = exp [iat] exp [— yt], 


with ¢>0, as the integral extends only to positive values of ¢, this expo- 
nential is the product of an oscillating factor exp[ixt] by exp[— yt], which 
latter decreases exponentially as y—>-+ co (7.¢. at large distances from the 
origin in the upper half-plane) and increases as y —— co (t.é. in the lower 
half-plane). This, together with the boundedness of g(t) leads to the bounded- 
ness of |f(z)| in the upper half-plane, for 


ie) = fat exp Lie at) </a(t| lexp|— yar < K [exp [— yf) at = 


K 
=a ein 


along a circle 2 = R exp (i) : 


In other words, |f(v)| is not only bounded in the whole upper half-plane, 
but indeed decreases at least as rapidly as 1/R. Moreover, the analyticity of f(z) 
in the upper half-plane follows from its boundedness and its being a super- 
position of analitye functions, 7.e. the exponentials exp [izt]. The connection 
of all this with Physics is clearly illustrated by the example of absorptive con- 
densers. The current J(t) passing through one of these is related to the applied 
voltage U(t) by the formula: 


d U(r) 
dt 


(21) Hi) = G0 + 090 4 | git ea 


where g(t) is a bounded function which is zero for negative values of its argu- 
ment. Thus only voltage changes at times previous to ¢t contribute to the 
integral, this is what is meant by « causality » in this particular problem. 

For an applied voltage of the type U(t)= U(w) exp[—iwt] it is easy to 
show that the current is /(t) = I(w) exp[—iwt] with 


(22) I(w) =[G@ — io, + iw F(w)|U(@) , 
where 
(23) F(w) = D(w) + 1A(o) =| a exp[iwt|}dt. (g(é) =0 for t<0). 
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Therefore, according to Titchmarsh’s theorem, dispersion relations will con- 
nect the real and the imaginary parts of the function F(a). 

The connection of causality with the analyticity properties is just as easily 
exhibited in the theory of optical dispersion. 

Consider a signal 


(24) flat) = i Eas | a (! 7. ai ao a 


=|f0) exp | - 0) (! — A) exp iofn(o) _ 1} do. 
Assume that f(z, ¢) is zero at e=0 for ¢<0. Then 
al F 3 
f(@) = oa | t) exp [iat] dt, 


is a function of w analytic in the upper half-plane. So is also 


exp |i@[n(m) — 1] | : 


Therefore the product of these two functions is analytic in the upper half- 
plane and its Fourier transform must vanish for negative values of its argu- 
ment t. In (24) t=t—2ez/e, and therefore 


1(2, t) = 0 for 2> ct. 


APPENDIX 
Dispersion relations for the scattering of photons by electrons: the Thomas- 
Reiche-Kuhn sum rule. 


In the paper by GELL-MANN, GOLDBERGER and THIRRING (GGT), the dis- 
persion relations for the forward coherent scattering amplitude are given in 


the form 


ity ii 20" r Aji(w) dw 
Diyylor') Diy (0) = - zx i eit)" 


0 


Here Dji and Aji are the real and imaginary parts of the scattering ar- 
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plitude. In general the scattering amplitude is denoted by 
Diilks, k;) = iA i(k, k;), 


signifying that the scatterer (e.g. an electron, bound or free) undergoes a tran- 
sition from the state 7 (initial) to the state f (final), and the momentum and 
polarization of the photon change from (k;, A) to (k;, yu). 

For forward coherent scattering i=f, k;=k, (k;|=|k;| =o in units 
e=h=1) and A=up. 

These transition amplitudes are derived from the quantum theory of fields. 
However, we can understand the formula classically just as well, by repre- 
senting bound electrons as harmonic oscillators. 

The expression for the field scattered by an oscillator can be found in 
elementary textbooks. It reads 


a(e + e cos 0), se ee a : 


where e and e” are unit vectors, perpendicular to one another, ¢ =1 so that 
the wave number k is equal to the circular frequency w, and 


oy 
Ce ee a(w) 


with 
e ail 
mo — ow — iol 


Y 


is the « scattering amplitude ». Thus Dj; and Ajj are essentially Re a and Im a. 
If J’ is regarded as constant, a(@) does not tend to zero as wm — oo. For this © 
reason the GGT dispersion relations are satisfied not by a(w) but rather by 
(a(w) — a(0))/@, a function of m which does tend to zero as wm —oco and has 
no singularity for w= 0. 

Further it can be shown that, denoting by o the total cross section, 


C= ae Ima. (optical theorem). 
a) 


(Proof is straightforward: evaluate Poynting vector and flux through sphere etc.). 
Therefore the GGT dispersion can be written 


270? wt — ow?” 


12 r 
Dio") —Di(0) = — P| ae 
0 


It is now Dj(0) = 0, and assuming that Dji(co)=—e/m (i.e. for infinite 
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energy of the photon the binding of the electron can be neglected, and Dji(m) 
tends to its value — e?/m for scattering by a free electron — in applying our 
classical formula notice that J’ must be constant for this to be true) we find, 
by going to the limit @'— oo. 


foo) 


9 2 2 
food a aie P 
m 


0 


This is the Thomas-Reiche-Kuhn sum rule. Before GGT devised the above 
proof, it had been proved for dipole transitions (wk <1) only. 


Dispersion relations for non-relativistic potential scattering. 


I shall now proceed to discuss dispersion relations in the modest problem 
of non-relativistic S-scattering by a central potential of short range. 

As usual we define a new function g(r)=ry(r) from the Schrédinger wave 
function y(r). Introducing suitable units, the equation obeyed by g(r) is 


(A.1) ¢g"— Vo =— ie - 


where the potential V(r) vanishes for r> 7. 

All physically meaningful solutions must be zero for r= 0. We shall con- 
sider solutions of given energy H = k?, which, for r > 7,, can always be written 
in the form 


(A.2) gy = ¢(exp[— tkr] — S(k) exp [ikr]) exp [— i#t]. (275): 


In this formula S(k) is the S-matrix (here an ordinary function of k) with 
the property 


(A.3) S(k)S(—k) = 1. 


Whenever k and £ are real quantities, (A.2) represents a scattering wave 
function. In this case, S(—k) = S*(k) and therefore 


{A.4) S(k) S*(k) =1, 


which is the unitary condition for the S-matrix in the case of S-scattering. 

Eq. (2) can be taken to hold when & and # are complex numbers. We 
write kK=k,+ik,, k*=k,— ik, and EH = (ki —k?)+ 2tk,k,. In this case eq. 
{A.3) is still valid while eq. (A.4) must be replaced by 


a 


[S(k*)|*, 
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reducing to (A.4) when k is real. We see from (A.4’) that the S-matrix is 
unitary only for real k. As for the physical interpretation of complex mo- 
menta, we note first that, if the momentum is purely imaginary (hk, = 0), 
the energy is real and negative. Thus the wave function (A.2) would be that. 
of a bound state if it were square integrable. This is the case if S(k) has a 
zero on the negative imaginary axis. Then, for r> 7, @ consists only of the 
first term exp [— ikr] = exp[k,r], which is in fact square integrable for k,< 0. 
Note also that, by virtue of (A.3), there is a pole on the positive imaginary 
axis for every zero on the negative imaginary axis. These are the only poles 
of the function S(k) in the upper half-plane, and they are all along the positive 
imaginary axis. : 

They are not, however, the only singularities in the upper half-plane. We 
can see this by studying the case of a square-well potential of range 7, and 
depth — V,, for which S(k) can be given in an explicit form, 


k Se 
1 ep aT We 
(a BA 7 i ) 

k a Soe 
alee pa NEL bt SVG 
Vasa g ( + Vo) 


(A.5) S(k) = exp [— 2ir k]. 


1—1 


Clearly S(k) has poles at values of k for which the denominator is zero 
(bound states), whereas the factor 


exp [— 2irk], 


has an essential singularity at infinity in the upper half-plane, since exp [ 279k, | 
tends to infinity as k,— oo more rapidly than any power of k,. The function 


S(k) exp [2irk], 


on the other hand, has no essential singularity at infinity. For potentials of 
range 7) other than the square-well potential, the essential singularitity would 
be of the type exp [— tak] with a < 2r,. Thus itis killed by the factor exp [2ir)k] 
in the upper half-plane, while an essential singularity is introduced in the 
lower half plane. 

Let us for a moment forget about bound states. We can then say: the 
function S(k) exp[2ir,k| is analytic in the upper half-plane. It would obey 
dispersion relations if its limit as |k|— oo were zero. This, however, is not 
the case, as general studies of the S-matrix have shown. Consequently S(k) 
exp [2ir,k] must be multiplied by a suitable convergence factor. This must. 
be done in such a way that no new singularities are introduced. Therefore, 
if we multiply by the convergence factor 1/k, say, we must subtract S(0)/k. 
We obtain the function 


S(k) exp [2i7,k| — S(0) 


(A.6) : 


analytic in the upper half-plane and regular for k=0. Writing dispersion 
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relations for (A.6), and putting 


Dk) = = Im [S(k) exp [2irk]] = Re E S(k) exp [Birt] F 
(A.7) s 


1 3 ih F 
All) = — 95 Be [ S(k) exp [2irok]] = Im La S(k) exp [2ink] ; 
(D and A are essentially the real and the imaginary parts of the first term 
of the scattering amplitude 
u y 
Vag ee (cos 8) (exp [2i7.] —1) 


multiplied by exp[2ir,k]) we obtain 


Eee ee pene dk, 


(A.8) 


where the extra term occurs only in one of the equations since S(0)=+1 
and therefore Im S(0) = 0. 

Further, we must take care of the bound states, if there are any. We stated 
at the beginning that, if a function f(z) is analytic except at certain singular 
points 2,, 2,..., then the integral of f(z) along a contour ¢ enclosing these is 

not zero. However, if we add to the contour a series of small circles around 
the singularities, all described in the clock-wise direction if ¢ is described in 
the anticlockwise direction, then the integral is again zero: 


fre de + ( {+ 2 +[) f(e)dz = 0, 
haan 


For this reason we have to add to the right member of the dispersion 
relation for (S(k) exp [2i7,k] — S(0))/k the integrals 


(A.9) > tl Leap ee PA ie 


or: 


= 
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(c, around the pole k, on the positive imaginary axis). Correspondingly the 
terms 


k' Do Ie. 
a kk — ki!) and U pe kn (Wiias Rj? 


k( 


must be added to the right members of the eqs. (A.8). Here 
b, = Res [kS(k) exp [277k] ca ia « (Res = residue). 
Problem. — Write dispersion relations for S(k)/(k?—ko), (kp real); in integrating 
along the real axis the points +k, and — 2 must a avoided by means of 
indentations. Let kj, +0 and obtain (A.8)[11]. The convergence factor 


1/(k2 — kg) is employed by GOLDBERGER and others in deriving dispersion 
relations for pion-nucleon scattering. 


Causality in non-relativistic potential scattering. 


I now wish to show how the dispersion relations for (S(k) exp [2ikr,] — 8(0)) /& 
can be derived from certain causality requirements in. the time-dependent 
scattering theory. 

For brevity’s sake we shall assume that there are no bound states. 

If the wave function g(7’, t') is known at a time 7’, its values at a later 
time ¢ are given by 


(A.10) g(r, t) = | K(r, t; 7’, t)p(r', t') at’, 
‘ 0 


where the propagation function K(r, t; 7’, t’) has the following properties: 
1) Kir, t;7',¢)=d(r—r'), 


a 
(A.11) PNP QUT il a Ah ee UA for t<V, 


3) (ote :—V) Ker ts 1 y= 0. for t>t4 


Since there are no bound states, the function K is explicity given by 


oo 


(A.12) KG Yt) = eS y(t — 0 rrygter) exp [— iE,(t —t’')]dk, 


where 


meus LS a Dn ae “ we ee eee id 1 Races nee aoe) ee ey Pe | 
" a? ° . Ly d en"? a <n 4 a t j 
7 ae ~ ‘ ih - iy * - a s 
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and the functions g,(r) are defined as in (A.2), 
4{A.13) g(r) = exp [— tkr] — S(k) exp [ikr]. Ret iNe 


(The completeness relation for the functions g,(r) is obtained by putting 
+=? in (A.12) and using the first of eqs. (A.11)). 
We then have for t>? and (r,7r')>7%% 


(A.14) POG Er, lice a [exe [— ik(r — r')| — S(k) exp [ik(r —1')]- 
a -exp [—7H,(t —t’)| dk]. 


In the absence of scattering (_V=0) ,(r) = exp [— kr] — exp [7kr] and the 
propagation function for ¢>t’ is 


foe) 


: {A.15) A ae RS a x | [— tk(r — r’)| — exp [ik(r + 7’)]- 


= -exp[— 7H, (t—t)]dk. 


Assume now that for t¢< 0 the incident wave packet q,(r, t) has not yet 
reached the scatterer. Schiitzer and Tiomno’s causality requirement [7] is 
that there must not be any scattered wave until the impinging wave has 
reached the scatterer. Thus, for t<0 g(r, t)=9,(r, t) and therefore 


(A.16) g(r, t) = g(r, t) + 9, (7, 1) = [xe t5 7, U) g(r", t) dr’. Vatu; 
0 
On the other hand, 
s (A.17) pil’, t) =| Kat t3 7’, tpn", t') dr’. 
0 


Subtracting (A.17) from (A.16) we obtain (t’<t< 0) 


_ {A.18) Ps(T; t) [me t3 9,0) — Kir, 3 7', U) pir’, U) dr’ = 


ao 


zo[[o—so )) exp [tk(r+ r’)] exp[—t#,(t—t’) ]dk| g(r’, U'), 


and making use once more of the requirement that the scattered wave must 
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vanish for r>r, and t/<t<0 we infer from (A.18) that 


(A.19) Jo — S(k)] exp [ik(r + 1))] exp [—iH,t]dk =0. ¢>0,¢7S7e 


cr) 


This equation, as is easy to show, is valid also for ¢= 0, and can be written 
in the more significant form 


(A.20) Jo — S(k)] exp [2tkr.| exp [— tkz]dk = 0, for <=") —"7= 


showing that S(k) exp [2ikr,| is the Fourier transform of a function which is: 
zero for negative values of its argument z. By some manipulations it can 
be shown that the function (S(k) exp [2ikr)] — S(0)) /k has the same property. 
Since this latter function is square integrable, it must obey dispersion relations. 
according to Titchmarsh’s theorem. 

There is a snag in all this. A wave packet which vanishes rigorously outside: 
a certain region at all times t< 0 cannot be constructed in non-relativistic 
wave mechanics, since the energy is positive definite in this theory. It is. 


possible in relativistic mechanics (energy + ke +m?) though there are dif- 
ficulties here too (energies between + m and — m are unphysical). 
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4. — General remarks. 


Whereas previous methods of field theory such as covariant perturbation 
‘theory still had some intuitive basis, it is a particular feature of dispersion 
theory that intuition is almost of no help. This is because analytic functions 
are fairly strange objects: for instance, changing slightly an analytic function 
-on some interval of the real axis can completely alter its analytic properties. 


Example. - The S-wave scattering matrix in an exponential potential 
exhibits «redundant poles » in the upper half plane; if however the potential 
is cut off at however large a distance one pleases, these poles disappear so 
that completely different analytic properties apply to two situations which 
are not physically distinguishable. 

Such a situation arises from the sharpness of the causality requirement: 
for instance, requiring that a one dimensional wave packet 


fatkice) exp [ike — 0, 
vanishes for «> 0 at t= 0 implies that f(k) is analytic in the upper half plane 


(Titschmarsh theorem). Then it follows that it vanishes for #>t (applying 
‘Cauchy’s theorem). Since the scattered wave can be written 


+0 


fou f(k) exp [ik(a — t) + 46(k)], 


—-@o 


(*) The following are notes taken by Drs R. Stora and B. UpcaonKar. The 
__Author is indebted to them for carrying out this unrewarding task. 
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the requirement that the scattered wave does not propagate faster than the 
velocity of light (i.e. vanishes for «> t) imposes that also 6(k) must be analytic 
in the upper half plane. This causality requirement is however a very detailed 
one which cannot be tested experimentally: indeed there exists a theorem 
due to Dyson which points to this practical impossibility. 

Dyson’s theorem: given two arbitrary functions A(k), D(k) and given an 
interval d and a small number e«, it is always possible to find functions A‘(k), 
D'(k), satisfying dispersion relations, which are approximate to <A(k) and 
D(k) in the interval d, with the accuracy e, 1.e. 


|A(k) —A'(k)|<e,  |D(k)—D'(b)\|<e, for |k|<d. 


Thus, let A(k) and D(k) be some experimental data, whose approximations 
A'(k), D'(k) fulfil dispersion relations in the interval d by virtue of some 
fast vanishing at infinity; this does not — 
mean that A(k) and D(k) fulfil dispersion 
relations since a small change of A’(k) and. 
D'(k) in the interval d may induce a large 
change outside d. For instance one may 
have the situation pictured here. 

If on the other hand, dispersion rela- 
tions are not fulfilled only using the experimental data in the interval d, one 
cannot say anything before one knows more data outside this interval (e.g. 
one may forget a bump outside d). 

So that practical tests of dispersion 
relations are only valid in so far as 
the assumptions made on the behav- 
iour of the functions involved outside 
the interval reached by experiments 
are valid. 

In some cases, some singularities in the upper half plane are allowed by 
a less stringent causality requirement, namely that of macroscopic causality. 
Consider for instance the wave packet 


d 
Fig. 2. 


[aor exp [i(kx — ot) | where k=Vo?—p?. 


ico. 


If f(w) has poles in the upper half plane, there will be contributions of such 
poles to the scattered wave: for instance let im, be such a pole of f(@) which 
yields the contribution to the scattered wave: 


~ f(@) exp [iV— 2 — pw a+ wot |= f(a) exp [— (Va? + wp? — a) — @,(*@ —1)], 
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for «>t this contribution decays exponentially and vanishes provided « is 


large enough, namely if one only looks at the asymptotic behaviour of the 


i 


scattered wave; this essentially amounts to requiring macroscopic causality. 
Thus we see that macroscopic causality allows singularities which would not: 
appear if microscopic causality were required. 

Hence intuitively microscopic causality seems highly unphysical. Yet it 
turns out that local field theories imply microscopic causality; whether the 
converse is true or not is not known: as all the implications of microscopic 
causality are not known it is a very difficult question whether dispersion 


relations define local field theories or not; we shall not be concerned with such 


problems but rather with some restricted consequences of microscopic causality 


which can be used to connect experimental data. 


\ 
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2. — Microscopic causality in field theory. 


Consider a field g(x); it is useful to introduce a coupling of this field with 


an external source giving rise to a Lagrangian 


L'= (#)o() . 


Microscopic causality is implied in the following formula: 


<f — 00] dep(a) |t — a> = if<i— co |[ p(x), L(x')]|t, — 00> = 


= ifao'oo')<f co |[ p(x), p(x")] |i — 00>, 


which gives the variation of the field (or rather its matrix elements between 
two states at time — oo) due to the presence of the source. 

If [y(x), p(v')] = 0 for # and «' separated by a space-like interval, then 
the variation of the field only occurs at point x in the future light cone of 
the point « where the source is. That [g(x), y(x’)] = 0 for «~ 2a’ was shown 
for free fields and should hold in general. Hence field theory requires that no 
signal can be exchanged between two points separated by a space like interval, 
and measurements at such points do not interfere. As here again we are faced 
with a «sharp edge » statement, we should expect some non-trivial analyticity 
properties. Whereas statements concerning fields at a point (which involve 
infinitely high frequencies) lead to a sharp causality requirement, one should 


not expect as much for particles which are low lying states of the system. 
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Indeed, a sharp localization is not possible since it would involve such high 
energies that other identical particles would be created, which are undistin- 
guishable from the particle under observation. Never the less field theory 
allows us to relate the propagation of particles to microscopic causality. 

The propagation of a particle is given by studying the amplitude 
for a particle being created at point # to be destroyed at point a’: in par- 
ticular, the amplitude for a state i at —ooto go into a state f at time +0co 
under the action of the source o is for free particles given by: 


<f + coli — 00> ~| da da’ o(x)o(#')<f | P(p(w)p(e’)) |D = 
=| ava’ g(aygle')<F| be — 2 apple! + 62! aygla!yglo)| i>. 


In particular, if | =|f> =|0> one has the amplitude for vacuum to stay 
vacuum in the presence of the external source, which is described by the 
propagator of the particle in vacuum: <0|P(g(x)p(a'))|0> which does not 
vanish rigorously outside the light cone but damps out exponentially in a 
Compton wave length of the particle in the neighbourhood of the light cone. 
Although one does not get here a «sharp edge » statement, the content of such 
a description must be essentially equivalent to that in terms of fields as the 
chronological P-product acquires only an invariant meaning if [ g(x), p(«’)| = 0 
for @~ wz’. 
If the states |@> and |f> are one particle states, the function 


<F|P(p(@) p(@')) | , 


essentially describes the propagation of the y-particle in the presence of another 
particle which goes from state |7 to state |f> that is to say is closely con- 
nected with the amplitude of the corresponding scattering process. 


3. — Characterization of states - Energy spectrum. 


As one does not have any solvable relativistic theory in 4-dimensional 
‘Space, one has to make a number of assumptions based on experience: 

— the eigenvalues p, of the energy 

Fentinuans momentum operator P,, are time like 


—sE 


ean NESE sn vectors ( Be Pt= ms 0) in the tom 
ig SWASE scate ; ; J 
cone (os nckes, state, ward light cone (P* = W> 0); 


one particle — there exists a vacuum state: 
sates 
P,|0> =|0>; 


vacuum I 
— the mass spectrum is as shown in 


Big.a3. the diagram (Fig. 3). 
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We shall need in the following operators creating one particle states. They 
can easily be obtained by remarking that, by virtue of translation invariance, 
one has: 


(3.1) <P’ |p(@) |p> = <p' |exp [¢Pax] y(0) exp[— iPx]| p>, 

= exp [1(p'— p)-#]<p'| (0) |p> . 
So, if one wants to produce an operator which has non vanishing matrix ele- 
ments only between vacuum (gy = 0) and one particle states (m’ such that 
p' =m), one has to select out of g(x) that part which has the right energy 
momentum dependence. This can be done either by integrating (3.1) with 


the proper exponential or alternatively by the following limiting procedure. 
From 


Jew [tk-x]p(x) dea , 
select out the part whose time dependence is 


exp [— iaV ke? a), 
by considering 


tim Jove exp[— k-a]g(a) , 


1 
(im fO~F arf) 


t—+>-— © 
—27 


This procedure can be made relativistically invariant by writing: 


* out 3 = 
(3.2) ‘JAP > = im | dot f*(a) Op (@)|0>= prem |9>, 
where [1 is an ingoing (= — oo) or outgoing (o = -+ co) one particle 


state with a positive energy wave function f, solution of the free wave equation 


{Klein-Gordon). me 
The standard notation o“ has the following meaning: 


, coed A) fs) 
(3.3) eee : b) ( A)R. 
OF 4 Ov, 


If f were a negative energy wave function, this state would have negative 
energy but since, by assumption we have only positive energy states, the 
right hand side of Eq. (3.2) vanishes in this case: g}?|0> = 0. 


5 - Supplemento al Nuovo Cimento. 
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In order to construct many particle states, it is sufficient to take wave 
packets f which vanish outside some non-overlapping regions of space at 
times -++ co, for instance a two-particle state would be: 


[IPI = Pp Pye 19> - 


The transformation which allows us to go from ingoing states to outgoing 
states just defines the S-matrix. We shall apply these results to the pion 
nucleon scattering problem. 


4. — Two-particle scattering. 


41. The scattering amplitude. — We seek to express the amplitude for a 
meson of four-momentum k to be scattered from a nucleon of momentum 
into a meson of momentum k’, the final nucleon having momentum p’: 


a, 
(4.1) <p Kou | Rin ee a <p’ Ka | dota) uP g(x )|Pin> ? 


o=-—@ 


f.(v) is a plane wave of momentum k: 
|Pin> aa Dom = |p» ’ 


is a one nucleon state. By partial integration one has: 


(4.2) <p! kal | dott) ) Ho( 2) p> = = <p’ Kons | do“ 2) 0,0(«) | p> ey 


G=—-@ o=+0 


ee — m*) Cp" ou | P(a)|P> » 


since (CJ? — m?)f,(~) = 0. (This is just Green’s theorem applied to the func 
tions f,(”), p(w) and the Klein-Gordon operator.) 
Thus: 


(4.3) CaN Tice | Din > = 7 <p" Kou | | KoutPout — [ties (x) ( (a Fan m?*) <p" Kons | v(x) | p> 


We apply this procedure a second time to take <k.,,| out of the final state: 


out 


(4.4) [avetteoC— me |acitfete <p" | 6 p(a' \p(@) |p> = 


o’=+0 


= [area florpe aC 2 — m*)(Ci — m*)<p' . 
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It is clear that the surface term at o’ =— oo vanishes as it destroys a 
meson |k,,> in a state where there is only one nucleon. 
Furthermore, one can at will write 


(4.5) P(@') P(®)| v4.0 = or 


since # = + co>any # 


Poy (w') p(x) = B(a'— x) p(x") p(x) + O(@ — a') p(x) p(2") , 
tax) | =1, if a>] 
(==; if a < a9 


Thus Eq. (4.4) is clear, and we can summarize: 


(4.6) <p Kout | pKin> = <p" Kout | Pout» == 


| p(p(@)p(2')) |») 
B(ax'— a) [ p(x" )p(x)] |“ % ~ 


= [ave tax’ fii) fe: (w") (Ci, — m*) (Ci: — m?*) <p! 


It turns out that the Feynman amplitude (namely that which involves the 
P-bracket) does not have such convenient analytic properties as the retarded 
amplitude (namely that which is expressed in terms of the retarded com- 
mutator); indeed the latter is the Fourier transform of a function vanishing 
outside the forward light cone and we expect it to obey dispersion relations; 
from now on it is this one which we shall study: 


(4.7) <p' Kou | pin» ion <p Kout | PKout> = 
= [are dtx' exp [i(ka — k'x')]<p'| R'p(a')p(x)| p>, 
where 


(4.8) R' (p(x')p(x)) = (A, — m*) (O, — m*)0(a'— 2) [p(2'), p(a)], 


also vanishes outside the forward light cone. 
Remark. One might think that for real particle momenta: k? =k” = m?, 


_ this amplitude vanishes identically because of the presence of the Klein-Gordon 


operators; this is not so however because the Fourier transform of 


<p' |R' p(x’) p(x) |p> , 


has singularities for k? =k” = m*. 
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We now take advantage of translation invariance in order to separate 
out the energy momentum conserving 6-function: 


<p' | (a) p(x’) |p> = <p' |exp [4P - a] p(0) exp [¢P(a'— x) p(0) exp [— iP2']|p> = 
= exp [i(p'« — pu')]|<p’ |p(0) exp [tP: (w'— @)]p(0) |p>, 


the latter matrix element only depends on (#’— x) and, using the new variables 
(7e-+ «')/2, «—a' one gets: 


(4.9)  <p'heu| Phin» — <p" Koat | PMout = 


= (27)*d(p + k — p'— kay exp 


Uk + NY) 2 pig [Y y 
ee ey <P iR'y(2) 9 (—2) p>. 


In the particular case of forward scattering where the spin and isotopic 
spin nucleon variables are specified by indices a and b, we write: 


(4.10) M (hk) = fay exp [ik-y]<p, a|R'p (2) P (—) |p, >. 
It is easy to show that 

(4.11) Mz(k) = M,,(— k) , 

anes 

(4.11) Mt(k) = M(—k). 


This property allows us to define M for negative energies. 


4°2. Analytic properties of M(k). — Some technical difficulties arise in the 
discussion of the analytic properties of the scattering amplitude, because it 
is not as simple as a one-dimensional Fourier transform; so, in order to apply 
Titschmarch’s theorem, we have to reduce the integral to a unidimensional 
one; we shall, for the time being, forget about degrees of freedom such as 
Spin, isotopic spin, ete., which amounts to considering scalar neutral particles. 
In this case, the matrix element only depends on 7?, t; thus, one can perform 
right away the angular integration: 


(4.12) a oy ifare exp [tka]<p, a| R'p (5) Y (— 3) (0, BS. == 


ee ifarr 5 far exp [iat] <p, aiR's(3)9 (—)\p. b>. 


, 
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Notice that, although k = Vw? — m* has branch points at w = + m, sin kr/r, 
which is even in k, does not. 
Thus, 


© 


in k 
Se” [exp Lionlar< |r» (5) o(—3)p>, 


Pa 


(4.13) Fr, @) =r 


is analytic in the upper half w-plane, by Titschmarch’s theorem. Also, it has 
the right boundedness properties for w — oo, since k~ wm — m?/2m, and as 
t>r implies that the part of sin (kr) which blows up is compensated by 


exp [it]. This does not mean, however, that M(w ik Fir, w)dr is analytic. 
(For instance, although exp [— ar] is an analytic function of Ql, J exp[—ar]dr=1/« 


has a pole.) For the time being, therefore, we only write dtpersion relations 
for F(r, m), assuming that it vanishes sufficiently fast for @ — co; otherwise, 
one has to make subtractions, as will be done; using the evenness property of F: 


(4.14) BG, 0) = F*¢,—o} , 


one obtains: 


- 2(@? = pe?) ae Im F(r, o') 
(4.15) Re F(r, w) — Re F(r, uw) = Sacra Pde 7) (=a isa 


(Better convergence has been insured by considering F'(r, m)/(@? — u?) instead 
of F(r, w).) 

In order to derive a dispersion relation for M(q@), one has to perform the 
r-integration and see whether the order of the r- and w-integrations can be 
interchanged: 


Im F(r, ') 2 
(a'* — w?)(w@” — w?) 


2(a* — p02) 
(4.16) Re M(w)— Re M(u) = oH arf ante’ 


vi 2(w? — pw?) ett Tr (ws) 
is See ES o (o’® — pe?) (w’? — w?) © 


Initially, GoLDBERGER and coworkers interchanged this order of integration 
without too much care, and it turned out that the right answer is obtained 
in this fashion. We shall see right away that some non trivial problems come 
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up in this connection. Let us rewrite Im F(r, w) as follows: 


ifa exp [iwt]< | R'p (3) . (— 3) 


0 


1 sin kr 
wt 
24 k 


(4.17) 


foe} 


sae ofa exp [— iwt]<|R'y 5) P (-3) | | ; 


0 


changing variables in the second part, (r - — 7, t ~ —t, which is trivial since 
only 7? is involved), one gets: 


(4.13). 2° [ro Fira) == 


+00 


j(#/2) j(— #/2) 
1 sin kr 


=5r— fo exp [ict] (| & —m)p (5) , (C2 — m2) |- 3) p 


—o 


We can make explicit the space-time behaviour of the matrix element by 
using once more translation invariance: 


wo olf al-Sp- 


= >| <p|i(0)|n> |? (exp [ip — p»)e] — exp [— i(p — pp )a]) , 
and so, carrying out the time integration: 
(4.20) Im Fir, w) = 


1 snk 
= 57 Sexp lip, #]| <p|i(0)|n> *[9(o — B, + B,) — io + B, —B,)). 


The intermediate states n which contribute to the sum contain at least one 
nucleon, since the number of nucleons is conserved. For w >, 6(@— H,+E,)=0, 
since H, > H,, and, as k is real for w > uw, Im F(r, «) is a well behaved function 
of ry, There is however for w <u a contribution due to a one nucleon state: 
HL, = E,+ ; then k is imaginary, and sin (kr) blows up exponentially for 
large r. Therefore one can interchange the order of 7 and w integrations only 
for o> uw. 

Several methods have been proposed in order to circumvent the difficulty 
which occurs in the unphysical region (|w|< jy). A first method due to BoGOL- 
JUBOV consists in considering M(w) as a function of m?, which satisfies dis- 
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persion relations for m?<0; it is then proved that it can be analytically 
continued for m?>0. This method involves however difficult mathematics in 
the theory of analytic functions of several complex variables. A second method 
also due to BOGOLJUBOV consists in writing dispersion relations for another 
function which has no singularity in the unphysical region (such a function 
is obtained by multiplying F(r, m) by a polynomial which kills the trouble- 
some singularity). One drawback of this method is that one cannot go back 
to F(r, w) in a straightforward way since one does not know the residue at 
the pole w = w, (see later), so that one has to evaluate this residue directly. 
A third method due to GLASER amounts to considering M(qw) as an abelian 
integral by introducing a damping factor exp [— «r] such that the interchange 
of the r- and w-integrations is permissible for large enough «. It is then proved 


that M,( =} exp [— ar] (7, w) dr can be continued analytically down to «= 0. 


Another different proof has been given by SYMANZIK. 
The result of these considerations is that the interchange of the r- and 
 o-integrations is justified, so that one can write the following dispersion relation: 


bos] 


2(w? — mu?) Im M(w’) 
yp yp) — =S i ——— a Sita 
(4.21) Re M(w)— Re M(p) = o rs a)(o* a 
0 
Using the optical theorem: Im M(m) = (42/k)o(w) this can be rewritten: 
(4.21 co TRat SSO rg take? ae) eee eee 
ay . et ig Qn? = (eo’® — pw) (aw? — w?) 


0 


We shall later on evaluate the contribution to the dispersion integral due to 
the one nucleon state in the unphysical region. Since for massless particles 
this complication does not occur, we shall first study this case. 


5. — Applications. 


51. Scattering of massless particles (photons). — We have to introduce here 
complications due to spin and polarization. In the forward direction, the 
scattering amplitude for a photon of polarization e, into a photon of polari- 
zation ¢, (K-e,= K-e,=0) can be written as a matrix in the spin space of 
the target (we assume spin 4 so that our considerations apply e.g. to Compton 
scattering from protons). We can write: 


(5.1) M,,(o) = —ifare exp [ika]|<pa|R'A, (5) A, (— 3) |pb> = 


cP e,€,f:(@) = ioe, x e,f2() ’ 
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(the amplitude must be a scalar under rotation and reflection). The 7 is usually 


introduced to make io-e, xe, invariant under time reflections; then the even- 
ness properties of f,(@) and f.(m) following from M,,(@)= M bes wm) are: 


be fi(w) = a,(@) + ia(o) = f{(—o), 
(5.2) 


fe(w) = d,( w) + ia(w) = — fy (— @) . 


The dispersion relations are: 


202 
d,(w)—d,(0) = —— |e! ae 
w'(@ : 


(5.3) 


20? fac’ ay(w') 


le) aD ae Ls wo? (a? — w?)” 
“0 
It is more convenient to characterize the photons by circular polarization, 
so that the optical theorem allows to express a, (w’) and a,(m’) in terms of the 
cross sections for scattering of photons with spin parallel (+) or antiparallel (+) 
to the spin of the target: 


: filo) = alf, \(@) + hyo), 


(5.4) 
flo) = olf, (@) — f,p()]- 


Correspondingly one has: 


Ast dav 
&: = ——— 5 Cand w) a Ot \(@ @)} = a == Oeapelartscd(@) ] 


| o 
(5.5) ye 
| 


A, = — 
w 2 


(ors) — o4\(m)]. 


In the case where the target is the proton then the cross sections are well 
approximated by the photoproduction cross sections. The dispersion relations 
can be then exploited because it can be proved that the dispersive parts of the 
amplitude at zero energy are expressible in terms of the charge and anomalous 
magnetic moments of the target as follows: 


| d,(0) =— &/M, 


(5.6) 
d,(0) wei 2 ae a 


The first dispersion relation: 


(6.1) ds(0) = — 5 + gs [tw ee, 
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is valid for both spin 0 and spin 4 targets, and one may expect it to be 
valid for any spin (o = cross section for unpolarized target). The first term 
corresponds to zero energy scattering whereas the integral term reminds of 
Rayleigh scattering, that is to say takes into account the polarizability of the 
scatterer. 

In the case of Compton scattering from protons, the integral extends from 
u to co, if one neglects terms of order e* or higher. Below meson photo- 
production threshold w’’—w?> 0 so that there is a 
destructive interference between Thompson scattering 
and Rayleigh scattering, in the forward direction: 

Though one would think that this decrease of 
the cross section makes the experimental situation 
more difficult, it is not so because there results a Fig. 4. 
constructive interference in the backward direction. 
Such an effet is indeed very strong around the resonance (Oy,¢toproa~ @f?/W? ~ 
~e?/M) where most of the photoproduction cross section is due to a mag- 
netic dipole transition. 

It is of some interest to apply eq. (4.7) to nuclei; in this case 


— 


d,(0) = — (Ze)?/AM . 


We try to use (5.7) for infinite photon frequency as one expects that binding 
effects become negligible and 


(5.8) A ucteus\ CO) a tout co) +: iN di (60) * 
One has: 
e? ull 
GO retan (CO) a U ~ yp [Ao 6,(0) ; 
; z 
1 ! r 
(5.9) | daeweos(20) = — 55 | Tha 
by 
Ze)? 1 ; ; 
” SEEM Ge) | ae ae On? "tat o') == da Oabsorption( ) . 


lu 


In the last formula, we had to include the possibility of photodisintegration 
below production threshold. 
Thus one obtains: 


ia fo} 
1 ZNe? i : F , ' 
ai | "ca (o’) = MA ¢ = Joo (Oproa.( ) 7 Zo,(@ ) + a Noo )) ? 


9 B 
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in order to express the reduction of meson production by binding effects we 
write: 


A ‘ fee} 
1 


K af if ZNe Ul / 
(5.10) agi | Comoe (0 ) = MA | on? Joe Oproa.( ) (1 — R) ) 


0 le 


which is a generalization of the sum rule for nuclei, in wich exchange effects 
are contained in the right hand side integral. 
An estimate of these formula yields: 


u 
E 1 eee A®\ | 
(5.11) aaa | mel ) dw =a (tt 0.1 =a) ) 


0 


the second term in the bracket which amounts to about 20% represents the 
effect of virtual mesons which manifests itself in the rise of the photodisinte- 
gration cross section at energies of the order 


Cabs. of the meson rest mass: 
giant resonance : dipole term 


Before closing up this section we would like 
to make a remark on the sign of the zero energy 
forward scattering amplitude; though «sharp 
edge » causality stems from field theory, one would 
like to be sure that no group velocity larger than 
the velocity of light comes out of such a theory. 
The knowledge of the dispersive part of the amplitude is equivalent to that 
of the index of refraction from which the group velocity can be obtained; it 
turns out that — e?/M just measures the deviation of the latter from the 
velocity of light so that it had better be negative. If one were able to find 
theories in which this would be contradicted, the situation would become quite 
uncomfortable. 

Though the optical theorem imposes the sign of the absorptive amplitude, 
there is no general argument to fix that of the dispersive part and it may 
be that the requirement that group velocities should be smaller than the 
velocity of light would give restrictions on the sign. 


Bigs 5. 


5:2. m-meson-nucleon scattering. — In the forward direction, the spin flip 
amplitude vanishes kx k'= 0 for k = k’ but isotopic spin degrees of freedom 
are still left. We write the amplitude as a matrix in the nucleon isotopic space: 


(5.12) M,y(@) = ifexp [tka]<p | RQ, (5) Pp (— 3) [p> 


where «, # are the meson isotopic spin indices. 
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By virtue of charge independence, one may write: 
(5.13) M,,(@) = Ty(w)6,,+ T2(o)[t,, T,] - 
Since M,,(@) = M{,(—-@) one has the evenness properties 


T.(w) = Th(—o), 
(5.14) Pos Dork tA, 5 (gaerk, 2) 
T.(w) = — TF (o) . 


These amplitudes can be at wish expressed in terms of those pertaining 
to a given isotopic spin, or in terms of the z+ p, zp amplitudes: 


Ty(o) = Tyo) + Tyo) = 4(L+() + T-(o)) , 


T,(o) = T,(@) — 27 ;(w) = 4(— T+(w) + T=(@)) . 


Since Ti(m) and 7',(m) have simple evenness properties they obey simple 
dispersion relations. 


D,(o) — D,(u ) =5[D-( wo) + Dy(@ 5 (Du )+ DPi(e)] = 


te [ow i 1 Ax(o’) + A-(o’') 
2 (ow — ow’ 2) (q? SW), 


(5.15) 
. al A ! ' 
D,(o) — Dy(u) = 5[D-(w) — D(o)] — F[D" (w) — D',(w)] = 


20(w? = 2 fa 1 A_(w'y— Ay {o' ) 


2 (w” — w*) (w? — w 2) 


The integrals at the right hand side contain distributions from the unphysical 
region which we shall now evaluate: we already saw that the absorptive part 
can be written as a sum over states. 


- (5.16) A(o) = >| <p|j|n> ?[6(2, — E, + o) — 6(B, — E, —o)]. 


n 
Pn=k 


—_— 
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For 0<m<w one has a contribution from a one nucleon state such that 


Meee 0% (E, = M), 
he 
= 2 2 eee 2 0 
(5.17) bares TA aia LRT aga: 
2 
o Sag oa. 


Thus, the contribution to the dispersion integral stems from an absorptive 

part |<p|j|n>|?6(@ — @,) - <p|j|n> is related to the renormalized coupling 

constant which is involved in all low energy z-meson processes in the same 

way aS <p|jo|p> =e defines the renormalized charge in electrodynamics. 
The pseudoscalar nature of this current implies a k? dependence 


k? k\? 
(5.18)  6(@—@sz)|<p|4| pal? = 29? eM 6(@ = Wy) = 2xf* (=) 6(@ — wz) , 


where 


eae (Hey. 


Notice that this «bound state» term arises from At(w) (and would arise 
from A™~ for w< 0). 
The final form of dispersion relations is thus: 


(5.19) 5 (Dk ) + Dik 1-5 {D0 ) + D,(0 ce: 
, 04(k') + o_(k’) 
i [ow (3 ee 


One interesting application of these relations is that made by U. HABER- 
ScHAIM to determine the coupling constant. He uses the modified form: 


ioe) foo} 

4 iNet vee. 1 1 ! 
i) aay’ o_(w') — o4(')k Sopet 2 o_(w’) o+(w') k' dw ; 
270? 2a" (w'* — w?) 2 a” 

Ht le 


wo Re T,(@) — 


The left hand side is known and plotted against w?; when extrapolated to 
w = 0 this curve yields f? ~ 0.1. 

Another theoretical application is the derivation of the static model Low 
equations by assuming P-state scattering only; also some information is ob- — 
tained on the S phase shifts which cannot be got from the static model. 
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Fit to Dispersion Relations of Pion-Nucleon Scattering. 
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1. — Introduction. 


The pion-nucleon scattering is completely defined by the 4 amplitudes for 
flipping or non-flipping of the spin and isotopic spin of the nucleon. We may 
express these in terms of the scattering amplitudes in pure isotopic spin states 


~ as follows: 


Ty = 3(L, + 27) no flip of nucleon isotopic spin, 
T, = 4(T,— T's) flip of nucleon isotopic spin. 


The amplitudes in the state of isotopic spin 7 can be expressed in terms of 
the phase shifts: 


1 “2 
i= > [exp [2idr2] —1) + (2 + 1) (exp [24677] —1)]P.(cos 4) , 
1 
no flip of nucleon spin, 


Tf i > U(l + 1) (exp [2id;7] — exp [2id57,]) sin 0 P:(cos 4) , 
l 


2 
flip of nucleon spin: 


The phase shift 65, refers to the state of isotopic spin 7, relative orbital 


1,7 
angular momentum / and total angular momentum /+4. Our 4 amplitudes 


are exhibited in the following table: 


spin-flip isotopic spin-flip 
Ny no no 
Ny no yes 
Fy yes no 
Fs; yes yes 
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These amplitudes treat the spin and isotopic spin in a completely symmetrical 
way. The relative magnitude of the amplitudes depends on the pion nucleon 
force. This force is both spin and isotopic spin dependent, so that all 4 will 
in general differ from zero. 

Any complete dynamical theory of the pion-system must allow exact cal- 
culation of the four amplitudes defined above. However, we do not have a 
complete dynamical theory, but only certain approximate methods of treating 
the system. Dispersion theory does not constitute a complete dynamical theory, 
and therefore cannot be used to calculate the scattering amplitudes. It gives, 
from very general assumptions, a relation between the real and imaginary 
parts of each of the scattering amplitudes. These basic assumptions are: 


a) Causality. Each of the scattering amplitudes is a complex function 
S(w) = D(w) + i1A(m) of the meson energy w. S is defined physically for real 
values of w greater than the meson mass yw. The causality condition then 
guarantees the existence of a function M(z) of the complex variable 2, which 
is analytic in the upper half 2-plane and which reduces to S(m) for 2 real and 
between uw and + co. The dispersion relations then follow from the analyticity 
properties of M(z) (cfr. lecture of THIRRING). 


b) Unitarity condition, or its consequence, the optical theorem 


4x 
O total) = “a Im 8 (0) ’ 


when S(0) is the amplitude in the forward direction. 


c) Crossing theorem, which allows us to express M(m) for negative w in 
terms of its value for positive w: 


In this case, the theorem is equivalent to the simultaneous operations of 
charge conjugation and time reversal. 


d) High energy behaviour of o(m). It is necessary that the integral 
Joutoro- dw , 


Lu 
converge. 


¢) Behaviour of S(w) in the unphysical region, 0<o<wm. S is assumed 
to differ from zero in this region only at the point w = u2/2M which cor- 
responds to the physical nucleon state, and at which S has a singularity of 


¢ 


dq 
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the form 


2 
Im S(wm) = 2af?6 (« — Fal Os as fae 


The calculation of this expression for S involves a knowledge of the pion- 
nucleon coupling, and was made using the pseudo-scalar coupling. We do 
not discuss the derivation of the dispersion relation, but proceed immediately 
to the applications. 


2. — Sign ambiguity of phase shifts [1]. 


In this work dispersion relations are used in the form given by GoLD- 
BERGER, MIYAZAWA and OEHME: 


i 


bo | 


i 
() Dg) =5(1 +2) D.(0) + (1-2) ps) re 


k? ane 
4x k’ 
“ 


0+(o’) o+(w’) 2f? k 
o'—o w+o”” woF w2M- 


Here, D_,(k) is the real part of the forward scattering amplitude for 7*~-mesons 
in the laboratory system. DD may be expressed in terms of the phase shifts 
as follows 


De, D_=3(3D,+ Ds), 


ae ae 2a, + 2 sin 2a, + sin 2a, +...) , 


k 
ae (sin 2a, + 2 sin 2a, + sin 2a,,+...), 


D, = 
k and k, are the pion momenta in the center of mass and laboratory system. 
Now, if we change the sign of all the «’s, the cross section does not change, 
so that this sign cannot be fixed from a knowledge of 
do/d2. However, the quantity D changes sign if the 
«’s are changed. This allows us to use the dispersion 


2k; 
7 <> D, (hk) 


tion (1) may be computed from the experimental value 
of o(w) and the value of 2/?= 0.161. This may then be 
compared with the true possibilities for the left side, 
using the values of D,(0) computed from Orear’s values 
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of the zero kinetic energy scattering lengths, a; =— 0.11, a4, =-+ 0.16. It is 
found that the two quantities agree only for the choice of sign in which 
the large phase shift «3, is positive. This choice of sign also agrees with the 
sign determined from experiments on Coulomb interference in the xt scatter- 
ing. We may therefore say that, in a rough way, the agreement is a test 
of the validity of dispersion relations (see Fig. 1). 


8. — Fermi-Yang ambiguity. 


There is another transformation of the phase shifts, discovered by YANG, 
which leaves the cross sections invariant. It does not leave the polarization 
unchanged. Therefore, to decide between the YANG phase shifts and the 
original set found by FERMI, either an actual or a theoretical experiment on 
the polarization of the final nucleon is necessary. Such a theoretical expe- 
riment was done in a paper by DAvIDON and GOLDBERGER [2] by means of 
the dispersion relation for the spin-flip amplitude, which is the amplitude 
containing information about the polarization. They used an especially con- 
venient form of the dispersion relation which can be obtained from the usual 
form by algebraic modifications: 


pf? + Ox = 4a[Re a;— w(I;(m) + 41;(— @))], 


with 
5 a o C= nb , Im a3(o") 
(2) a eet + (u/2M)/a’ Bafa wo! ; 
aL 
1 da’ 
Aes gone = xe 3 
43 o'—o ow 


1 


Here, a; is the derivative with respect to sin @ of the amplitude for isotopic 
spin 3, evaluated in the forward direction. The simplification of neglecting 
the small 7 = +4 amplitude has been made. Thus the derivative of the spin- 
flip amplitude becomes —4a,. In terms of the phase shifts, 


eal (ih ee) ele 
i — >, a = Be (exp [27673] — exp [27d74]) . 
= Thien $ 


The quantity C may be calculated from the experimental value of the phase 
shifts. However, since the integral converges rather slowly, the calculation 
is not so accurate, and therefore C is left as a parameter in the experimental — 
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fit; I;(@) converges more rapidly due to the additional power of w in the deno- 


minator, so that its value may be more easily calculated. The comparison is 


q then made by plotting the right hand side as a 


v 


_ fall rather close to a straight line whose slope is con- 


function of the quantity 2. This must give a straight 
line with intercept f?. The results for the two sets 
of phases are shown in the Fig. 2. The Yang phases 
must be excluded, since they give neither a straight 
line nor a positive value of f?. The Fermi phases 


sistent with the experimentally computed value of C. 


4. — Determination of the coupling constant /?. 


In order to calculate f?, HABER-ScHAIM [3] has applied the dispersion 
relation for the isotopic spin-flip amplitude 7(m). The relation, rearranged for 


suitable comparison with data, is as follows: 


w* [fo_(w') —o.(o' k' da’ 
@ Re T(a) al o) +( ) ae 


Jpeg: (aa {Pe Eee, = 2 4 Ow. 
270? 2 o 
i 


_ Thus, the left side, plotted against w*, must give a straight line with inter- 
cept 2f?. For the calculation, HABER-SCHAIM chose two points, o =1 and 
_@ =2 where the experimental data are believed to be most reliable. 


The point at  =1 depends on the low energy behaviour of «,— a, and 
that at m =2 near the resonance, depends mainly on the large «3, phase 
shift. These are the main pieces of experimental information used. The value 


_f? = 0.082 + 0.015 was obtained. The error quoted is essentially that of «, — 
and is only significant as an order of magnitude. The slope of the straight 
line is consistent with the value of C obtained by direct calculation. 


It is worth emphasizing that a mixture of z+ and zx data enters into 
this calculation. 


5. — Work of Puppi and Stanghellini [4]. 
These authors applied the ordinary form (1) of the dispersion relations 


in order to work directly with the experimental angular distributions without 
making a phase shift decomposition. In the forward direction, D can be eal- 
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culated from the coefficients a, b, c, of the angular distribution and from the 
total cross section using the optical theorem: 


|f(0) |? = a +b cos 0 + c cos? 6, 
(0)? =|DP+|AP=a+b+e, — A=7 om, 


and 


caer 
D= ta +s HO Ta tee 
The results are shown in Figs. 3 and 4. 
It is seen that the z+ data fit quite well with f? ~ 0.08, both above and 
below the resonance. The x~ data however do not agree with the dispersion 
relation curve with f?~ 0.08. It is necessary to use f? ~ 0.04 to obtain agree- 


Hignea. 


ment up to resonance. We must, however, take this discrepancy with caution 
for several reasons: (i) 7— data are not as good as the z+ data; (ii) there are 
small corrections to the dispersion relations, due to such things as the x°-7* 
mass difference; (iii) errors are larger than the one shown, Degguse errors of 
the total cross section have not been included. 


6. — Further work. 


There has been a good deal of work in the last 2 years, by several people, 
with the aim of solving the discrepancy pointed out just now. 

One point seems to be clear now, through the work of SALZMAN and 
BERTOCCHI-LENDINARA (Fig..5); that the discrepancy is not so big as shown 


in the Fig. 4. The improvement comes essentially from the use of better z— cross- 


1838 


—— 


ie 


RE 


FIT TO DISPERSION RELATIONS OF PION-NUCLEON SCATTERING 


section in the low energies region thanks to the recent experimental work at 
Liverpool and Rochester (CERN Conference, 1958). 
will be possible as soon as new experimental information will be available. 


As HAMILTON and LOMON-ZAIDI have 
pointed out, the dispersion integrals 
are in fact very sensitive not only to 
the value at the cross-sections but also 
to their slope; therefore also ‘small 
changes can have an effect. 

There is also the problem of estima- 
ting correctly the errors in the analysis. 
The errors quoted in Fig. 4 come only 
from the experimental errors in the 
quantity D, but, as Hamilton has 
shown, the errors in the other terms of 
the relations are not negligible and 
taking them properly into account, the 
discrepancy tends to be reduced. 

Finally there is the problem of the 
contribution of partial waves higher 


than s and p. Althout the situation is not yet clear, it is possible to say that 
their inclusion in the analysis will alter substantially the situation above the 
resonance, expecially in the relation for D_. 

In conclusion, although, the fit is not yet satisfactory and the discrepancy 


Further improvements 


-----Salzman 
Bologna 


has not yet been removed, there is still the possibility of improvement. 


Clearly this improvement could come only from better experimental results 


mainly for z~ cross-section. 
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The problem of nucleon structure is becoming a very wide chapter of high 
energy physics. Scattering of photons may be a suitable way of investigating 
the structure of charge distribution. It is well known that scattering of light 
by atoms is structure dependent if the frequency is not too small. 

If very hard y-rays are scattered by protons, many virtual states, con- 
taining one or more mesons, play a very important role in the process. We 
cannot deal with the problem simply by considering interaction between a 
physical photon and a physical proton, represented by a graph of the type 


SY Ww 
ny Fai 
—_—>—_—__,— 

p p 


because in the intermediate state we cannot neglect complicated processes. 
A more suitable way of handling the problem is to consider situations in 
which the physical nucleon simply absorbs the photon and changes its 4-mo- 
mentum from p to p’ (p'=p+q if q is the momentum of the photon), 


\q 

es 
SRM Tas ara’ 
p p' 


without loosing its character of free particle. Of course this cannot be achieved 
(because of energy momentum conservation) if the photon is a free photon, 
obeying the relation q?=0. If, however, the photon is a virtual photon, for 
which the relation q?=0 does no longer hold, the process becomes possible. 
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Let us consider scattering of electrons by nucleons, represented by a graph 
of the type 


The electromagnetic field satisfies the equation: 


C14 =—Jys 


“ 


where j , can be obtained from an approximate expression given by 1st order 
perturbation theory 


j, = teu(k)y ,u(k) exp Liga], 


(q = k'—k; wu and w are Dirac spinors). 
Now q? #0 and we find for A, (x) 


(1) A, (a) = ie EM) exp [ige] = A, (a) exp [ige] 


Now our problem is just to study the interaction of a physical nucleon 
_ with a given electromagnetic field not satisfying the relation qg?=0. In this 
case we avoid the necessity of re-emitting the absorbed photon (as in the 
case g?=0) and the consideration of complicated intermediate states, since 
the nucleon is always on the energy shell. 

We start by studying in a little more detail the simple case of a point 
- nucleon, with a given charge e and a given anomalous magnetic moment pm. 
_ Its wave function satisfies the Dirac equation taking account of the electro- 
magnetic interaction: 


0 : 0A 0A, 
+ my — rey Ay (2)p — typ ( a ma: 
Yu 00, ? es : 00, O@,, 
It is convenient to go to a non-relativistic two-component equation. This 
was first performed by Forpy by means of an expansion in powers of 1/m. 
We get the following equation: 


., p> fe OV Ale 
2) (m+ Ftp + £0 ( tsc)e )y =e. 
gy is the scalar potential, satisfying the equation 
“ Lp = — 4x0, (o = external charge density), 


nial 
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H is the magnetic field. We see that in this non-relativistic approximation 
only o-matrices survive, since yzy~y. It is to be noted that the Dirac 
magnetic moment e/2m is added to the anomalous magnetic moment uw. If 
~0 there is an extra term (u/2m)Lp (the so-called Foldy term) which has 
to be interpreted. It describes a sort of electrostatic interaction of our par- 
ticle with a given external charge distribution. We see that even a neutral 
particle with an anomalous magnetic moment can interact electrostatically : 
this is a relativistic effect (order 1/m) very important in the study of the 
electron-neutron interaction, which is due not only to the neutron structure, 
but can occur also for point particles. 

In particular we shall see that this term explains almost completely the 
actual electron-neutron interaction, so that the charge distribution of the 
neutron seems to be very concentrated, and the neutron seems to behave 
rather like a point particle. 

Let us consider now the modifications due to the internal structure of 
nucleons. If we still restrict ourselves to first order perturbation theory, and 
look for a suitable expression of the electron scattering amplitude, we have: 


+o 


S = [aun , H'(t) =| 42, (x)A, (2) , 


—oo 


and 


Lp S| p> =} dtaj, (a) Ate) = (20) *olp -- @ — p’)- 
“LU (p') (ty, + MMO ny Gr) U(p)| Ay (Q) , 


with o,,=ty,y,(1—4,,) in which for A,(q) we must put some suitable ex- 
pression (as (1) for the electron-nucleon scattering). 

At this point we can ask how such an expression must be modified if we 
want to take into account the nucleon structure. 

The matrix element must be always gauge invariant and Lorentz invariant. 
We can think (and a detailed proof could be given) that the only way in 
which this expression can be altered without violating conservation laws is 
to consider the constants e and wu functions of gq, and more precisely of the 
invariant q?. 


Thus the conservation law 0j ,/0c, = 0 is still valid. These functions define 
what we mean by «nucleon structure » and give the charge and current distri- 
butions inside the nucleon. 
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We are interested in small values of the momentum transfer g. Therefore 
we expand e(q?) and u(q?) in powers of g? and neglect terms in gq‘. For in- 
Stance we put 


(3) (gq?) = &) +6197 +... 5 


£) = e(0) is the total charge of the nucleon. Also the term ¢,q? allows of a 
direct interpretation. If we consider in eq. (2) the terms ep + (u/2m)Lp 
(equal to [e+ (u/2m)q?]p for monochromatic electromagnetic fields, as de- 
scribed by (1)) we note that the term ¢,q?p is added to the Foldy term (w/2m)q@p 
(which is of the same order in q*) and represents the contribution of the charge 
distribution to the electrostatic interaction of a neutral particle. 

We can describe this interaction by means of a square-well potential of 
range equal to the classical electron radius. (Since the results depend on the 
product range x depth we can choose one of the two arbitrarily). In the case 
of the neutron it has been found that for the Foldy term the depth turns 
out to be 4080 eV; for the ¢, contribution only (80-4190) eV. This means 


that the contribution of charge distribution to the electrostatic interaction is 


irrelevant and that the neutron behaves as a point particle. In the first expe- 
riments electrons were scattered by thermal neutrons, i.e. at very low energies ; 
in another kind of experiments electrons are scattered by deuterons (see later). 

Now we are going to define the mean square radius both for charge and 
magnetization distribution. First we shall give an expression for these distri- 
butions. If we neglect the nucleon recoil we have q, = 0 and q? = q’?. Now we 
ean obtain for example the charge distribution o(r) simply by evaluating the 


. Fourier 3-dimensional transform of the function e(q?) 


de ‘ 9 
alr) = 00") = guns [expLignle(a’) ia. 


Note that this function for e—constant reproduces the case of a point charge 
and that integrating over d'r we get the total charge ¢(0). It is also 


e(q’) = [aero exp[—iqr], 
and, expanding both sides in powers of q? (note that f iq:ro(r) d’r=0), 


| Mp pa apd 
e+ ag?= | o(r)ar-+ 5 | (—igr)? (r) dr = | g(r) dr — 5 i g(r) dr, 


and finally, from (3) 
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where 7? is the mean square radius for the charge distribution. 
Analogously we find 


ras bee 
= = — v2, 
a ( dq? q?=0 


The indices 1 and 2 are used because generally one adopts the notation 
é(q?) = F,(q?) and pu(q?) = F.(q?) which will be used in the following. Thus we 
can obtain information about the first derivatives of the F’s if we know the 
mean square radii of the electric and magnetic distributions, which can be 
determined experimentally. 

From Hofstadter experiments on protons and deuterons we get (the index 
p and n stand for proton and neutron) 


ri, = (0.003 + 0.007) -10-2* em? , 


of Coll for q? < 9-107? cman, 


2p? 


and 


See ee oh 
yo = a (0.32 + 0.03). 


Here wu = pion mass = 0.7-:10"% cm-!. If we compare this data, we see that 
the value of 72, is practically 0 experimentally, and in any case is negligible: 
that is, as previously stressed, the neutron shows a point-particle behaviour. 
The values for the proton have not been measured directly: a suitable analytic 
expression for F, and F, has been postulated with a parameter to fit the expe- 
rimental curves up to high values of momentum transfer, where the expansion 
in powers of q? is no longer correct. Thus some doubt could be cast on the 
reliability of these results: one might think that, even though the expression 
of these functions is the best possible for the given momentum transfer interval, 
it could fail for the lowest values of g?, in which we are interested. This refers 
particularly to the magnetic moment, whose effects become sensitive only 
at higher momentum transfers. 

As far as F,, and F,, are concerned, the results are consistent with F,, = 0 
even for higher momentum transfer. An upper limit is F,,<0.3/,,. 

F,, seems to be comparable with F,, and F,,. A lower limit is F,, >0.7F,,. 

The fact that the neutron and proton charge distributions are so different 
brings some difficulty from the theoretical point of view, since it is not easily 
seen how in the case of the neutron the charge effect of the meson cloud 
(which we know to be different from zero from the proton results) could be 
cancelled by the charge effect of the core. SALZMAN has carried out some 
calculations on the basis of the fixed-source model and has found that the 
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neutron should have a core whose radius is almost as large as the radius of 
the meson cloud. In order to understand the problem in a more satisfactory 
way, we can use dispersion relations. Rewriting the form factors F, and F, in 
terms of isotopic spin we put: F,,=F{,+7,F 7, and clearly we get F,,=—FS%+FY; 
F,, = Fi — F® (and a similar formula for F,). The indices S and V indicate 
that FY, and FY, behave respectively like a scalar and a vector in the isotopic. 
spin space. We have also 


rv? = FH(r8)? + (r')*], proton + sign; neutron — sign, 
and a similar formula for 72. 


Thus, if (r$)2~ (7%): it turns out that 7?,~ 0, while 7, is large. The dis- 
persion relations are (from CHEW et al., and GOLDBERGER ¢t al.): 


g? 01 (m*) G4 01 (m*) 
B3(¢) =>—— Sait nt gh OY aoe Se wary 
(3)* (2)? 
2 r y 2 
petal => — 2 Q2(m*) Fv(q2) = 2 Q2(m*) 
5(q) | mage fa) == [dm ee 
(3) (2)? 


The functions @ are the imaginary parts of the F’s and are still unknown. 
However one can attempt to calculate them, taking into account only the 
simplest intermediate states which can be put in the vertex part of the photon- 
nucleon interaction. We see that the integrals of the scalar part have (3u)? 
as the lower limit, while the integrals of the vector part have (2u)?. This follows 
from the fact that, as can be proved, the intermediate states of the scalar part 
cannot contain less than three mesons and the intermediate state of the vector 
part cannot contain less than two mesons. Intermediate states with one meson 
do not occur. The simplest graphs which can be used to calculate the fune- 
tions o are therefore the following: 


NuchO---¥ NucleCe-~* 
V part S part 


Calculations for the scalar contribution have not yet been carried out. 


- For the vector contribution the situation is simpler. The left hand part of 


the diagram can be in some way related to the matrix element for pion- 
nucleon scattering. The right-hand part implies a knowledge of the electro- 
magnetic structure of the pion, which is very difficult to detect experimentally. 
CHEw et al., and GOLDBERGER ét al., have carried out calculations which give 
good agreement for the vector anomalous magnetic moment, but give far too 
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small a value for the mean square radius of the charge distribution (by a 
factor 4+~4). 

It may be that the only way of explaining the large value of the 
mean square radius of the proton charge distribution is to admit that 
the electromagnetic structure of the pion does not extend only to distances 
of the order of the nucleon’s Compton wavelength but to larger distances. 
This would induce a strong pion-pion interaction, which could manifest itself 
in other types of phenomena. In fact it seems that there are some indications 
of such an interaction in phenomena such as t-decay or pion production in 
nucleon-antinucleon annihilation. An other difficulty to solve is that the 
isotopic scalar part of the F’s must be large in the case of the charge distri- 
bution and small in the case of the magnetization distribution, in order that 
the experimental results may be explained. 
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The problem one is faced with in the study of elementary particles resembles 

in a way that met in solid state physics: one has to solve a many body problem, 

. which in itself is very difficult. However, a number of statements can be 

made, using only symmetry properties which restrict the dynamics at hand. 

We shall deal with quantum field theory which forms the basis of the 
present concepts about elementary particles. 


Outline of quantum field theory from fundamental principles. 


Current field theories are examples of the application of quantum me- 
chanics to systems covariant under the Lorentz group. It happens that rela- 

_ tivistic field theories exhibit unexpected features (e.g. TCP theorem, connection 
between spin and statistics) which have to be considered as fundamental laws 
- of nature. It is certainly of interest to investigate such « symmetry » properties. 


4. — Invariance under the connected homogeneous Lorentz group. 
Let us consider field quantities y,(v) which behave in a prescribed way 
under Lorentz transformations, i.¢., a Lorentz transformation w > «= Aw 


' . . - 
— (#,= Axx), induces a linear transformation 


(2) > 9, (@') = Lp (2) « 


| 


(*) The following are notes taken by Drs. R. Stora and B. UpGaonkar. The 
author is indebted to them for carrying out this unrewarding task. 
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One considers only linear representations, since only these have so far found 
application in physics. It is clear that the knowledge of all such representations 
would yield all the possible relativistically covariant systems which can be 
constructed; one needs consider only irreducible representations. We shall 


not discuss the general problem of the construction of such representations, 
but only consider some of the simplest which appear to be of practical use. 


2. — Sealar field. 


One obtains a trivial representation of the Lorentz group by considering 
a Scalar field y(x) which transforms according to: 


(2.1) p(x) > g'(a') = ola) . 


It is useful to concentrate on the Lagrangian. We have to find a scalar which 
yields covariant equations of motion through the variational principle: 


(2.2) L = 3(0,po%p — m’y’) . 


This is the most general Lagrangian bilinear in the field and containing only 
first order derivatives. It implies the free field equation of motion: 


(2.3) (0,0" + m?)p = 0. 


3. — The unimodular representation. 


Consider two by two unimodular matrices M such that | M|= det M=1. 
These matrices clearly depend on six parameters, and we shall show that they 
give a double-valued representation of the Lorentz group. It can be con- 
structed with the aid of the four basic Pauli matrices: 


(3.1) G,,: (oy) — Ih 01; O02; O3- 
Given a vector d,, consider the matrix o,d": 
(3.2) |o,d"| = d'd, =a" — d¥ —d*..., 


Then one sees that: 


(3.3) Mto"d M=o"d,, 
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where (d),) is a vector which can be obtained from (d,) by a Lorentz trans- 
formation since: 


(3.4) dd, =\o"d,,| =| Mto"d M| = d'd,. 
We shall see later that conversely, to each Lorentz transformation, there cor- 


respond two unimodular transformations. From this representation, one can 
construct Lorentz covariant theories. In fact, if one has a two component 


complex spinor field y(«x) transforming according to: 


(3.5) p(x) > y'(2’) = My, 
then we know that yto"y transforms like a vector and one can verify that 


YI.i_ and ylg,.y; are invariant, where g = o, (use the relation M’%o,M =o,). 
One can construct the hermitian Lagrangian for free fields: 


(3.6) L =}3[i(pto, ovp — (0,yt)o"p) + yoy + ytoy'], 


(we put the mass equal to one for simplicity). The corresponding field equa- 
tions are: 


(3.7) io,,0,~ +gpt=0, (also 0, 0"p + yp = 0). 


We shall see that this theory is equivalent to the so called Majorana theory. 
For our purpose this presentation is preferable to the usual one, since the 


_ well known argument of Dirac about the linearization of the Klein-Gordon 


equation looses much of its force in view of the difficulties occurring in the 


- one-particle theory. The present approach has the advantage that it is based 


on a systematic search for a relativistic theory. 


4. — Quantization. 


The free fields we have constructed can be regarded as systems of infinitely 
many oscillators coupled to their neighbours. As these oscillators can be 
analyzed into simple harmonic decoupled ones, it is valuable to reduce the 
problem to one degree of freedom. We shall follow the approach taken by 


’ BurTON and TovuscHEK, and extensively used by SCHWINGER; this has the 


advantage of treating both Bose-Einstein and Fermi-Dirac systems on the 
same footing. Consider the simple harmonic motion: 


(4.1) g=—4q. 
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One can equally well use the variable: 


~ 


(4.2) Q=4+ i. 
Then: 
(4.3) O16" 


It is preferable to use the real components: 
q . Ort 
(1.4.4) == (;) Q=aQ jowhere a= ( ; 


(a represents a real realization of Ay 1). 

In order to construct a Hamiltonian, we look for a bilinear form H=4QBQ 
such that H=0. This implies: [B, a] = 0, so that, either B =1 or B =a. 
We thus get the two cases: 


Bose-Einstein : H 
(4.5) 
{| Fermi-Dirac: H, = 41QaQ. 


(In the classical theory, H, = 4i(— dq + 44) = 0, since q and ¢ commute). 
The quantization goes through by requiring that: 


(4.6) [H, 9] =—1Q. 

One has: 

(4.7) 319, BQ) Q)|-= HO,[B pe Q)- aac [Q, Us Pd EER 
= —iaQ. 


The simplest solution to this equation is obtained by assuming that: 
(4.8) [0,. Qsl- = O,= ¢-number , 


C either symmetric (+) or antisymmetric (—). 
Then one finds: 


3{(BC)’— CB} =— ia, 
Bose-Einstein case: 


B21; ! \}(Ol= Ce ta = Casa, 
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thus C is antisymmetric, so that one has to use the commutator in (4.8): 


fq, 9] =7. 


Fermi-Dirac case: 
Baas, £(0" + C) [1 > C =1, 
thus C is symmetric, and one has the anticommutation rules: 
(4.9) [4 @+=[4 d+ =1 [¢, d= 0. 
Thus we find that the two simplest cases of harmonic motion correspond to 


the following systems: 
Bose-Hinstein: « Classical oscillator »: 


Heme ge |§ Vga Gi). ete: 


Fermi-Dirac: « Larmor precession »: 


Lor : 
==, (*| SOS 67 = Ly ey Oye 0, hie o = to,,0,; 
y 


which describes the precession of a spin in a magnetic field. The Lagrangians 
corresponding to the above Hamiltonians are of the form: 


L = }(QAQ — QAQ) — QBQ , 
where: 
B=+3 (real symmetric) , 


_ Bose-Hinstein: ‘ 
A=—4 (real antisymmetric) , 


Fermi-Dirac: 


B=ti (imaginary antisymmetric) , 


A=4i (imaginary symmetric) , 


and 


[Q.5 Q l= aa 31(A~),, . 


We shall see later that the symmetry of these matrices implies the connection 
between spin and statistics. 
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5. — Generalization to fields. 


Instead of Q, we introduce the multicomponent field x(a) and we replace @ 
by the four space-time derivatives ¢,7(x); we then have the Lagrangian: 


(5.1) L=4(yA* CP 4 — ie a bag, — By, 
where the five matrices A” and B are real antisymmetric, or, imaginary 


Symmetric and real symmetric or imaginary antisymmetric. 
The commutation relations are: 


— 
ou 
bo 


[Any X)(2), Lalo’ ) gener = O(a rar @' 6.89 


or 


[x,(#), Xp(@') \q0 a0 = 1(A>*), 0(% om x’) ’ 


if A® is non singular. As y(«#) replaces the former hermitian Q, it must itself 
be hermitian. 


6. — Applications. 
61. Klein-Gordon equation. — One introduces x(x) = b and obtains ~ 
Le 


the first order form: Ws 


(6.1) u., 0, X(2) = By(x) ’ 
with: : 
0 —1 
Bo sed  iee| seee ; 
0 0 


that is to say: 
(6.2) - 0.p" = YP ’ Pu = 0.P ‘ 


The disadvantage of this formulation (DUFFIN-KEMMER) is that A is sin- 
gular, so that not all the variables are kinematically independent. (One has 
both equations of motion and constraints). 


62. Majorana field. - The y-field used in Eq. (3.5) corresponds to the 
non hermitian operator Q = q + iq; one can go to the hermitian description 
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(similar to @) by introducing: 


Re y,(«)\ 

5 F i 
(6.3) 4(x) = Hak where tis ha : 

Re y,(x) Po 

Im y,.(2) / 


The realization of a/ —1 used here is the antisymmetric matrix — io, = y5: 
The Lagrangian can be rewritten in the form (5.1) with: 


A®=i, AM=ic,, AM=io.Q,, AM=i0,, B= ores, 


the A’s are pure imaginary and symmetric; B is pure imaginary and anti- 
symmetric. 

Thus, one has to use the Fermi-Dirac quantization. 

We clearly see the equivalence between the Weyl description in terms 
of the complex two-component field y, and the Majorana description in terms 
of the real four-component field y, which are respectively analogous to the 
description of the elementary oscillator in terms of the non hermitian va- 
riable Q and the hermitian Q. 


7. — Connection between spin and statistics. 


The foregoing analysis has shown that the free irreducible Lagrangian 
constructed for spin 0 and 4 necessitates the use of A-matrices with well defined 
Symmetry properties. These symmetry properties imply that commutation 
relations pertain to the prior case, whereas anticommutation rules pertain to 
the second one; otherwise, the Lagrangians constructed would reduce to 
e-numbers. Thus, under the assumption that only commutators and anti- 
commutators are to be used, we have arrived, by the very construction of 
these theories, to. a connection between spin and statistics which does not 
make use of such physical requirements as the positive definiteness of energy. 

Whereas it is presumed that this connection is fundamental, one can say 
that the way it comes into the formalism cannot be related to any intuitive 
picture. 


8. — Remark on the structure of commutation rules. 


Although the commutation rules for scalar and spinor fields differ by the 
appearance of derivatives in the latter case, they are quite close in structure; 
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the commutation rules for spin 0 fields are 
(8.1) [y(a), plw')] = iA(e—a'). 


One cannot use anticommutation rules: one would have one of the fol- 
lowing: 
[y(a), plw')+ = 4 (w—2'), 


(8.2) 
[p(x), p(@')]4,= Aa — 2’). 


The first follows from application of (4,9) but is not Lorentz covariant, the 
second is not casual. 
For spin 4 fields, one has: 


(8.3) Lp, (2), pple’ )\+ 5 a = 20,,0(@ id 


0 


in the hermitian representation, while in the 2-component formulation, the 
rules are: 


( [y, (x), y(e')]+ = I np A(x — a') ’ 


(8.4) : a 
[pi (w), po’) =tot,0, Ale —2’), 


where it is clear that, in the second line, yt = —igo“c,y plays the réle of @ 
and the latter commutation rules are quite analogous to: 


Thus, one may say in a loose way that if y (or y*) is considered as the basic 
field, y* (or wy) is essentially its derivative. That y and y+ must be put on 


the same footing is clear as both must be symmetrically involved in the her-~ 


mitian Lagrangian. 

This remark may be of importance when, in writing weak coupling terms, 
one may say that the interactions containing two y’s and two y*’s involve 
the minimum number of derivatives, whereas a term involving four y’s must 
be supplemented by one involving four yt’s, in order to preserve hermiticity, 
that is to say involve a higher number of derivatives. 


The presence of derivatives, however, prevents the theory from being — 


renormalizable. 


= % Ss! ee we & 7 5's Bod rae 2. a? as ede _ Ca ole ve TY 
ae Miers * Paster veiiapit ia incall Ton sits 
; 
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9. — Parity. 


We have to come back to some peculiarities exhibited by the unimodular 
representation: it is well known that the matrices representing rotations and, 
Lorentz transformations are: 


| Dirotation = EXP [(~/2) &-ne2] , for a rotation (n, @), 
(9.1) 
| Dy prontz = &XP [(H/2) a- nt] , for Lorentz trans. (n, v = tgh ). 


These matrices are real, but do not belong to the orthogonal group. One 
can instead say that they are orthogonal whith respect to the indefinite matrix B 
according to: 


(9.2) rar. Lore. 


The reality implies that, if one forms a Dirac field out of two Majorana 
fields: y=y,+iy,, the two Majorana fields transform separately, i.e. the 
Dirac field does not provide an irreducible representation. 

On the other hand, we see thet, by performing a 360° rotation one changes 
the sign of a spinor since: 


(9.3) 1 (Gs oe 


rot 


As well as rotations, space reflections leave the free field theory covariant, 
namely the replacement 


(9.4) p(x, 2) > p'(— x, x) = ipy(— x, x), 
which is to say both the equations of motion and the commutation rules are 
left invariant. 
Therefore, there exists a unitary operator R such that 
(9.5) R-y(x, ©) R = iBy(— x, x). 
From the properties of 6: 62=1, p’=—f, one gets: 
a R-*p(x, 0°) R* = — (x, x) , 
which is to say that two reflections are equivalent to a 360° rotation, which 


is reasonable. One then can say that a spinor field has intrinsic parity 7 
((iB)?=—1). Although selection rules (angular momentum, charge conser- 
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vation) prevent the measurement of parity for one spin 4 particle, the intrinsic 
parity of two spin } particles, if measurable, is —1. (e.g. e+e~ have intrinsic, 
parity —1, which implies that in the decay of the S ground state of posi- 
tronium, the two produced y-rays must have orthogonal polarizations; this 
has been verified experimentally; unfortunately, this is more difficult to do 
for z°® decay). 

The parity assignments in the case of reducible systems involve more 
arbitrariness since, if Y is a constant of the motion, P or for instance P(—)® 
are just as good in order to define a parity operation. 


10. — C.P.T. theorem. 


When couplings are introduced, it may very well be that the invariance 
under space reflections is violated. However, there is a reflection invariance 
which holds for theories invariant under the proper orthochronous Lorentz 
group: introduce the space-time reflection operator AK such that: 


[ (a) Kiko =—i, (K is antiunitary), 
(10.1) c Koa) K-' = 9(— #), 
l ( 


Then we find: AT (#)K-! = (—)"7™(—- x) where T(x) is a tensor of order n; 
therefore, for any Lorentz invariant interaction: KZ'’AK-1= JL’. Then, from 
the definitions of energy-momentum, angular momentum, charge, one finds: 


(a) KP, = =Kfa VO Koi 
(1.10.2) (b) KM,,K- = Kav MK =— My, 


(co) - KOK) = "Kl 4Vd, ik = =O" 


Now, if one wants to claim that the underlying symmetries of a Lorentz 
invariant theory are those of the corresponding theory written in terms of 
an euclidian continuum, one sees that it must admit K as a symmetry operation, 
since K is a «rotation ». However, such an extrapolation to an euclidian space 
requires some analytic extension, since it necessitates the replacement x° — ia®, 
which is by no means intuitive. — 


Example. — Consider massless spin } particles; then, the solution of the equa- 
tion o“¢,,y = 0 shows that two possible polarization states can be found, namely, 
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for a particle of given momentum, states with spin along or antiparallel to 
the momentum. So, we see a manifestation of the T.C.P. theorem: whereas 
one can very well imagine that there is a covariant theory with only one 
polarization state, we see that this one exhibits also the opposite polarization 
state; if PT is a symmetry operation, then the two states may have the same 
charge, although in general they will have opposite charges. 


11. — Internal symmetry properties. 

We have so far dealt with invariance properties under the Lorentz group, 
this is to say with space time degrees of freedom. More many symmetry pro- 
perties are however exibited by known systems (¢.g. charge conservation; 
isotopic spin conservation). Such properties connected with internal degrees 
of freedom can be accounted for in the following way: consider N identical 
fields with mass m; the free one-particle Lagrangian is: 
ab mag) Ls, = £(yP AF yy — f? A, 1) a m,4°By®? = 7D, ; 

Thus the Lagrangian of the system is: 


(11:2) Fee > Dix 5 


if all masses are equal, all D; are equal. 
The commutation rules are: 


(11.3) [xe> Lila = 915°1 (Space) . 
In the cases of equal masses, the Lagrangian is invariant under the substitution 
(11.4) Xe —> y= Ar: where 4 ae oP 


The commutation rules are invariant under the same transformation pro- 
vided (11.5) AA”=1; the hermiticity of the fields is preserved 


(11.6) Ate ot 
Then there exists a unitary operator U(A) such that 
(11.7) U-\(A)yU(A) = Az, ; 


and U(A) is a constant of the motion since, from the bilinearity of the energy 
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momentum: 

(11.8) U-\(A)P,0(A) =P, and also U-"(A)J,U(A) =Jx. 
Infinitesimal orthogonal transformations can be written as: 

(11.9) Ay =O + > 6° TO, 


where the 7 matrix is antisymmetrical, real; there are therefore N(N — 1)/2 
such indipendent matrices which give rise to N(N —1)/2 constants of the 
motion, since the infinitesimal version of U(A) ean be written: 


(11.10) U(sA) =1+i% 5x” | doy, TE) yD, 


This follows from Schwinger’s variational principle and can also be verified 
by direct calculation. 
One can then define currents 


a 2 


(11.11) 0 ee a etree 


which obey a conservation law. Since 


: ad 
| [ovac IE: £ | dots” — 0, 


= = const. 


implies 


(11.12) os, = 0. 


Depending on the coupling, the theory may be invariant under some 
discrete transformations which cannot be obtained by continuing the above 
continous transform, 

Thus in general, theories are invariant under some subgroups of the ortho- 
gonal group, supplemented by reflection: operations. 


12. — Examples. 


— Given 3 «vector» fields, a coupling L’= Wxw-¢@ is invariant under rota- 
tions, but not under reflections. 


— Given 2 fields y, and y,, L'= yt + yy is only invariant under the discrete 
operations 


Pi Vi, Po —> + Pay Mite: 
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By the same general argument a reflection invariance implies also the existence 
of a constant of the motion U. 


— YLwo internal degrees of freedom: electric charge. 
Introduce Pauli matrices in internal space. Then one has invariance under 
the substitutions: 


{ y >exp[iwn]y gauge group, 
(12.1) aa) ; 
{x Tak charge conjugation . 


The current associated with the w-gauge group is: 
(12.2) Shae ny 2 Lh a 


and the corresponding invariant interaction Hamiltonian with the electro- 
magnetic vector potential 


L'= p(x) yA*t. x ; 


is still invariant under this gauge group, as well as under charge coniugation 
provided one supplements the latter by A,(%) + — A,(@). 


— 4 Fermi fields interacting with three Bose fields (pion-nucleon system). 

In order to represent the 6 infinitesimal operations corresponding to 
4 Fermions by antisymmetric matrices one needs at least 4x4 matrices, out 
of which one can select six antisymmetric matrices r, s. Introducing two 
sets and v of Pauli matrices, one can write: 

1 = tt, (r1, Vope, Vs), real antisymmetric, 
(12.4) 
s =i, (M15 H2V2;5 Hs) ; (ir: 8;| = 0, [rss r;| = Eijk) . 


To describe the coupling of nucleons with m-mesons, one must write: 


(12.5) PLA eNOS tAB 8. 2% « 
meson Ps. scal. A. 5. A. 8. 
field sore 


The general orthogonal transformation for 4 fermions is: y > exp[n,s-+n,r]z. 
This coupling is invariant under: 


(a) y—exp[ms]z] corresponds to isotopic spin con- 


(6) gp +Aq | servation (infinitesimal generator vig 
(12.6) (ec) y—exp[or.jy baryon number conservation, 
X17 | (charge conjugation reflection 
(d) R ; : ; 
~ >— around isotopic axis 2): 
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— Case of massless field. 
In the case of a vanishing mass spin 4 field, one has additional symmetries: 


(12.7) L=Y pjo"d,y,. 


This Lagrangian is invariant under unitary rather than ortogonal trans- 
formations. The infinitesimal transformations are N* antihermitian matrices. 

For N= 2 one obtains 4 infinitesimal generators; the most general unitary 
trasformation can be written: 


fad 
iS 
io.2) 


y > exp[ila, + a-)ly , 


where the «, are the four real parameters of the group. The corresponding 
« currents » N, T have the same commutation properties as the matrices 1 and t. 

However there is no internal operation, which corresponds to charge 
conjugation, which has the property [R, NV], =[R, T|_= 0. 


— Representation of the Algebra of internal symmetry properties. 

We would like here to mention the following important problem: given 
some internal symmetry properties, what is the minimum number of fields 
needed in order to describe them? In particular, can one introduce less many 
fields than is usually done? 


a) Baryon number, isotopic spin charge conjugation. 
One wants to find representations to the following algebra: 


[ [4 Pe 0; 
(12.9) fee T=iT, 
b LN OL, 


it is found that one needs at least 4 fields. 


») Baryon number, isotopic spin, R, strangeness; these represent all 
constants of the motion for strong interactions which are known so far. 
One has to supplement the previous algebra with U such that: 


[12.10] [U, N] =n LU, T| — Un LU, R), == 0. 


Then one finds that 6 real fields are needed, or 3 complex fields. If one does 
not require invariance under R, only 3 mass zero fields are sufficient. 


1860 


. 


SUPPLEMENTO AL VOLUME XIV, SERIE X N. 2, 1959 
DEL NUOVO CIMENTO 40 Trimestre 


Research on High Energy Negative z-Mesons 


in Nuclear Emulsion (*). 


D. J. HOLTHUIZEN and B. JONGEJANS 


Natwurkundig Laboratorium, Universiteit van Amsterdam - Amsterdam 


1. — High energy negative pion beam. 


m-meson research can be carried out at various energies. Near zero energy 
measurements have been performed on z-mesic-atoms. At higher energies up 
to a few hundred MeV the scattering amplitudes have been determined and 
at still higher energies one can look at the various production processes ¢.g. 
those for pions, K-mesons and hyperons. 

In the following a few considerations will be presented about very high- 
energy m~-mesons which may give rise to some interesting production processes. 
The discussion is related to a stack of emulsion which was exposed to a high 
energy hegative z-meson beam at the Bevatron in Berkeley. 

In order to calculate the highest energy of the ~-mesons produced in the 
target by the internal proton beam one considers the reaction: 


PlD=>P+TP+r , 


The incident proton having a kinetic energy of 6.2 GeV hits a neutron in a 
nucleus of the target. One has to take into account the motion of the neutron 


(") This research is part of the program of the Foundation for Fundamental Re- 
search of Matter (F.O.M.). The authors are indebted to the Netherlands Organization 
for Pure Scientific Research (Z.W.O.) for a travel grant. 
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in the nucleus. When the neutron has the maximum momentum (taken to 
be 210 MeV/c) opposite to the incident proton, the energy in the ¢.m.s. reaches 
a maximum. 

The highest energy of the outgoing pion is obtained when the two outgoing 
protons move in the ¢c.m.s. with equal and parallel velocity opposite to the 
incident proton. The pion then moves along the direction of the incident proton 
and one calculates for the energy of the pion in the laboratory system 5.9 GeV. 
At this energy the expected intensity, on account of considerations of phase 
space, is too low for experiments, so that one is confined to a somewhat 
lower energy. 

The beam used for the exposure was extracted from the Bevatron and 
focussed by means of two quadrupole lenses. It was deflected by a magnet 
and stripped by two collimators. The energy of the beam when arriving at 


YW. ta 


MOO 


Fig. 1. — Experimental set-up at the Bevatron: numbers are dimensions in cm. BC stands 
for a propane Bubble Chamber, which was exposed before the AF stack. 


the stack (called AF stack) varied linearly between 5.0 and 5.8 GeV. This 
was computed from the data of the magnetic deflection systems and the known 
Bevatron field. 

Measurements in test plates confirmed the focussing effect of the quadrupole 
lenses and the decreasing intensity with increasing energy. To avoid experi- 
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mental complications resulting from edge-effects, a region in the emulsion 
was chosen where the calculated energy was 5.7 GeV. 


Abscissa : Number of Negative Pions 


High Energy Side 
per cm? per 10" Protons 


Testplate 5 


Hor. Beam 
Centre 


16.5cm Above Table 


Fig. 2. — Intensity of negative pions versus position in the AF stack as deduced from 

testplates. The stack was irradiated by collision products of a number of 10 protons 

hitting the target. The curves I and IV represent the intensity along the corner 

lines, the curves II and III represent the intensity in the middle of the stack, respec- 

tively at the front and at the back. The intensities as deduced from the testplates 
are in agreement with measurements performed in the AF stack. 


The experimental situation is shown in the Figs. 1 and 2. 


2. — Anti-hyperon production by pions. 


Treating the problem of the production of particles [1] by means of kine- 
matical considerations, the interaction of the pions with nuclei as a complete 
unit can be ignored, the de Broglie wavelength for a 5,7 GeV pion being 
2.1-10-*cm. It is found then that by the impact of a 5.7 GeV x on 
a nucleon, antihyperons can be created. This can be seen from Fig. 3 where 
the thresholds for different reactions are indicated by arrows. The graphs 
represent the relative probability per energy interval of occurrence of a spe- 
cified total energy EF in the c.m. versus #. The calculations were made 
assuming the nucleons to be a completely degenerate Fermi gas and accepting 
a value of the nuclear radius of 1.4-10-'*A* em. 

As can be seen from Fig. 3 antihyperons can be produced in our emulsion. 
A Ao might be produced from proton-nucleon collisions due to the primary 
Bevatron beam. However, such a A? will probably have decayed before reaching 
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a detecting instrument. Having established the possibility of the production 
of anti-hyperons in emulsion, the detection probabilities in this emulsion have 
to be considered. 


5E (p-N) 6.2 GeV 
4r 

3b 

Fae 

ab 

2700290 ens 10ie 3:30) S23 50 mes 70S SO S10 Ra 30 
St (1-N) 4.4 GeV 
a y (Tt-N) 5.7 GeV 


- 


Ww 
T 


Nm 
a 


Relative probability in arbitrary units 
> 
T 


—— 


——= SS eee 
ATO S290 S10 S330 SSO S70 SSO AIO) W430 
Energy in GeV 


Fig. 3. — Relative probability of occurrence per energy interval of the total energy H 
in the ¢.m.s. as a function of that energy for the collision: pion, nucleon (z-N) and 
proton, nucleon (p-N). The curves are not normalized. The following abbreviations. 
are used: 


p is the threshold energy of m+p—-n+p+p 

A? » » » n+p >n+A°+ Ao 

ss » ) » 7 psn os 

& » » » m+p—>n-+ B+ 

oie i » » P+p>p+p+p+p 

he » » pp prpTptAy tae 


The = could be produced at a somewhat lower energy by m+p—>p+A°+Z-. 
The introduced notation =~ means the antiparticle of S*. 


As little energy is left after the production process, the anti-particle will 
generally have a velocity corresponding to the velocity of the c.m.s. (0.86 ¢). 
This results in a high energy in the laboratory system and therefore the sub- 
sequent decay of the anti-hyperon will not easily be detected. The Q-value 
of the decay is too small to alter the detection probability appreciably. There 
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are however situations where the energy is divided favourably and a charged 
x might stop after a traversal of about 12 cm emulsion. The following decay 
reactions are of interest: 


(1) Ao > Pp + xt (the neutral decay mode not 
being detectable in emulsion) 

(2) Sn +r, 

(3a) ae a epi 4 

(3b) pe Pp +x?, 

(4) Bt A°t nt: 


As in the case with the =° the =° will probably not be detected in 
emulsion. 

Reaction (1) seems the most promising one. It might enable the iden- 
tification of the two charged decay products and give conclusive evidence 
for the antimatter character of the original particle. 

There is little chance to distinguish between reaction (2) and the ordinary 
hyperon decay, 


yee ee 


In both cases the pion only is observed. The different energies resulting from 
the expected mass difference of X* and X* will probably be masked by the 
experimental errors as the decay generally takes place in flight. 

Analogous arguments hold for reaction (3a). 

The antiproton of reaction (3b) however might be observed by the star 
produced at annihilation. The event might be reconstructed then by tracing 
back the antiproton. 

Reaction (4) can be identified using observable data only, but the definite 
proof will be lacking because the antimatter is carried away with the non 
observable uncharged A°. 

At present we have in progress a program for finding stars initiated by 
antiprotons. Reaction (1) can of course also be detected by tracing back 
the z+. So far we have not found any example of the above mentioned reac- 


_ tions. However the detection of a A® produced in emulsion by a ~~ was an- 


nounced recently [2]. It was decided to start area scanning at the high energy 
side of the stack at a position where the beam had travelled 15 cm in the 
emulsion. 
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3. — Total cross section for high energy pions. 


Another interesting quantity that might come out of area scanning is the 
mean free path for star production of high energy pions in the emulsion. 

This quantity has been measured at various energies because it is of interest 
to know the influence of energy on the mean free path. In principle one has 
to record the interactions inside a certain region (area scanning of stars) and 
to know the number of incoming pions in that region. There are however 
experimental traps. 

First of all it is obligatory to find all the relevant data. As the results 
indicate the human being is not well suited to find all events with area scanning, 
even if the scanning is done twice. If a correction is applied for stars with 
only minimum ionizing prongs, which are easily overlooked, one is still faced 
with discrepancies, as can be seen by comparing the results of area scanning 
and track scanning (Table I). The still pertaining difference is thought to 
result from the fact that even stars with black prongs have no equal prob- 
ability to be found. 

The counting of the incoming pions by different observers revealed that 
this number could be determined accurately. 

Another problem one has to solve concerns the decision which tracks are 
to be ascribed to the pion beam. After preliminary orientation the decision 
was made to allow a 2° deviation from the central direction. 

A different experimental approach which was started as well, is track 
scanning. This involves the picking up of an incoming pion and following it 
through the emulsion. This is ‘a more direct and more reliable determination 
of the interaction mean free path. This method also enables the correction 
to the area scanning data due to the stars with only minimum ionization 
prongs. Both methods are to be corrected for the decay of the pion, which 
results from the travelling time between target and emulsion. This correction 
amounts to 5%. 

With track scanning one has no bias for small stars of minimum ionization 
tracks. From track scanning data one can therefore infer a correction for 
the area scanning. Applying all these corrections we obtain the preliminary 
result collected in Table I. 


TABLE I. — Comparison of the results from area scanning (corrected for the loss of stars 
with only minimum ionization prongs) with track scanning. 


| 
Energy Area scanning | Track scanning | 


=} 
| 
ew eae, i : i | 
| (5746)cm | (4146) cm | 
| 


| 
| 


Mean free path for star production of 
5.7 GeV pions in emulsion 
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Errors quoted are from statistics only. In Table II the value of the area 


scanning is disregarded while the value of track scanning is compared to those 
of other workers. 


TABLE II.— Mean free path for star production in G-5 emulsion by means of negative pions. 


Energy (GeV) Mean free path (cm) References 
eet oe ee ate" 
0.75 38.5 42.2 [3] 

3.0 35.5 +5 [4] 

4.2 38.7+3.5 [5] 

4.3 36 +5 [6] | 
Dal 41 +6 present work 


For comparison the value of the geometrical mean free path is 28 em. 
One must keep in mind however, that single scattering and charge exchange 
scattering, are not included in the values given in the above table. We found 
in 24.3 m of corrected pion track one charge exchange and six single scatters 
(projected angle >1°). As one sees, within the experimental errors no vari- 
ation of the mean free path is observed with increasing pion energy up 
to 5.7 GeV. 


The authors are indebted to Dr. E. J. LOFGREN and the Bevatron crew 
for the facilities provided at the Bevatron. Our special thanks are due to 
Dr. R. W. BircE, Dr. M. N. WuHITeneAD, Dr. R. E. LANov and Prof. Dr. 
F. Bruin for setting up the beam and for their successful handling of the 
stack through the various stages of processing. 
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1. — Introduction. 


The properties of cosmic ray particles in the neighbourhood of the earth 
have been studied mainly with the help of balloon borne particle detectors. 
Information on cosmic ray particles -in other, more distant parts of the 
universe comes from astronomical, expecially radio astronomical observa- 
tions. One measures the electromagnetic radiation emitted by energetic 
electrons moving in magnetic fields (synchrotron radiation). Nuclei of compa- 
rable energy radiate less energy than electronsby a factor (M/m,)* and are 
therefore not observable with these techniques. 

The data on cosmic ray particles which have been collected by these 
methods form the basis of a theory, developed mainly by Skiovsxis [1, 2 
and GINZBURG [3]. This theory deals with the origin of radio noise as well as 
with the origin, the acceleration and the propagation of cosmic radiation. It 
covers, therefore a much wider field than earlier theories on cosmic ray origin. 
It is not yet complete and important experimental and theoretical questions 
remain to be discussed. Nevertheless, it has had some remarkable success in 
correlating experimental data and does not seem to have encountered serious 
obstacles so far. 

In its barest outline the theory may be presented as follows: about once 
every hundred years a stellar explosion occurs in our galaxy which is so spec- 
tacular that during its brief period of highest luminosity the star is designated 
aS a super nova. Less spectacular events, so-called novae explosions, occur 
at the rate of about a hundred per year, and are, therefore about ten thousand 
times more frequent. 

An explosion leads to the expulsion of a large amount of gas, which sub- 
Sequently expands into the surrounding space with a velocity of the order 
of 1000 km/s and breaks up into turbulent elements. The turbulence of the 


(") At present at the Institute for Theoretical Physics, University of Copenhagen. 
The Author takes pleasure in expressing his gratitude to professors N. Bour, A. Bone 
and J. K. Boaerp for their hospitality. 
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resulting clouds leads to the build-up of magnetic fields. Ionized particles 
moving in the clouds can be accelerated in various ways, mainly perhaps in 
collisions with the resulting magnetic inhomogeneities by a statistical mechanism 
originally discussed by FER [4, 5]. 

When the gas envelope has expanded sufficiently so that magnetic field 
Strength and density approach that of the surrounding inter-stellar space, the 
accelerated particles begin to escape into the main galactic volume. Here, 
their direction is rendered isotropic by further collisions with magnetic inho- 
mogeneities, which now however are too rare to lead to an appreciable further 
increase in particle energy. 

In the interstellar space, the particles suffer energy losses due to various 
processes. Electrons lose energy through ionization of the interstellar medium, 
through bremsstrahlung in collisions with atoms, through collisions with 
thermal photons (inverse Compton effect) and through synchrotron radiation. 
The nuclear component loses energy through ionization and nuclear interactions. 
‘The nuclear collisions lead to meson production and, thereby, to the creation 
of new high energy electrons and positrons through z-u-e decay. In the case 
of complex nuclei, the collisions lead also to spallation reactions and thereby, 
to a degradation of the charge spectrum and washing out of its structural 
details as well as to a general shift towards lighter elements. 

This picture has been developed quantitatively so that one can attempt 
an interpretation of: 


— the intensity, frequency spectrum and polarization of the optical and radio 
emission from the remnants of super nova explosions; 


— the properties of radio emission from other parts of the galaxy and 


— the intensity, energy spectrum and composition of the primary cosmic 
radiation. 


The strength of the theory, aS compared to earlier attempts, lies mainly 
in the fact that it successfully links astrophysical and cosmic ray observations. 

In discussing the origin of electromagnetic radiation emitted by super novae 
and the origin of galactic radio noise, we shall follow GrnzBuRG and SKLOVSKIS 
rather closely. Some of their arguments have also been used in the later discus- 
sions dealing with the nuclear component of cosmic radiation. 


2. — The origin of radio noise. 


Identification of radio emission and of strongly polarized light with the 
radiation emitted by relativistic electrons moving in magnetic fields is based 
on the following evidence: 


28 - Supplemento al Nuovo Cimento. 
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a) The angular coordinates of historical super novae outbursts in our 
galaxy coincide with centers of strong emission of radio noise. 


b) One of the strongest emitters, the Crab Nebula (super nova of 
1054 A.D.), is at the same time a strong source of radiation in the optical region 
The light which it emits has quite different properties from the light emitted by 
hot gases. It is so intense that, if it were due to atomic transitions, it would 
require an expelled gas cloud, weighing more that ten solar masses; which 
seems unlikely. It exhibits a continuous spectrum with no spectral lines. The 
dependence on wavelength is more adequately represented by a power law 
than by Planck’s radiation formula. Finally, the light is polarized and, as 
one increases the resolution and looks at smaller and smaller elements of the 
turbulent cloud, the degree of polarization increases. It seems, therefore, that 
polarization is nearly complete, and that failure to observe very strong 
polarization is due only to the fact that the direction of the polarization 
vector varies for different parts of the nebula. 


On the strength of this evidence, there can hardly be any doubt that the 
radiation is due to the motion of electrons spiraling in magnetic fields. 

Hlectromagnetic theory permits to calculate the number and energy of 
electrons giving rise to such radiation. 

A simple caleulation for the Crab Nebula may be useful because it is the 
essence of the theory that one can establish, without arbitrariness or serious 
ambiguities, a relation between the number and the energy spectrum of electrons 
and the intensity and frequency spectrum of synchroton radiation. 

An electron spiraling in a magnetic field emits the greatest power at a 


frequency, 
1 /eH\ ( E \? B\2 
Vinx oF ee (' 4] ( ) 1.4 “10° HT ( ) Hz . 
Ae \me} \me* me 


Here His the energy of the electron and H is the magnetic field component 
perpendicular to its direction of motion. 
The energy radiated in various frequency intervals is given by 


YP Tl A vies Uy; 7 e is ; 
P(v, 2) do 16eH Fa p | dy. 


p(w) is a known function of frequency with a fairly sharp maximum at #=0.5. 
The total energy radiated by an electron per unit time is 


dh ; 9e/ e \2 EK \? EY? 
—_— =| Ply, F)dy = — 2 — ().98-10-3 72 VW 
ai | (v, 2) ds 3 (at) H (sat) 0.98:10-3° H (=a eV/s. 
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This means that if synchroton radiation losses dominate, it will have radiated 
half of its energy in a time 


a 2 feH\? / e wD) ~* 16.7 me? 14 AN 
+ 13e\ me) \mez} \me Seer ee 


We now apply these formulae to the Crab Nebula. The Crab Nebula is 
at a distance R = 4200 light years from the solar system. The energy 


- received on the earth has been determined accurately at 2 = 4300 A and is 


Ff, = 2-10-** erg/cm? s (Hz). If one then assumes that all electrons have just 
the correct energy to give their maximum radiation at 2 = 4300 A, their number 
must be 


4otR2F, 2-108 
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electrons , 


with an energy 


doe [me\|* 10% 
Vis 2 -= nV. 
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Assume that the energy radiated by the Nebula was: not smaller in the 


_ past than it is today; then if we choose H > 10~*G, electrons which began 
( radiating 900 years ago, when the Crab Nebula was born, have already lost 


at least half of their energy. The total energy given to these relativistic elec- 
trons since the super nova explosion is then of the order of 
900 


W, — Ws nin = N, EL. in = 3.5:10” erg, 


_ independent of the field strength H. 


If, on the other hand, we assume H<10-‘ G, then the electrons accelerated 


- in the earliest stages of the super nova are still radiating and the energy of the 
relativistic electrons necessary to produce the observed light emission will be 
larger, namely 


f 10-*\# 
W. —— NL. aa pia min ea . 


Thus, a resonably conservative estimate of the number and energy of 


! relativistic electrons and of the field H of the Crab Nebula is 


N, = 2:10 electrons , 
a TLOLS ey. 

W,= 3-10" erg, 

TO* 


os 
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A similar calculation in the radio band shows that there radiation must 
be due to about N= 10 electrons of energy H ~ 5-108 eV or a total energy 
of W ~ 10% erg. For the radio source in Cassiopaeia A (super nova of 369 A.D.) 
which is the strongest in our galaxy, one obtains an energy estimate which 
is many times larger than for the Crab Nebula. N,= 105% electrons above 
5-:108eV and W,,,,, © 104° erg. Such calculations can be refined somewhat, 
but the results do not differ appreciably. 

One can also calculate the radiation spectrum which would be produced 


by electrons with a given energy distribution, f.i.; the power law 


_ K,dE 


W,(H) 4B =, 


it is easily shown that this leads to a radiation spectrum of the form 


= 


I, dy dy. 


a 
yy Die 


In the case of the Crab Nebula, the radiation spectrum depends on the 
frequency as »~°? and requires, therefore, an electron spectrum proportional 
to H-1*, This is flatter than the particle spectrum of cosmic radiation observed 
on the earth. In Cassiopaeia A, I,~»~°-8, and the electron spectrum is of the 
form H-?-* which closely resembles the energy spectrum of the nuclear com- 
ponent observed at the top of the atmosphere. 

Apart from the strong point sources of radio noise associated with expanding 
envelopes of super nova explosions, there is a general background of radio 
noise in our galaxy which outside of the galactic plane depends only weakly 
on coordinates and is produced in an approximately spherical system of radius 
~ 50000 light years surrounding the center of the galaxy. At a wave length 
of a few meters, therefore, the size and shape of our galaxy is very different 
from the flat disc-shaped spiral observed in visible light. A similar situation 
exists in M31, a spiral galaxy resembling our own and also in other galaxies 
of the same type. From these observations one may conclude that relativistic 
electrons as well as gas clouds and magnetic fields exist in a spherical volume 
surrounding the galactic disc. 

A cloud moving in the known gravitational field produced by the galactic 
mass which is mainly concentrated in the galactic dise cannot reach such a 
great distance from the galactic plane unless its velocity w is of the order of or 
larger than 100 km/s. The pressure exerted by the gases must be counteracted 
by the weight of the overlaying gas layer. From this one can evaluate roughly 
the gas density 9. The clouds will also give rise to magnetic fields which con- 
tribute to the pressure to be counteracted by gravitation. The energy stored 
in the field, H?/8z, is probably in equilibrium with the kinetic energy of the 
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clouds, (1/2) ow?, but in any case is not likely to exceed it. From such consi- 
derations one can estimate the gas density and magnetic field at various 
distances from the galactic center. For the halo (*), surrounding the galactic 
dise SkLovsK1s [2] assumes: 


I 


At a radius + < 30000 ly 0 
At a radius r > 30000 ly 0 
In the galactic disc itself one usually assumes | 0 


10-? atoms/em?| H = 6-10-§ G 
3-10-8 atoms/em?| H = 3-10-° G 
1 atoms/cm?) H = 6-10-* G 


I 


Having estimated the strength of the magnetic field, one can now analyse, 
the radio emission from the halo and finds that the radiation is presumably 
due to electrons with an energy spectrum of the form 


ie 
W,(H) dE = 5°; aH, 


that the density of electrons is fairly uniform throughout most of this sphere, 
and that the space density of those electrons whose energy exceeds 0.5 or 
1.0 GeV is of the order of 10-” particles/cm?. 

The theory now asserts that the super nova and possibly also nova explo- 


. _ Sions in the galactic disc supply the energy which is emitted in the form of 


radio waves by the galactic halo. One argument is based on the fact that the 
energy injected by super novae is of the same order of magnitude as the output 


_ of radio noise. Here one assumes that the energy given to electrons in the average 


super-nova envelope is at least of the same order as the minimum estimate 
of W, ~ 3-10” erg obtained from the Crab Nebula (the energy of the source in 
Cassiopea A is 100 times greater). One estimates the frequency, ».,, of super- 
nova outbursts in our galaxy as one in every hundred years. (This takes into 
account that a large fraction of the outbursts are hidden from our view by 
dense dust clouds and could not, therefore, have been detected before the 
advent of radio astronomy). The particle energy released into the galactic 
halo must, therefore, be of the order of W.v., = 10°* erg/s. On the other hand 
the total radio emission of the galactic halo has been estimated within a factor 
two to be F = 2.5-10°8 erg/s. Thus it seems that super nova explosions can 
provide the necessary energy. 

SKLOVSKIJ presents another interesting argument in favor of the connec- 
tion between stellar explosions and galactic radio noise (quoted by GINZBURG[6]) 


(*) The physical conditions which exist inside the galactic halo are not yet known 
with certainty. (See Proc. 3rd Symposium on Oosmical Gas Dynamics, Rev. Mod. Phys. 
30, 925, 1958). 
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The clouds of Magellan, which are small galaxies adjacent to our own, are 
quite weak emitters of radio noise. Stellar explosions of the Nova type are 
also much less frequent there than in our galaxy. (No comparison can be 
made between the rates of super novae outbursts because they are too rare.) 
This observation gives some support to a theory which links those two pheno- 
mena. It also implies that the electrons which radiate within the halo of our 
galaxy cannot easily escape through its boundary and are, therefore, unable 
to fill the volume occupied by the clouds of Magellan. 


8. — The nuclear component of cosmic radiation. 


So far the theory has no connection with the primary cosmic rays observed 
in the neighbourhood of the earth, except in so far as it suggests more refined 
experiments: it states that in addition to the primary nuclei which have been 
observed, there should be primary electrons with energies of about 1 GeV or 
larger and a density which in our neighbourhood should be about the same 
as in the rest of the galaxy, namely ~ 10-" particles/em*. Cosmic ray measu- 
rements up till now can only confirm that the density of high energy electrons 
is not higher than this value. Primary electrons have not yet been observed; 
the flux predicted by the theory lies close to the limit of sensitivity of the 
experiments which have been carried out so far. 

Secondly, the theory asserts that the electrons should have a differential 
energy spectrum proportional to H-?-°, very similar to the energy spectrum 
of primary nuclei, which behaves like H-*->. 

But a real connection between the theory of the origin of radio noise and 
the origin of primary cosmic ray nuclei is established with the help of the fol- 
lowing argument: one knows of only two ways in which high energy electrons 
can come into being, (a) they may be the decay products of unstable particles 
produced in high energy nuclear interactions, or (b) they may have been accel- 
erated by some process involving electro-magnetic interactions. 

Whether one accepts (a) or (b) one is led to the conclusion that the creation 
of high energy electrons implies the existence of high energy nuclei. In case (a) 
this is obvious. In case (b) it follows from the fact that wherever there are 
free electrons there must be ions and it seems difficult to think of mechanisms 
which will successfully accelerate electrons without accelerating ions. 

According to this theory therefore, emission of radio noise implies the 
presence not only of high energy electrons but also of nuclei with probably still 
higher energies. These particles are accelerated in super nova- (and perhaps 
nova-) explosions and are released into the interstellar space when the magnetic 
field density of the expanding gas envelope has reached the value which it 
has in the surrounding medium. This may take from 1000 to 3000 years. Then 
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the envelope ceases to be a strong radio emitter. The life time of super novae 
envelopes can be estimated from the number of radio sources which are active 
in our galaxy to-day and from the rate at which explosions occur in our and 
similar galaxies. 


4. — The primary cosmic radiation observed near the Earth. 


Before we go further into the relation between cosmic ray nuclei, super 
novae and galactic radio emission, it may be useful to summarize very briefly 
the existing information on primary cosmic radiation in the neighbourhood 
of the earth. The radiation consists of the nuclei of various elements ranging 
in atomic weight from hydrogen to iron or nickel (PETERS [7]). The energy 
spectrum follows a power law of the form 


Ky 


N,(E)dE = k” 


dE, 


where K, is a constant for a given element of atomic weight A and # is the 
total energy of the primary nucleus (including rest mass) (KAPLON ef al. [8], 
McDonatp [9]). From a kinetic energy of 4 GeV per nucleon to a few thousand 
GeV per nucleon the exponent y has the same value namely y ~ 2.5 for all 
components. At higher energies one does not yet know the relative strength 
of individual primary components, but only the total number of particles as 
a function of energy. The spectrum continues to be of the form # ” (LAL [10)]). 
Beyond # x 104GeV_ the exponent begins to increase slightly and reaches 
2.75 3.0 at H ~ 108 GeV. The largest air showers observed until now corre- 
spond to.a primary particle with an energy of at least 2-10°GeV (CLARK et 
al.({11]). If it-was a heavy nucleus its energy per nucleon was probably of the 
order of a few times 107 GeV. 

No electrons and no y-rays have as yet been observed in the primary ra- 
diation. At a particular energy, electrons, if present, are known to comprise 
less than one per cent of the primary flux. (CRITCHFIELD ét al. [12)). 

Various processes can lead to changes in the number of cosmic ray particles 
incident on the earth (DoRMAN [13]). Disturbances on the sun and the eleven 
year sun spot cycle which affect the intensity of non-relativistic cosmic ray parti- 
cles, can occasionally make themselves felt up to energies of about 10 GeV. 
When the solar surface is quiet, cosmic ray intensity is at its maximum and, 
therefore, probably approaches the true value which it has in outer space. 

The sun itself can occasionally act as an emitter of energetic nuclei. Such 
outbursts which are connected with large solar flares are however extremely 
rare. 
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Primary cosmic rays whose energy exceeds ~ 20 GeV are not affected by 
solar activity, they show no time variation and are, therefore, completely 
isotropically distributed in the surrounding space. 

Let us now briefly describe the chemical composition of the primary ra- 
diation (see PETERS [7], APPA RAo et al. [14]). When the comparison is made 
between particles of equal energy per nucleon the hydrogen-helium ratio of 15. 
is the same as the corresponding abundance ratio estimated for the universe 
as a whole. The elements C, N, O and the heavier elements up to iron seem 
to be five to ten times more abundant with respect to hydrogen in cosmic radia- 
tion than they are in the universe. The group of elements Li, Be and B whose 
universal abundance with respect to hydrogen is low (3-10~°) are ~ 100000: 
times more abundant in the cosmic radiation. The large discrepancy between 
the abundance of the last mentioned group of elements in the cosmic radiation 
and its abundance in the universe as a whole, is connected with collisions of 
complex primary cosmic ray nuclei in interstellar space. We shall return to 
this point later. 

When the comparison is made between particles of equal kinetic energy 
(not energy per nucleon), then hydrogen accounts for only half of the intensity, 
helium for one quarter, the group of light nuclei C, N, O and all elements: 
heavier than oxygen account each for one eighth of the total intensity. 

If we confine ourselves to particles whose kinetic energy exceeds 0.5 GeV/nu- 
cleon, the particle density of the nucleon component in the neighbourhood 
of the earth amounts to 1.7-10-!° nucleons/em* and the energy density to 
0.56 eV/cm*. This energy density is somewhart larger but of the same order 
of magnitude as that of starlight in our parts of the galaxy. 

Information on cosmic radiation in the neighbourhood of the earth is based. 
on nuclear emulsion- and on counter- and ionization chamber measurements. 
carried out near the top of the atmosphere; in the case of the very largest: 
energies, it is based on measurements of large particle showers observed on the 
ground. 


5. — The chemical composition of nuclear primary radiation and its history 
of motion. 


A number of conclusions can be drawn from the chemical composition of 
the nuclear component which are relevant to the origin of cosmic radiation. 
The mere fact that the primary radiation contains not only nucleons but also. 
complex nuclei shows, that the particles cannot have traversed a large amount: 
of matter after acceleration, not more, in any case, than corresponds to one 
or two mean free paths for collision of iron nuclei in interstellar hydro- 
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gen. This amounts to perhaps 5g/cm*. A more precise value is obtained - 
from the relative abundance of Li, Be, and B, those light nuclei which 
are extremely rare in the universal abundance of elements, but which ap- 
pear in measurable amounts in the primary cosmic radiation. In the upper 
atmosphere one observes that the ratio of (Li+ Be+B) to (C+N-+0O) is much 
larger among primary nuclei incident under large zenith angles than it is among 
those coming from the zenith direction. The ratio increases rapidly with the 
thickness of the air layer which the particles have traversed before reaching 
the detector. This gives a clue as to why these light nuclei are present in the 
primary radiation with a relative abundance which is 100000 times higher 
than in the universe as a whole. They arise in nuclear collisions by partial break 
up of the heavier primary component, in particular in collisions of carbon with 
hydrogen. C-p collisions lead in more than 70 % of all cases to a residue of atomic 
number Z = 3,4 or 5. (The remaining cases are those where the carbon nucleus 
is completely disintegrated into nucleons and «-particles.) 

The ratio (Li+Be+B) to (C+N+0O) » 8% which is observed at the top: 
of the atmosphere (APPA RAo et al. [14]) implies that the nuclei which reach 
the solar system have traversed only about one half g/cm? of hydrogen (but: 
in any case not more than one g/cm*) since the early stages of acceleration 
when their energy had reached the few MeV/nucleon necessary to overcome 
Coulomb repulsion and produce nuclear reactions. The condition that the 
primary particles have traversed only a very small amount of interstellar 
matter when they reach the solar system is not easy to satisfy and places strong 
restrictions on acceptable theories of cosmic ray origin. 

Because the amount of matter which has been traversed is small, one can 
conclude that the relative abundances of the main nuclear components have 
not changed much during transit through space. The chemical composition 
of the primary radiation reflects the composition of the source region; the com- 
paratively high percentage of nuclei in the range of atomic numbers between 
carbon and iron must be a property of this source. The fact that the flux of 
helium nuclei in the cosmic radiation is of a magnitude to be expected from its. 
universal abundance suggests that the inital acceleration takes place in a region 
which is sufficiently hot and rarified to insure that helium atoms are comple- 
tely ionized in spite of their high ionization potential. 

One of the most remarkable features of the primary radiation is the fact 
that all components have the same energy spectrum over a very large range 
of energies. This is not only true for the heavy particles which, once they 
have been stripped of electrons, have identical charge to mass ratios and 
therefore, follow identical trajectories in an electromagnetic field; also the proton 
component, for which the charge to mass ratio is always higher than for 
complex nuclei, has the same energy spectrum. The experimental fact, that 
the energy distribution does not depend on the charge of the nuclei is, of 
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course, a strong restriction on acceptable explanations of the mechanisms 
for particle acceleration. 

A successful theory will have to explain further why, at least in our neigh- 
bourhood, electrons are much rarer than nuclei of comparable energy. It 
must account for the total cosmic ray intensity and suggest an adequate source 
to supply the necessary energy. Furthermore, it must provide an explanation 
for the high degree of spatial isotropy in the cosmic ray flux near the earth. 
Let us see how the super nova theory deals with these problems. 


6. — Cosmic ray nuclei and electrons in the galactic halo. 


We have already mentioned that the magnetic fields which seem to exist 
in the galactic halo and in the galactic dise are of the same order of magnitude 
and that the radio noise emitted from the halo region does not depend strongly 
on coordinates. Therefore, the density and energy distribution of electrons 
also should be reasonably constant throughout the main body of the galaxy. 
This may be assumed to hold also for the nuclear component and one may 
therefore take for distant regions of the galaxy the same nucleon energy 
density (W,= 0.56 eV/em*) which is found near the earth. 

An interesting question is whether the electrons, which are found at great 
distances from the galactic plane, are those which were originally dispersed 
from the gaseous envelope of super nova explosions and have diffused into 
the halo, or whether they are locally produced as decay products of mesons 
resulting from nuclear interactions of primary nuclei in interstellar space. 

There are fairly strong arguments in favour of the latter hypothesis the 
most important being that, as shown below, the energy given to electrons 
produced as a result of nuclear interactions in the interstellar gas appears to 
be of the same order of magnitude as the energy radiated by the electrons 
which are reponsible for the emission of radio noise from the galactic halo. 
The average time 7, between nuclear interactions of primary protons is 


where one may take for the gas density » = 10-2 hydrogen atoms/em* and 
for the p-p cross section o = 30mb. One then finds 7 = 10!7s = 3-10° yrs. 
This is comparable though less than the age of our galaxy estimated as 6-10° yrs. 
In a nuclear encounter a high energy proton loses an estimated 30% of its 
energy to meson production. One third of this transforms into neutral mesons 
and escapes from the galaxy in the form of y-rays. Of the remaining two 
thirds, 26% are transmitted to electrons via m-u-e decay. 
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Heavy nuclei also contribute to this electron component. Their life span 
between collisions is shorther than that of protons, but the result of first col- 
lisions is mainly the breakup of the complex nuclear structures into smaller 
fragments; the conversion of their energy into mesons does not proceed much 
faster than in the case of protons. 

One may, therefore, estimate the energy input into the electron component 
to be P, =4%-0,30-0.26-(W,/T,)V = 5-10" erg/s, where V= 10%? cm? is the 
estimated volume of the galactic halo. 

With the assumptions made for the gas- and magnetic field density in the 
halo the main energy loss of electrons with more than 0.5 GeV is due to syn- 
chrotron radiation. The power input of 5-10°’ erg/s can, therefore, be compared 
directely with the measured power radiated by the galaxy in the form of radio 
noise. Within a factor two this has a value of 2.5-10°8 erg/s. In view of the 
roughness of the estimates involved, it is striking that the two numbers come 
out to be of the same order of magnitude. 

In addition to calculating the total energy which goes into the electron 
component, one can also estimate the electron energy spectrum if one is willing 
to make certain simplifying assumptions about the meson production process. 

We shall assume that in the energy interval of interest, the degree of ine- 
lasticity, that is the fraction of the available energy which goes into meson 
production, remains constant. We further assume that in this interval the 
multiplicity of meson production varies with primary energy as E*. The average 
energy of the mesons and their decay products varies then as H* and a diffe- 
rential nucleon spectrum proportional to Hy” gives rise to an electron spectrum 
proportional to H,;*, where «= %y—¥% Using the experimental exponent 
y= 2.5 for the nuclei, one obtains «= 2.67 in close agreement with the 
value 2.64 derived from the wavelength dependence of galactic radio emis- 
sion. Thus, it seems that an electron density, which is one hundred times 
smaller than the nucleon density and has nearly the same energy dependence, 
could be produced by collisions of cosmic ray nuclei with interstellar hydrogen 
and could give rise to a galactic radio emission with intensity and wavelength 
dependence in agreement with what is being observed. 

There is, however, an unresolved difficulty with this picture. If one con- 
tinually injects electrons with an energy spectrum proportional to #,* and if 
these electrons are subject to a rate of energy loss proportional to EH? (as they 
are when synchrotron radiation dominates other losses), then a steady state 
spectrum is established with an exponent «+1. The time necessary for 
reaching this steady state is of order 7, which under the conditions prevailing 
in the galactic halo lies between 10 and 10° years. One should, therefore, 
expect an electron spectrum in the halo which is steeper than the spectrum 
of cosmic ray nuclei assumed to be responsible for their production. This 
difficulty has not been resolved. The question as to whether the cosmic ray 
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electrons in the halo are accelerated together with the nuclear component 
and get there by diffusion, or whether they are secondary to the nuclear 
component cannot yet, therefore, be answered with confidence. 


7. — The energy requirement. 


The total energy to be supplied by the super nova and nova mechanism 
should be compared with the rate P, at which cosmic ray nuclei lose energy 
to the charged and neutral meson component. Using the same constants as. 
before one finds Py = 2.6-108% erg/s. Assuming a frequency of super novae 
outbursts, v4, = 10-2/year = 3-:10- s-1, the average super nova should supply 
Py/Yox = 1048 erg. This is approximately equal to the energy estimate which 
we have made for the high energy electrons in the Crab Nebula. 

Of course, one has no right to assume that super novae outbursts in our 
galaxy have occured at a constant rate or that the size of the galaxy and its 
field and matter density have remained unchanged for a period of length 7’. 
The estimates are made here only to show that, so far, no violent discrepancies: 
in orders of magnitude arise from the postulates of the theory. 


8. — The diffusion of cosmic ray nuclei in the galaxy. 


Next, one may consider how this picture of cosmic ray nuclei continuously 
colliding with protons of the interstellar gas can be reconciled with the fact- 
that the nuclei observed in our neighbourhood have not suffered many collisions. 
and have not traversed more than one g/cm? of hydrogen before arriving. 

GINZBURG [3] has discussed this problem. He has used a model in which 
the turbulent magnetic clouds are treated as scattering centers, and the motion 
of cosmic ray particles is described as a spherically symmetric radial diffusion 
of particles outwards from the galactic center where most of the super novae 
explosions are assumed to occur. In such a model the chemical composition 
of primaries near the galactic center will be that of the source, and the larger 
the distance from the center, the older the particles, which means that they 
have on the average traversed a greater amount of gas and suffered a greater 
number of spallation producing collisions. G1inzBuRG has tried to show that- 
it is just possible, by choosing a rather large distance L(3-102° cm) between 
scattering centers, to keep the ratio (Li+Be+B) to (C+N-+0) below 10% 
at a distance from the galactic center corresponding to that of the solar system. 
Within errors, this would still be consistent with the composition observed 
fot the particles incident on the atmosphere. 

One can, however, raise objections to this calculation. Firstly, the yield 
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of Li, Be, B fragments in collisions of heavier primaries with protons is likely 
to be considerably larger than assumed by GINZBURG; the values used by him 
were derived from experiments involving the fragmentation of nuclei in colli- 
sions with complex target nuclei rather than with hydrogen. The second serious 
objection is that a model of diffusion which demands irregular and randomly 
oriented magnetic fields is not applicable to the motion of particles in the 
galactic disc, where apparently the fields are not chaotic but are oriented 
along the spiral arms. Since the solar system is located inside a spiral arm, 
the particles which reach it from the direction of the galactic center must 
Spiral along those lines of force. The resultant anisotropy in the motion of 
particles in the galactic dise is reflected in an anisotropy of radio noise, as 
was recently pointed out by TUNMER [15]; it gives rise to a bright belt of radio 
emission which is perpendicular to the galactic plane and to the direction of 
our spiral arms and seemingly passes through the sun. 

If one assumes that cosmic ray particles reach the solar system by traveling 
along our spiral arm, there is no longer any difficulty with keeping the amount 
of matter traversed sufficiently small to account for the scarcity of fragmen- 
tation products among the complex primary nuclei. 

Assume an isotropic emission of particles from the super nova envelope. 
Then the average amount of matter traversed by a particle traveling a dis- 
tance LZ along the spiral arm is given by 


<a> = ob | ae 


cos 8=cos 9.45 


where @ is the pitch angle of the spiral motion. It is reasonable to assume that 
the drift velocity of the particles, ¢cos@, can, except for brief periods, not 
be smaller than the velocity u with which clouds of gas and resultant distortions 
of magnetic fields travel in the galactic plane. One can then write cos 0,,,. = w/e 


and 


ii== oli log. 


Our distance from the galactic center Z = 25000 light yrs. The matter density 
in the dise is usually taken as @ = 10-*4 g/cm’, and the velocity of clouds as 
“4 =5km/s. This leads to x = 0,25 g/em?, which is less than the maximum 
permissible value of 0.5 to 1.0 g/em?. 

There is, therefore, no inconsistency in assuming that the particles which 
one observes entering the earth’s atmosphere originate near the center of the 
galactic plane and travel along the spiral arms where the magnetic field is 


known to be fairly homogeneous. 
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The spiral motion automatically insures an isotropic distribution of par- 
ticles in the plane perpendicular to the spiral arm. It does not, however, provide 
symmetry in the forward and backward directions along the arms. The sym- 
metry which one observes in the primary radiation which enters the atmosphere 
must be the effect of a reflection of particles by magnetized gas clouds presum- 
ably in the planetary system. There is evidence that such reflections of particles 
in the neighbourhood of the sun do, in fact, take place. On February 23, 1956 
a very large flare occurred on the sun and a large burst of nuclei, accelerated 
at the sun, struck the earth. Most of the particles were of low energy, but 
there were some with an energy as high as 50 GeV. The particles continued 
to arrive for many hours after the flare had subsided. While the flux initially 
was highly anisotropic, a tendency for reaching isotropy was observable, as 
soon as the visible flare had disappeared and complete isotropy was established 
soon thereafter (DoORMAN, [13] Lust and Stupson, [16]). This must have been 
due to reflections from magnetic inhomogeneities inside the planetary system 
located within a few, light minutes from the sun. If a similar configuration of 
magnetic fields extends over a much larger distance, particles with correspon- 
dingly higher energy will be rendered isotropic by the same mechanism. If the 
magnetically disturbed region surrounding the sun extends to a distance of the 
order of a light year, the observed isotropy could be locally produced even for 
particles whose energy is great enough to initiate very large air showers. 

In the picture outlined here the isotropy which one observes for the cosmic. 
ray particles entering the earth’s atmosphere is essentially a local phenomenon 
and is due to the fact that we are located in the neighbourhood of a star which 
ejects ionized gas clouds and therefore surrounds itself with turbulent mag- 
netic fields. In the space between stars the radiation in the spiral arm may 
not be isotropic and the distribution of radio noise is an indication of that. Of 
course particles which reach the solar system. may already have suffered some 
reversals of direction in the spiral arm before arrival. There could not however 
have been more than two or three such reversals, otherwise, the amount of 
gas traversed by particles before arrival would have to exceed the permissible 
limit derived from the charge composition of primary nuclei. 

Once the particles leave the spiral arm and enter the galactic halo the 
fields are probably more randomly oriented and in that region the motion of 
particles can perhaps be adequately described as diffusion. We have seen that 
it will take a time of order 7,, which is of the order of the age of the galaxy, 
before this halo is filled to its saturation value with cosmic ray nuclei. A large 
fraction of the older particles will have already suffered collisions with a resultant 
change in atomic weight and atomic number. Presumably, therefore, the 
galactic halo contains fewer complex nuclei than are to be found in the neigh- 
bourhood of the earth. 
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9. — Conditions at the galactic boundary. 


It is interesting to consider the question whether particles which approach 
the boundary of the galactic halo, are efficiently reflected, or whether they 
can escape into extragalactic space. If the magnetic fields arise entirely from 
a system of currents within our own galaxy, the magnetic lines of force are 
closed and reflection should be very efficient. If, on the other hand, there are 
large extragalactic currents so that our galaxy is magnetically linked with 
other systems, particles will be able to escape and travel beyond the galactic 
boundary. We have already mentioned that the low level of radio noise in the 
clouds of Magellan speaks in favor of the retention of particles within the 
boundaries of the galactic halo. Apart from that, there is no strong argument: 
at present which has a bearing on this question. It is true that if the loss of 
particles through the boundary were appreciable, the power output of the 
sources of cosmic radiation would have to be correspondingly higher. It must, 
however, be remembered that the loss of particles through the boundary 
does not only depend on the number of magnetic lines of force leaving our 
galaxy. It also depends on the diffusion length in the halo which means 
effectively on the mean distance between magnetic inhomogeneities which 
act as scattering centers. If the diffusion length is very small, particles will 
in general lose their energy by nuclear collisions before reaching the boundary. 
Existing estimates, though not very reliable, indicate that the diffusion length 
is probably sufficiently small compared to the radius of the galactic halo so 
that diffusion length rather than the reflectivity at the boundary determines. 
the space density of cosmic radiation in the galactic halo. 


10. — Cosmie ray nuclei in super nova envelopes. 


We shall now briefly discuss conditions for particle acceleration in a super 
nova. One of the first questions one can ask is. Does the acceleration occur 
during the explosion itself or at some later stage by a mechanism which ope- 
rates in the expanding gas envelope? 

A simple calculation shows that the first alternative would lead to con- 
tradiction with experiment; if the acceleration had taken place during the 
explosion or during the earliest phase of the gas expansion, the amount of 
matter traversed by the accelerated particles would have to exceed consi- 
derably the upper limit of 1 g/cm? set by the relative abundance of Li, Be 


and B in the primary cosmic radiation. Suppose one considers the Crab nebula 


as typical and follows the astrophysical estimate that the gas which was 
expelled by its central star has a mass of approximately 0.1 solar masses. 
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Then the gas density in the envelope is 


0.1M, 
§n(Ry + vt)>’ 


o(t) = 


where v is the velocity of expansion and R, the radius which the envelope 
had when acceleration began. The composition of the nuclear component 
requires that « (the amount of matter traversed by the particles during the 
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expansion of the envelope) is less than 1 gm/em?. Therefore 


wh 


x =[eoar<1 g/cem?, 


0 


where T is the time at which particles escape and the envelope dissolves into 
the outer space. One finds that only small values of ¢ can contribute appreciably 
to the integral and that therefore the result does not critically depend on 
the duration T of the expansion process. One can write, therefore 


By 
ne Laver ew 6-10 cm. 

This is 4000 times larger than the distance from the sun to the earth 
-and implies that the cosmic ray nuclei have been accelerated several decades 
after the original explosion. 

Similarly, one can show that in the earliest stages of super novae activity 
the energy loss of electrons due to the inverse Compton effect will be so large 
as to effectively prevent their acceleration. 

The problem is, therefore, to find an accelerating mechanism which will 
work long after the expulsion of the gas. A very attractive hypothesis originally 
proposed by FERMI [4], is that particles are accelerated by a statical mechanism. 
The nuclei collide with magnetic clouds which move with the velocity uw. The 
particles are reflected provided the clouds are larger than the particle’s radius 
of curvature. There is a tendency to establish a Boltzmann distribution and 
to reach a state of equipartition of energy between the particles and the enor- 
mously more massive clouds. This tends to increase the particle energy at 
the expense of the clouds. The process is truly statical in the sense that it 
does not depend on the details of the interaction, f.i. it does not depend on the 
Strength of the field H, nor on the electric charge Ze carried by the particles. 
‘On the average the increase in energy per collision amounts to 


2 
AE =~#, 
G- 
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where HE is the particle energy including rest mass. After n collisions the 
energy becomes: 


H = Me exp | ” 


If the entire process lasts for a time 7, the probability that a particle will have 
undergone between » and n-+dn collisions is given by 


=— 1G; 
st 


where t = L/v is the mean time interval between such collisions. v is the 
particle velocity and L is the average distance between the clouds. This leads 
to an energy spectrum 


i. KdH CL cL 
W(E)d(# 7 eo where eal Wee | eT’ 


The mechanism was originally supposed to be operative in the interstellar 
space. But there the cloud velocities u~ seem to be too small and the distance 
between clouds L too large to provide a sufficient rate of acceleration. It may, 
however, be operative in the envelope of super novae. It would satisfy important 
requirements imposed by observation: 


a) It leads to a power spectrum whose exponent is independent of the 
nature of the particle, in particular of its electric charge and of the charge to 
mass ratio. 


b) It is effective in any turbulant gas cloud and does not require critically 
adjusted configurations of fields. 


c) The physical constants appropriate to an expanding super nova 
envelope are such that they could lead to the observed exponent of the power 
spectrum. 


d) The constants are such as tomake possible the acceleration of nuclei 
at a rate which is larger than their rate of energy loss even if a particle carries 
a high nuclear charge and starts out at a fairly low energy. 


e) The acceleration is likely the last long enough to permit some nuclei 
to reach the highest energies observed in cosmic radiation; the dimensions and 
magnetic fields in the envelope could be adequate to retain such particles 
provided they are heavy nuclei so that their momentum per nucleon does not 
have to exceed a few times 10 eV/c. 
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There are, however, some difficulties with this picture. One is, that the 
exponent of the power law is very sensitive to the value of not very simply 
related quantities. The life span of the super nova envelope, 7, the velocity, 
u, and the size L of the turbulent elements. While it is possible that in a 
particular envelope these constants combine in such a way as to give a value 
for y which is close to the experimentally determined exponent, there seems 
to be no obvious reason why different super novae should not have values 
of y, and, therefore, radio frequency spectra, which differ very considerably from 
each other. Not many centers of radio emission have been observed so far, 
but those which have been investigated, suggest a rather narrow range of 
values, y, lying between 1.5 and 3. 

More serious perhaps is the problem of the ratio between energy stored 
in the electron component and energy stored in the nuclear component. When 
operating for a fixed period the Fermi mechanism accelerates particles to an 
energy proportional to their rest mass. The energy in the nuclear component 
should, therefore, be circa 2000 times larger than that in the electron com- 
ponent. If one takes into account that electrons may be handicapped because 
of the many mechanisms by which they can lose energy in the interval between 
accelerating collisions, the ratio becomes still larger. An energy which is 
2000 times higher than that present in relativistic electrons would exceed the 
entire kinetic energy of the super nova envelope and could, therefore, not 
possibly be transmitted to the nuclear component by a Fermi mechanism. 

One might think that the ratio of nuclei to electrons could be reduced by 
assuming that while nuclei and also some electrons are accelerated by the Fermi 
mechanism, the majority of the electrons in the super nova envelope have 
not been accelerated in this manner but are the result of nuclear interactions. 
The ratio between high energy electrons and high energy nuclei could then 
be determined in a way analogous to that which was discussed in connection 
with the electrons in the galactic halo. This, however, leads to another diffi- 
culty. The chemical composition of the nuclear component would be greatly 
altered if one permitted more than 2°% of the protons and a correspondingly 
larger fraction of complex nuclei to collide while moving inside the super nova 
envelope. It is, therefore, not possible to obtain in this manner a lower ratio 
of nuclei to electrons without at the same time altering the chemical compo- 
sition of the nuclear component in a way which is not consistent with 
observation. 

One is apparently forced, either to abandon the Fermi mechanism and 
assume that most of the energy that appears in relativistic particles comes 
from the star itself rather than from the kinetic energy of the gases in the 
envelope, or else to assume that one has overlooked an important feature in 
the accelerating process which favors electrons over protons. Such a feature 
may be the fact that 6-decay of radioactive nuclei provides a strong source of 
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electrons which are already relativistic and will therefore, gain energy more 

rapidly than they would if they had to start at low energy. 

It would be most important to discover the electron component in the 
primary radiation and to measure the sign of charge. In our part of the galaxy 
where the primaries have undergone only few collisions before arrival, the 
electrons are probably those dispersed by the super novae rather than decay 
electrons of mesons produced in nuclear interactions after the nuclei had escaped 
into the inter-stellar space. The origin of electrons in the super nova envelope 
could then be decided by measuring their charge. They will be negative if 
they bare atomic electrons or result from the @-decay of neutron-rich nuclei. 
They will be half positive, half negative if they originate in nuclear interactions. 

Another important experiment would be to determine the atomic number 
of the primaries giving rise to extensive air showers. It is known that the com- 
position of the primary cosmic radiation does not depend on energy in the 
interval extending from less than 1 GeV/nucleon to more than 1000 GeV/nucleon. 
Once particles have been accelerated to such an ultra-relativistic energy, it 
would be difficult to devise a mechanism which can distinguish between par- 
ticles of different rest mass and discriminate against light or heavy nuclei in 

- further acceleration. It is therefore reasonable to assume that the same com- 

position which one observes at lower energy persists in the energy range 

where air showers are produced. This means that protons, «-particles, the 

' ©,N,O group and the heavier primaries each have a comparable share in 
producing air showers of a given size. 

If now one accepts a theory where the mechanism of acceleration is confined 
to a restricted, space, the acceleration will be terminated when the radius of 
curvature of the particle trajectories becomes comparable to the dimensions 
of the region in which the mechanism operates. Then for each component the 
maximum energy will be that corresponding to this maximum radius of cur- 

- vature. It follows that the highest part of the primary energy spectrum should 
be populated entirely by the heaviest nuclei. 

It would be important to verify this prediction. If it turns out to be true, 
then the largest air shower observed so far with an energy a few times 101% eV 
was produced by a primary particle with magnetic rigidity HR a few times 
104 Gem. It seems possible that particles up to such a rigidity can be retained 
in super nova envelopes. If on the other hand, the largest air showers are to 
be attributed to protons, then the magnetic rigidity of the primary would 
have to exceed 7°10Gem. The trajectory could not be contained unless 
there are considerably higher magnetic fields in a super nova envelope than 
are generally assumed. 
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